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Let

la|<m

be a differential expression with complex-valued coefficients, given in a bounded
domain Q of Euclidean space E,, I' = 0Q**. Denote by P,, P the minimal
and maximal operators generated by P(x, D) in Ly(2), and let P (P, C P C
P; D(P) = D) be a closed extension of P,. Put & = dimker P, 3 = dim coker P.

In the present paper, under the assumption that Pis normally solvable and at
least one of the dimensions @, (3 is finite, sufficient conditions are obtained for the
stability of the property of normal solvability and of the index of the operator
P under weak, in a certain sense, perturbations of its domain of definition. The
article is adjacent to the works (°), where analogous questions were treated for
small perturbations.

1. Cousider the Hilbert space Hp of elements g(x) € D(P) with scalar product
l9,h] = (g,h) + (Pg, Ph), where (-, -) is the scalar product in L,(£2). Analo-
gously we construct the space Hp for the differential expression P(z, D) formally

adjoint to P(z, D). The normal solvability of Pis equivalent to the representa-
tion ((°), Lemma 1)

Hp=D+V,

V{v:ve Hp, (Pp,Pv)=0, Yo € D; (g5,v) =0, Yo, € ker P}. (1)
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Along with this, we shall consider the representation Hp = D* + v+ (f?* =
D(P*), P* is the operator adjoint to P in L,(£)), which is constructed from
the operator P* in the same way as the representation (1) is constructed from
the operator P. Denote by ¥ (Y*) the projection operator of Hp (Hp) onto V
(V*) parallel to D (D).

Let D (D(P,) C D C Hp) be another subspace and let P be the restriction of P
to D; D* = D(’ﬁ*), P* is the operator adjoint in L4 () to P; & = dimker P, 3 =
dim coker P.

Theorem 1. Let P be normally solvable. 1) If & < oo and the operator
X: D — Ly (Q) is completely continuous, then Pis normally solvable and & < 0.
2) Ifﬁ < o0 and the operator X : D" — Ly(QY) is completely continuous, then
P is normally solvable and b’ < 00.

For arbitrary ®_ -operators in a Banach space, a similar result was obtained by

G. Neubauer ((!), Theorem 6.7). From this result the conclusions of Theorem

1 follow only under the assumption of complete continuity of the operators
:D—H P X : D" — Hp P

* Work on this article is connected with a question posed to the author by M.
Sh. Birman.

** The coeflicients a,(x) and the boundary T' are assumed to be sufficiently
smooth.

From Theorem 1 there follows the possibility of constructing a decomposition
Hp = D+V of type (1) for the operator P. Let » be the projection operator
of Hp onto V parallel to D.

Definition 1. We shall call the subspaces D and D completely continuous
perturbations of one another if the operators % : D — Hp and % : D — Hp are
completely continuous.

Apparently, for the first time (and in a more general situation) this class of
perturbations was studied in (). That, with respect to perturbations of this
type, ind P is not stable is shown by the following

Example. Let N = ker P, D be given, N = ker P, and D=Dwa {\},
where {\)} is a one-dimensional subspace generated by an arbitrary element
¢ € N6 N. Then #D = {\)}, %D = {0}; nevertheless ind P = ind P + 1.

Denote by Vl, VL the [+, -]-orthogonal complements, respectively, of D,E in
Hp.

Theorem 2. Let P be a ® (P )-operator and let the subspaces D,b be com-

pletely continuous perturbations of one another. In order that ind P = ind }5, it
s mecessary and sufficient that

dimDNV+ =dimDn V-, (2)
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It is verified directly that
DNVE =ker(P*P + 1), DN VY =ker(P*P+1I).

We note that, for perturbations small in the sense of (°), both dimensions in
formula (2) are equal to zero.

2. Denote by %1, %! the [-,-]-orthoprojectors, respectively, onto VL and VL.
It can be shown that the subspaces D, D are completely continuous per-
turbations of one another if and only if the operator (#t—%'): Hp — Hp
is completely continuous. The latter condition is equivalent to (2, Lemma
3.14) the simultaneous complete continuity of the operators R[P] — R[P],
R[P*] — R[P*], and PR[P] — PR[P] in Ly(f2), where, by definition,

R[K]= (K*K+1I)!
for any densely defined and closed operator K in L,(Q) (below K will
denote an operator with these properties).

Consider in Ly () the positive self-adjoint operator
SIK] = (RIK])V2.
Lemma 1 (Cordes and Labrousse (?)). 1) The operators K and KS[K] are si-

multaneously normally solvable or not normally solvable. 2) ker K = ker K S[K];
coker K = coker K S[K].

Definition 2. We shall call the subspaces D and D weak perturbations of one
another if the operator

(PS[P] = PS[P]) : Ly(Q2) = Ly()
is completely continuous.

Theorem 3. Let P be a ® (®,)-operator and let the subspaces D and D be
weak perturbations of one another. Then P s also a ® (®,)-operator and
ind P = ind P.

This theorem follows directly from Lemma 1 and the known assertions of per-
turbation theory for ® (@, )-operators by completely continuous operators (>4).

Corollary. The conclusions of Theorem 3 are valid if the operator
(S[P) = S[P)) : Ly(Q) — Hp
is completely continuous.

3. As in the papers (°), introduce boundary operators /1, B,..., /1’, proceed-
ing from the representations

(Pu,w) — (u, Pw) = (Aulp, Bulp) + (Bulp, A'wlp) = ®3)

= <AU|F»BU’|F> + <B/u|1‘v A'w|p),
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where (-, -) is the scalar product in some Hilbert space H(T') of vector functions
defined on I', such that the operators P, P (P*, P*) are the restrictions of P
(P), respectively, to the subspaces

D={p:Ag|r =0}, D={¢:Ap|. =0}

(D" ={¢": A'g*lp =0}, D ={v: Aylp =0}).
Put
Q=(S[PD™, Q=(S[P)!, T=Q-Q, Q=0+0Q.
Then from the representations (3) we obtain

(S[P] — S[P)f[* = (Tf, (S[P] — S[P)f) + 7 (4)

~ = (B'P(S[P] — S[P]) f|r, A(S[P] — S[P]) f|r-)

o - - . - (5)
+ (B'(S[P] = S[P]) fIr, A"P(S[P] = S[P]) fIr)-

We shall assume that the operators occurring in formulas (4), (5) have the
following properties: 1) the restrictions of the operators T' and @ to C§°(12)
are pseudodifferential operators™*; 2) the symbols of these operators ¢(x, £) and
q(z,§) admit asymptotic expansions with homogeneous in § terms ¢;(z,§) and
qj(x, €) of orders, respectively, 7; \¢ —00 and x; “\, —00, such that the function
h(j, k) = x; + 7 satisfies the condition: if h(jy,kg) > 0 and j; + ky > jo + ko,
then h(jy, k) < h(jo, ko); 3) if the sequences {p, } € D and {¢,} C D are such
that {p,, — 1, } is bounded in Hp, then {B' (¢, — 1, )|p} is a bounded sequence
and {Ap, |} is a compact sequence in H(T'); 4) if the sequences {¢%} C D* and
{42} C D* are such that {¢¥ — %} is bounded in Hp, then {B’ (g%, —%)|p}
is a bounded sequence and {A’¢? |} is a compact sequence in H(T').

Lemma 2. Let conditions 1), 2) be fulfilled. Then the operator
T C(0) N Ly(@) = Ly(9)

is completely continuous.

Remark. If j, + k&, > j, + k, implies h(j;, k;) < h(jy, ko) for all integers jg, kg,
then T € £_, (ie t;(z,§) =0, j=0,1,2,...).

Lemma 2 and the remark to it are derived from the obvious relation QT = —T'Q
by constructing an asymptotic series for the symbol of the operator Q7.

Theorem 4. Let the conditions 1)—4) formulated above be fulfilled. Then the
subspaces D and D are weak perturbations of one another, the operators P and
P either both are not, or both are, ®-(®_ )-operators, and in the latter case

ind P = ind P.
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The proof of this theorem is based on the corollary to Theorem 3, Lemma 2,
and an analysis of formulas (4), (5).

Let us note that the conclusions of Lemma 2 and Theorem 4 remain valid if
conditions 1), 2) are replaced by the following: on C§°(£2) the operators Q, Q

and Q are elliptic pseudodifferential operators of order m, while S[P], S[P], and
Q! are of order —m.

In the case when the coefficients a, (x) are constant, condition 1) is fulfilled, and
T € £__,. Thus, in this case the conclusions of Theorem 4 follow from only the
conditions 3), 4) on the boundary operators.

The author expresses his gratitude to the participants of the seminar of Aca-
demician V. I. Smirnov, who made critical remarks during the discussion of this
work.
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*| -] is the norm of Hp.

** In the sense of (6, 7).
Note: Figure translations are in progress. See original paper for figures.
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