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(Presented by Academician A. N. Tikhonov on 8 IV 1968)

The well-known fixed-point principle of A. N. Tikhonov (!) asserts that the equa-
tion « — T'(x) = 6 is solvable in a locally convex space under certain restrictions
on the operator T'(z). Theorem 1 of the present paper gives other conditions for
the solvability of the equation F'(x) = 6 with a nonlinear operator F'(z) acting
from a locally convex space into its conjugate. This theorem may be regarded as
a certain supplement to the principle mentioned. Theorem 2 gives conditions for
the solvability of equations with operators that are weakly discontinuous in the
whole space. In the second section the solvability of equations with operators
weakly closed on the kernel is proved. The result obtained contains, as special
cases, a number of known existence theorems, for example the theorems of M. A.
Krasnosel’ skii, F. E. Browder, and others. Finally, a theorem on the solvability
of equations with pseudomonotone operators is obtained in the paper.

1. Let X be a locally convex linear topological space over the field of real
numbers; X* the set of all continuous linear functionals defined on X.
Let S be a subset of X; K(S) the closed convex hull of the set S. Let
0 € K(S)— S, and for every finite-dimensional subspace X" C X let the
boundary of the set K(S) N X" be contained in S N X™. In this case we
shall say that S surrounds fy. In what follows, the notation (z,z), for
z € X*,xz € X, denotes the value of the linear functional z at the element
x. The following lemma is known (°).

Lemma 1. Let X be a finite-dimensional Euclidean space; €2 a bounded closed
convex set in X containing zero as an interior point. Let the operator T : Q2 — X
be continuous on Q and satisfy the condition (T'(z),z) > 0 on the boundary of
Q. Then there exists an element u, €  such that T'(uy) = 0.

Theorem 1. Let X be a locally convex space, the set S C X surround zero 6,
and let its closed convex hull K(S) be a bicompact set in X. Let the operator
F : K(S) — X* be continuous in the following sense: for every u € X the
functional ¢, (z) = (F(z),u) is continuous on the set K(S) with respect to x.
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Suppose the condition
(F(z),z) >0, VzxeS

is fulfilled. Then the equation F(x) = 0. has at least one solution z, € K(S5).
Proof. For fixed u € X, consider the set

M, ={z:(F(z),u) =0, z¢€ K(5)}.

By virtue of the continuity of F' and the condition (F(x),x) > 0 on S, each
set M, is nonempty and closed, with M,, C K(S). Let us show that M, is
nonempty. Consider the line X! = {tu, t € R'} and the set K(S) N X!. Since
S surrounds 6, the point 6 belongs to the interior of the set K (S)NX!. Therefore
on the boundary of this set there are elements t'u, t”u, where t’ < 0, t” > 0.
Since the boundary of the set K (S) N X! is contained in

in SN X' then (F(t'u),t'u) > 0, (F{t"u),t"u) > 0 or (F(t'u),u) <
0, (F(t"u),u) > 0. By the continuity of F' it follows from this that, for some
ty, (tou) € K(S), the equality (F(tyu),u) = 0 holds, and this means that
(tou) € M,,.

We shall show that the sets M,,, v € X, form a centered family. To this end, fix
Uy, ..., U, € X and consider the system of n equations in the n real unknowns

Oy ey O,

Yi(a) =i(ay, ..., q,) = (F (Z aiui) ,uj) =0, j=1..,n. (1)

Without loss of generality, one may assume that u,,...,u, are linearly inde-
pendent. The totality of vectors (aq,...,«,) such that the corresponding el-
ements Z?:l ayu,; fill the set K(S) N X™ (where X™ is the linear span of the
vectors Uy, ..., U, ) is a bounded closed convex set Q™ in n-dimensional Euclidean
space. The boundary of the set Q™ consists of all vectors (ay, ..., a,) for which
Z?:l a,u,; belongs to the boundary of the set K(S) N X™, and 6 is an interior
point of the set Q™. Consider the operator ¥(a) = {9, (), ..., ¥, ()}, acting

from Q" into n-dimensional Euclidean space. We have

B

(Y(a),a) = zn:wj(oz)aj = i (F (i: aiui) ,uj> a; = (F ( oziui) , Y !

J=1 J=1

2

—~
~—

If the vector & = (ay, ..., «,,) lies on the boundary of the set O™, then Z?:l U,
lies on the boundary of the set K(S) N X™, and therefore Z? ou, € SNX™
Since, by the hypothesis of the theorem, (F(z),z) > 0, Yz € S, on the boundary
of the set Q™ according to equality (2), the inequality (¥ (a),a) > 0 holds. The
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continuity of the operator 1(a) on Q" is obvious. By Lemma 1 there exists
a® = (ay,...,a%) € Q" such that ¥(a’) = 0, and moreover

Uy = Za?ui € K(9).
i1

Since 1h(a’) = 0, we have 1,(a®) = 0, whence it follows that (F(ug),u;) = 0 for
all 7 = 1,...,n. Therefore u, € ﬂ;;l M, . Thus the sets M, form a centered
family. Since M,, C K(S) and K (S) is a bicompact set, (1 _, M, is nonempty.
Let 2y € [, .y M,- Then x4 € K(5), (F(xg),u) = 0 for all u € X. Hence it
follows that F(z,) = 0x..

Theorem 2. Let E be a reflexive real Banach space; let D be a bounded closed
convex set in E, containing zero as an interior point. Let F' : D — E* be a weakly
continuous operator (i.e., for every y € E the functional ¢, (v) = (F(v),y) is
continuous as an operator from the set D, considered with the weak topology,
into R'). Suppose that on the boundary of the set D the inequality (F(z),x) > 0
holds. Then the equation F(x) = 0g. has at least one solution in D.

Proof. The space F, considered with the weak topology, is a locally convex
space. Since D is a convex closed set, it is weakly closed, and since D is also
bounded and the space E is reflexive, the set D is bicompact.

in the weak topology. To complete the proof it remains to apply Theorem 1.

In (>%) Theorem 2 is formulated for separable Banach spaces. Let us note that
Theorem 2 admits the following rephrasing. Let E be a real reflexive Banach
space, F' : E — E* a linear or nonlinear mapping, weakly continuous in every
ball of F, satisfying the coercivity condition

(F(z),2) Z2(|lzDl=l, Ve e E,

where (t) is a real function of a nonnegative argument ¢, tlir+n v(t) = +oo.
—+00

Then the equation F(x) = z has, for every z € E*, at least one solution z, € E.
2. Everywhere in this section E is a separable reflexive Banach space over
the field of real numbers; D is a subset of the space E; F is, in general,

a nonlinear operator whose domain is the set D, and whose values are
elements of the conjugate space E*. We shall call the set

M =A{z:(F(z),z) =0, x € D}

the kernel of the operator F. We shall call the operator F weakly closed
on its kernel if from the relations

x, €M, z,——x, Fl(z,) ——80
weakly weakly

sovietrxiv.org/items/ru-196801.78595 Machine Translation


https://sovietrxiv.org/items/ru-196801.78595

it follows that =, € M, F(z,) = 0. The notation F(z,) —— 6 is to be

weakly
understood as follows: for every y € E,

Jim (F(z,),y) = 0.
These definitions, convenient in the situation considered here, are not gen-
erally accepted. Further, F is called bounded on the kernel (on the whole
space F) if it maps every bounded subset of M (of E) into a bounded
subset of E*. The operator F' is called finitely continuous on D if, for

every natural n and any fixed z,...,z, € E, each function
n
Yilag, . a,) = | F Zaixi y T (j=1,...,n)
i=1
of n real variables is continuous at every point (a4, ..., a,,) for which

n
Z a;z; € D.
i=1

Theorem 3. Let E be a real separable reflexive Banach space; let D be a
bounded closed convex set in F, containing zero as an interior point. Let the
operator F' : D — E* be finitely continuous in D, bounded and weakly closed
on its kernel, and satisfy on the boundary of the set D the condition

(F(x),z) = 0.

Then the equation F'(z) = 6 has a solution z, € D.

The following lemma gives conditions for weak closedness of an operator on its
kernel.

Lemma 2. a) Let D be a weakly closed set in a separable Hilbert space H;
B : D — H a completely continuous operator (i.e., continuous and compact).
Then F = I — B is weakly closed on its kernel (Iz = x).

b) Let D and H be the same as in part a), B : D — H nonexpansive, i.e.
1B(z) = B(y)| <[z —uyl, Vva,yeD.

Then F = I — B is weakly closed on its kernel.

¢) Let D be a weakly closed set in E, F' : D — E* a weakly continuous
operator. Then F' is weakly closed on its kernel.

d) Let F': E — E* be a ray-continuous monotone operator, i.e.

Then F is weakly closed on its kernel.
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With the aid of Lemma 2, from Theorem 3 one can obtain a number of in-
teresting corollaries. For example, for separable Hilbert spaces we obtain the
contraction mapping and Schauder principles (for the sphere), F. E. Browder’
s theorem on fixed points of nonexpansive mappings (°), M. A. Krasnosel’ skii’
s theorem (2), p. 314, on fixed points of completely continuous operators, a the-
orem similar to it with complete continuity replaced by weak continuity, and
theorems on the solvability of equations with monotone and weakly continuous
operators (3%).

We shall formulate one new result following from Theorem 3. We shall say that
an operator ® : £ — E* satisfies the condition of pseudomonotonicity if

(®(z9) — (71), 29 — 1) + [(P(21), 75 — 71)[ > 0,
Va,,z, € E.

Theorem 4. Let E be a real separable reflexive Banach space; let the oper-
ator F' : E — E* be finitely continuous on all of E, bounded, and satisfy the
coercivity condition

(F(z),2) 2 (|zDl=], Ve € E,

where 7 is a real function of a nonnegative argument ¢, lim, , . v(t) = +oo.
Then, if the operator ®(z) = F(x) + ¢ satisfies in E the condition of pseu-
domonotonicity, the equation

Flx)+p=10
has at least one solution x, € E (here ¢ € E*).

It is clear that every monotone operator will also be pseudomonotone. For
checking the pseudomonotonicity condition, the following lemmas, valid for real
functions, may be useful.

Lemma 3. Let a continuous function F : R' — R! be nondecreasing on the
sets I} = (—o0,a), I = (b, +0), and on the set I, = [a, b] satisfy the conditions

sup F(z) <2 inf F(z), inf F(x)> 0.

z€[a,b] z€la,b] z€[a,b]

Then for any ¢ > 0 the function ®(x) = F(x) + ¢ is pseudomonotone in R*.

Lemma 4. If F: R! — R! is continuous and such that

inf F(z) >0, sup F(z) <2 inf F(z),

zeR! reR1 zeR!

then F is a pseudomonotone function in R'.

We also note that adding a negative number to a function may lead to the loss
of pseudomonotonicity. For example, the functions (sinz +4) and (2® — 3z +7)
are pseudomonotone in R!, but sinz and (2% — 3x + 2) are not.
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