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WITH DIVERGENT PRINCIPAL PART IN W)

(Presented by Academician S. L. Sobolev on 23 III 1967)

In the paper (1), for the uniformly elliptic equation

Lu = i (a, U + ai“) + bzuxl +au = f (1)

in the case when af, b7, a € L,, and f € Lopjtnsa) for p > n/2 (n > 3),
conditions are given which ensure the existence and uniqueness of a generalized
solution from W3 of the first boundary-value problem for equation (1). In the
present paper, conditions are given which ensure the existence and uniqueness
of a generalized solution from Wy for p < n/2.

First the problem is considered for the case when a?, bZ, a belong to spaces

L ., with mixed norm. We shall denote each point z of n-dimensional
Euclidean space R™ in the form of the pair (Z,,Z,,_,), where Z (2,2, ..., 2Z,),
Ty (g1, 2,). By R® (R™°) we denote the s-dimensional ((n — s)-

dimensional) space of points Z, (Z,,_,), 1 < s < n. Let Q, be an s-dimensional
bounded domain in R®; Q,,__ an (n — s)-dimensional bounded domain in R"™~°,
and Q = Q, x Q,_,. The space L, ,,(,,_,) is defined as the set of
functions f(z), defined in €, for which the norm is bounded

Q.,Q,,_ ’
Lpy(@, )

s

1711,

= H If g zn- oL, (0,

1)

where

1/r;
(/|.ndof'> , if1<r, <oo,
I HL”(D) = D

vraimax | - |, if r, = 0.
D
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Lemma 1. If the positive numbers ry,ry,q;, Qs satisfy at least one of the follow-
ing three conditions: a) ry < qq, qo < 79; b) Ty < qy, Go <715 ¢) (r1,73), (¢1,¢2)
are distinct solutions of the equation 2x,x4 — (n — $)xy — sx9 —a =0, a > 0,
then

(L(Tlﬂ‘z)<Q)UL(Q17Q2>(Q))\L(Tlﬂ‘z)(Q) 7& Q]’ <L(T177‘2)(Q>UL(Q17<}2>(Q>>\L(417Q2>(Q> 7& (Z)’

() is the empty set.

We denote by X the following class of Banach spaces (« is any positive num-
ber):

2rirg—(n—8)r; —sry—a =0, «a>0,

OO>T1>{1, ifs=1,
X =L, (9, s/2, ifs>2,
oo>7‘2>{1’ ifn—s=1,
(n—s)/2, ifn—s>2.

We note that any two spaces L, . (Q), L
tinct if only r; # 7, and 7y # 7.

1(2), belonging to X<, are dis-

1572

By D, we denote the set of those points (ry,7,) of the plane r;Ory for which
L(Tl»r2)(Q) X"

Theorem 1. If p, = 2r; (i =1,2), 1/r; + 1/r; =1, (r1,75) € D, then

[0l L, ) < co(mes )PV, Vo€ Wi (9); (2)
el < clulwg@y,  Yue WIS, (3)
Il @ < alVoli,e, — Yve W3 (Q); (4)
(p1,p2)
[, @) SEEBIVOR, g+ VP A=B)old o). YoeWHQ), (5)

where ¢ is any positive number; the numbers 3, p, and ¢ are such that 0 < § < 1;
1<p<2<yq,1/2ry <1/p—1/q < 1/2(n — s); the constants ¢, c¢; depend on
Q, while ¢, ¢ do not depend on ; Q, (i = s,n — s) satisfy the cone condition.

Let (ry,r5) be a fixed point belonging to D,. We shall assume that the coeffi-
cients and the free term of equation (1) satisfy the conditions
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v€& < a8 < p&i&;, v, p = const > 0; (6)

laz, b7, QHL(TLTQ)(Q) < (7)
Iz, , @) <oe (8)
172
We denote
ag = (mes Q)1 / a(x)de, a(z) =at(x) —a (x), (9)
Q
where

a*(2) = max{a(e) —ag;0},  a~(x) = —ap + max{—a(z) + ag; 0},

M = max{| (b, — ai)2||L( (Q)s ||a+||L( @b

T1,79) T1,79)

¢y = 2McPv2(1 4 2v) (B~ — 1)1/ (1A,

A generalized solution from W} () of the first boundary-value problem for equa-
tion (1) is a function u(z) belonging to Wi (£2) and satisfying the identity

L(u,n) = / [(aiju:vj + a;u)n,, — (biu,, + a“)n] dx = —/fn dx
o )

for every n(z) from W3 (), and the condition

u(z) — p(x) € W3 (),

where ¢(x) is an extension from the boundary I' to the whole domain 2 of the
function $(z) determining the boundary values of u(z), i.e.

ulp = @|p. (10)

Theorem 2. Let (ry,ry) C D,. If conditions (6), (7) and

8
(202 + ;a0> c2(mesQ,, ,)?r21 <1, (11)
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are fulfilled, then problem (1), (10) has at most one generalized solution from
Corollary 1. For any differential operator L, defined in ) and satisfying con-
ditions (6) and (7), the uniqueness theorem for the Dirichlet problem is valid in

any subdomain " = Q) x Q. __ of the domain ), provided only that mes is
sufficiently small.

Corollary 2. In domains of arbitrary dimension the uniqueness theorem for
the Dirichlet problem holds for the operators L — AE, A > A, if L satisfies
conditions (6) and (7), and A is sufficiently large.

Corollary 3. Theorem 2 is valid for any point (ry,r,) € D

Corollary 4. Theorem 2 is valid for any a > 0.

Theorem 3. Let (ry,r,) € D,. If conditions (6), (7) are satisfied and, in
addition, the estimate

4
Gy + % <0, (12)

holds, then problem (1), (10) has a generalized solution from W.}(Q) for any f
from L, ., (€2) and ¢(z) from WiQ).

~

Define the sets X® and X

Xe={J L@  X= J L@,
(ry,r2)€D,, p;y=2r;
(r1,m2)€D,

Theorem 4. If a2,b2,a € X and

2771

lafl., .

ri.rf)

() Hb?”Lmi () ”a”L:(Tl,W)(Q) <H,

Q
# )

then, under conditions (6) and (11), problem (1), (10) has at most one general-
ized solution from Wy (€2).

Theorem 5. Under the conditions of the preceding theorem, problem (1), (10)
has a generalized solution u from W3 () for any f € X and ¢ from W(Q).

Let
Xe= | Ly, Xo={L,.@); PSTuT
a (ry,m2) ’ p (r1,72) ’ (Tl 7~2) cD .
P<T1,Ty ’ @
(ry,r2)€D,

Lemma 2. )/(\;‘ C L,(%).
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From Theorem 4 and Lemma 2 it follows:

Theorem 4. Let af,b,a € L,, p>1. If af,b7,a € j(\g and

1?7 177

lafl., .

ri.rf)

() Hb?”L(N () lallz_. @ S K,

7, 75) r1,72)

where

L(ri,ré)(ﬂ)v L(~i ~1)(Q)7 L§< Q) S ‘Xp7

7‘1,T2>(

then, under conditions (6) and (11), problem (1), (10) cannot have more than
one generalized solution.

Theorem 5’. Under the conditions of the preceding theorem, problem (1), (10)
has a generalized solution u from W3 () for any f from X® and ¢ from W2(Q).

Denote

Il (Uv E) = /(aﬂ”?xi - bﬂ’xﬁ - a’+v77) dzv [U, U] = /(aijuaciﬁxj + EUE) dﬂj,
Q

Ix(n) = =L(g,n) — (f,n) — Aw,n). (13)

We define the operators A and B by the equalities

[AU, 77] =1 (Uv "7)’ [BU7 TI] = (U’ 7])' (14)

Theorem 6. Suppose that conditions (6), (7), and (12) are satisfied; then the
problem

Lu—Au=f, (15)

ulp = ¢[p (16)

has a unique generalized solution in W3 () for arbitrary ¢ in W} (Q) and f in
L, for all A in the complex plane except for a countable set A = A, k=1,2,....

To each A = A, there corresponds a finite number of linearly independent solu-
tions in W3 () of the equation

Lv— v =0. (17)
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For A = \,, kK = 1,2,..., problem (15), (16) has a solution if and only if the
conditions

L (W) =0, i=12..,N, (18)

are satisfied, where w} are all the solutions in W3 of the equation

(E+ A)w+ M \Bw =0 (19)

adjoint to the equation

v+ AME+A)Bv=0. (20)

The number of conditions (18) coincides with the number of linearly independent
solutions of equation (20) for A = Aj.

Theorem 7. Suppose that for all operators L™, m = 1,2,..., of the form
(1), the conditions of Theorem 3 are satisfied with the same constants. Suppose
that a;;?(a:), while remaining uniformly bounded, converge almost everywhere to
a;;(x), and that the functions aj", b;", a™, f™, ¢™ converge to a;, b;, a, f, ¢
in the norms Ly, or,)5 Liar, 2r)r Liry ry)s Lip) ph)s W, respectively.

Then the generalized solutions u™ in W3 () of the problems

LMy = fm, ulp = ¢™|p (21)

converge strongly in W3 () to the generalized solution in W3 (Q) of the limiting
problem (1), (10).
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