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L. A. SAKHNOVICH

NONUNITARY OPERATORS WITH ABSO-
LUTELY CONTINUOUS SPECTRUM ON
THE UNIT CIRCLE
(Presented by Academician L. S. Pontryagin, November 3, 1967)

1°. We shall say that an operator 𝑇 , acting in a separable Hilbert space 𝐻,
belongs to the class ℰ if it is linearly similar to some unitary operator with
absolutely continuous spectrum. We shall say that 𝐴 ∈ 𝒩 if (𝐴 − 𝑖𝐸)(𝐴 +
𝑖𝐸)−1 ∈ ℰ. Let 𝑇 be a bounded operator together with its inverse. We define
the characteristic matrix-function 𝑤(𝜇) of the operator 𝑇 by the equality (1)

𝑤(0)𝑤(𝜇) = 𝐸 − 𝐽‖((𝐸 − 𝜇𝑇 )−1𝑔𝛼, 𝑔𝛽)‖,

where 𝑔𝛼 is a channel system of vectors (see (2−4)).
Recall that the simple part of 𝑇 is the operator induced by 𝑇 on the subspace

𝐻1 =
∞

∑
𝑘=−∞

𝑇 𝑘𝐷𝑇 , where 𝐷𝑇 = (𝐸 − 𝑇 ∗𝑇 )𝐻.

Theorem 1. If the characteristic matrix-function of the operator 𝑇 satisfies,
for some 𝑐, the condition

‖𝑤(𝜇)‖ ≤ 𝑐, |𝜇| ≠ 1, (1)

then the simple part of 𝑇 is linearly similar to a unitary operator with absolutely
continuous spectrum.

In the case 𝐽 = 𝐸 and for a special choice of channel vectors, it was shown in
the work of B. Nad’and Ch. Foias (5) that inequality (1) is a necessary and
sufficient condition for the similarity of the operator 𝑇 to some unitary operator
(see also (6−7)).
It is sometimes more convenient to use Theorem 1 by writing 𝑤(𝜇) in operator
form (see (3)).
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There exists a bounded operator 𝑅, mapping some Hilbert space 𝐺 into 𝐻, and
satisfying the conditions:

1. 𝐸 − 𝑇 ∗𝑇 = 𝑅𝐽𝑅∗, where 𝐽 acts in 𝐺 and 𝐽 = 𝐽 ∗, 𝐽2 = 𝐸.
2. The spectrum of 𝐸 − 𝐽𝑅∗𝑅 is strictly positive.

By condition 2 there exists a 𝐽 -Hermitian operator 𝑤(0) with strictly positive
spectrum such that

𝑤2(0) = 𝐸 − 𝐽𝑅∗𝑅.

We define the characteristic operator-function 𝑤(𝜇) of the operator 𝑇 in the
following way:

𝑤(0)𝑤(𝜇) = 𝐸 − 𝐽𝑅∗(𝐸 − 𝜇𝑇 )−1𝑅.

The values of the operator-function 𝑤(𝜇) are operators acting in 𝐺.

2°. Let the operator 𝐴 have the form

𝐴 = 𝐴𝑅 + 𝑖𝐴𝐼 , (2)

where 𝐴𝑅 and 𝐴𝐼 are self-adjoint operators acting in 𝐻, with 𝐴𝐼 bounded.
There exists a bounded operator 𝐾, mapping some Hilbert space 𝐺 into 𝐻,
such that

𝐴𝐼 = 𝐾𝐽𝐾∗,

where 𝐽 acts in 𝐺 and 𝐽 ∗ = 𝐽, 𝐽2 = 𝐸.

The operator function

𝑊(𝜆) = 𝐸 − 2𝑖𝐾∗(𝐴 − 𝜆𝐸)−1𝐾𝐽

is called the characteristic function of the operator 𝐴.

For bounded dissipative operators 𝐴, the definition introduced does not coincide
with that given in the paper (3).

We note that the values 𝑊(𝜆) are operators in 𝐺. An operator 𝐴 with real
spectrum will be called simple if 𝑇 = (𝐴 − 𝑖𝐸) × (𝐴 − 𝑖𝐸)−1 is simple.

Theorem 2. If the characteristic function of the operator 𝐴 for some 𝑐 satisfies
the condition

‖𝑊(𝜆)‖ ≤ 𝑐, Im 𝜆 ≠ 0,
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then the simple part of 𝐴 is linearly similar to a self-adjoint operator with
absolutely continuous spectrum.

For 𝐽 = 𝐸, a close fact is contained in the paper (7).

Let us now consider the operator

𝐴 = 𝐴0 + 𝐵, (3)

where 𝐴0 is a self-adjoint operator, 𝐵 is a bounded operator. Represent 𝐵 in
the form

𝐵 = 𝐵∗
1𝐵2, (4)

where 𝐵1 and 𝐵2 are bounded operators.

An operator of the form (3) admits representations (2).

Put 𝑅0(𝜆) = (𝐴0 − 𝜆𝐸)−1, 𝑄(𝜆) = 𝐵2𝑅0(𝜆)𝐵∗
1.

Theorem 3. Let the operators 𝑄(𝜆), (𝐸 + 𝑄(𝜆))−1, 𝐾∗𝑅0(𝜆)𝐾, 𝐾∗𝑅0(𝜆)𝐵∗
1,

𝐵2𝑅0(𝜆)𝐾 be uniformly bounded off the real axis. Then the simple part of 𝐴 is
linearly similar to a self-adjoint operator with absolutely continuous spectrum.

It is useful to compare this result with a theorem of T. Kato (8).

3∘. Consider in the space 𝐿2(𝐸𝑚) the Schrödinger operator

𝐴 = 𝐴0 + 𝑞,

where

𝐴0𝑢 = −
𝑚

∑
𝑖=1

𝜕2

𝜕𝑥2
𝑖

𝑢, 𝑞𝑢 = 𝑞(𝑥)𝑢, 𝑥 ∈ 𝐸𝑚, 𝑚 ≥ 3.

Introduce the notation

𝐵1𝑓 = |𝑞(𝑥)|1/2𝑓(𝑥), 𝐵2𝑓 = 𝑞(𝑥)
|𝑞(𝑥)|1/2 𝑓(𝑥), 𝑄(𝜆) = 𝐵2𝑅0(𝜆)𝐵∗

1.

Theorem 4. Let the function 𝑞(𝑥) be bounded and 𝑞(𝑥) ∈ 𝐿𝑝(𝐸𝑚) (1 ≤ 𝑝 <
𝑚/2). If the operator function [𝐸 + 𝑄(𝜆)]−1 is uniformly bounded for Im 𝜆 ≠ 0,
then the operator 𝐴 is linearly similar to a self-adjoint operator with absolutely
continuous spectrum, i.e. 𝐴 ∈ 𝒩.
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Corollary. If in Theorem 4 𝑝 = 1, then the operators 𝐴 and 𝐴0 are linearly
similar and comparable.

Recall that the operators 𝐴 and 𝐴0 are called comparable (1) if there exist wave
operators, bounded together with their inverses,

𝑊±(𝐴, 𝐴0) = 𝑠- lim
𝑡→±∞

𝑒𝑖𝐴𝑡𝑒−𝑖𝐴0𝑡,

and, moreover,

𝐴𝑊±(𝐴, 𝐴0) = 𝑊±(𝐴, 𝐴0)𝐴0.

Under somewhat weaker requirements on 𝑞(𝑥), in the work of T. Kato (8) the
linear similarity and comparability of the operators 𝐴 and 𝐴0 were proved. In
that work, however, it was additionally assumed that

‖𝑄(𝜆)‖ ≤ 𝜌 < 1.

4∘. Consider a differential expression of the form

𝑙𝑦 = −𝑦″ + 𝑦𝑝(𝑟),

where 𝑦(𝑟) = [𝑦1(𝑟), 𝑦2(𝑟), … , 𝑦𝑚(𝑟)] (𝑚 < ∞) is a vector function, 𝑝(𝑟) is a
matrix of order 𝑚, and

𝜎 = ∫
∞

0
‖𝑝(𝑟)‖ 𝑑𝑟 < ∞.

The expression 𝑙(𝑦) and the condition

𝑦′(0) − 𝑦(0)𝜃 = 0 (𝜃 is a matrix)

generate the differential operator 𝐿𝜃. The non-self-adjoint operator 𝐿𝜃 was
studied in the work of M. A. Naimark (9) for 𝑚 = 1 and

∫
∞

0
(1 + 𝑟2)‖𝜈(𝑟)‖ 𝑑𝑟 < ∞.

Introduce the matrix 𝑦(𝑟, 𝑠), which satisfies the equation

𝑙(𝑦) − 𝑠2𝑦 = 0, Im 𝑠 ≥ 0,
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and the condition

lim
𝑟→∞

𝑦(𝑟, 𝑠)𝑒−𝑖𝑠𝑟 = 𝐸.

Denote by 𝐷(𝑠) = 𝑦′(0, 𝑠) − 𝑦(0, 𝑠)𝜃. We shall compare the operator 𝐿𝜃 with
the simplest operator ℒ0:

ℒ0𝑓 = −𝑑2𝑓/𝑑𝑟2, 𝑓(0) = 0, 𝑓 ∈ 𝐿2
𝑚(0, ∞).

Theorem 5. If there exists a 𝑐 such that

‖𝐷−1(𝑠)‖ ≤ 𝑐, Im 𝑠 ≥ 0, and ∫
∞

0
(1 + 𝑟3/2)‖𝑝(𝑟)‖ 𝑑𝑟 < ∞,

then the operators 𝐿𝜃 and ℒ0 are linearly similar and comparable.

The conditions of Theorem 5 can be weakened if dissipative operators are con-
sidered.

Theorem 6. Let the operator 𝐿𝜃 satisfy the following conditions:

1.
𝜃 − 𝜃∗

𝑖 ≥ 0, 𝑝(𝑟) − 𝑝∗(𝑟)
𝑖 ≥ 0.

2.
∫

∞

0
‖𝑝(𝑟)‖ 𝑑𝑟 < ∞.

3. There exists a 𝑐 such that ‖𝐷(𝑠)‖ ≤ 𝑐, ‖𝐷−1(𝑠)‖ ≤ 𝑐.

Then the operators 𝐿𝜃 and ℒ0 are linearly similar and comparable.

5∘. Let the operator 𝐴 act in 𝐿2
𝑚(𝑎, 𝑏) (−∞ ≤ 𝑎 < 𝑏 ≤ ∞) and be defined by

the formula

𝐴 = 𝐴0 + 𝑖𝐵,

where 𝐴0𝑓 = 𝑥𝑓 , and 𝐵 is a self-adjoint nuclear operator.

The operator 𝐵 can be written in the form

𝐵𝑓 = 1
2

𝑛
∑
𝛼,𝛽

(𝑓, 𝑔𝛼) 𝑗𝛼𝛽𝑔𝛽,
𝑛

∑
𝛼=1

‖𝑔𝛼‖2 < ∞,

where 𝑛 ≤ ∞, 𝐽 = ‖𝑗𝛼𝛽‖ is a certain Hermitian matrix such that 𝐽2 = 𝐸.
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Introduce the matrices

𝐺(𝑥) = ‖𝑔𝛼(𝑥)𝑔∗
𝛽(𝑥)‖𝑛

𝛼,𝛽=1, 𝑉 (𝜆) = 1
2 ∫

𝑏

𝑎

𝐺(𝑥)
𝑥 − 𝜆 𝑑𝑥.

Theorem 7. Let the matrix 𝐺(𝑥) satisfy the conditions:

1. The function 𝐺(𝑥) is bounded on the segment [𝑎, 𝑏], and

∫
𝑏

𝑎
‖𝐺(𝑥)‖ 𝑑𝑥 < ∞.

2. There exists an 𝑀 such that, for all 𝑡 and for some 𝑐 > 0,

∫
𝑡+𝑐

𝑡−𝑐
∥𝐺(𝑥) − 𝐺(𝑡)

𝑥 − 𝑡 ∥ 𝑑𝑥 ≤ 𝑀.

3. lim ‖𝐺(𝑥)‖ ln(𝑥 − 𝑎) < ∞, 𝑥 → 𝑎.
4. lim ‖𝐺(𝑥)‖ ln(𝑏 − 𝑥) < ∞, 𝑥 → 𝑏.

(If 𝑎 = −∞ or 𝑏 = ∞, then respectively condition 3 or 4 is omitted.)

If the matrix-function [𝐸 + 𝑖𝑉 (𝜆)𝐽]−1 is uniformly bounded for Im 𝜆 ≠ 0, then
the operators 𝐴 and 𝐴0 are linearly similar and comparable.

6°. Consider the operator

𝐴𝑓 = 𝑥𝑓 + 𝑖 ∫
𝑥

𝑎
𝑓(𝑡)𝛽(𝑡)𝐽 𝑑𝑡 𝛽(𝑥) (−∞ < 𝑎 < 𝑏 < ∞),

where 𝛽(𝑡) is a nonnegative matrix of order 𝑚 (𝑚 ≤ ∞), and 𝐽 = 𝐽 ∗ and
𝐽2 = 𝐸. A broad class of operators (2) is reduced to such triangular form.

Theorem 8. Let the following conditions be fulfilled:

1. There exists a matrix 𝑈(𝑡) such that

𝛽2(𝑡)𝐽 = 𝑈 ∗(𝑡)𝐻(𝑡)𝑈−1(𝑡),

where 𝐻(𝑡) is a self-adjoint matrix.

2. The matrices 𝑈(𝑡), 𝑈−1(𝑡), and 𝐻(𝑡) are uniformly bounded on the seg-
ment [𝑎, 𝑏].

3. The inequality holds
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‖𝑈(𝑡2) − 𝑈(𝑡1)‖ ≤ 𝐾|𝑡2 − 𝑡1|, 𝑡1, 𝑡2 ∈ [𝑎, 𝑏],

where 𝐾 is some constant.

Then the simple part of 𝐴 is linearly similar to some self-adjoint operator with
absolutely continuous spectrum.

We note that for 𝐽 = 𝐸 one may put 𝑈(𝑡) = 𝐸 (see (6)).
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