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Abstract

Full Text
UDC 519.52
MATHEMATICS

Z. 1. KOZLOVA

PROJECTIVE SETS OF TOPOLOGICAL
SPACES OF WEIGHT 1

(Presented by Academician P. S. Novikov on 6 III 1968)

Let I be a space of indices of cardinality 7 = X, which we shall regard as a
strongly inaccessible cardinal number (). We study the projective hierarchies
of classes of sets of topological spaces D7, J7 and topological 7-spaces D“», J*»
(3). We shall show that the classes of these hierarchies are determined by sub-
stantially different operations, depending on the topology of the space.

The operation

VR {E} = U{=}n Uy {Ei})
is called a set-theoretic operation with variable base. A class P C PR, =
PR, x %y), where fR is the basic space, is called projective with respect to the
class R C PR, if there exists such a variable base L(y) that

— (1)- ) *
P = leL(:) (ﬁ )7
where 8" is the class of all sets of the form K x R, (K € R),

Ui B} = U (B}, when Liz,y) = L(x) (%),
L. V. Kantorovich and E. M. Livenson (?) showed that if a class P is projective
with respect to a class &, then for the class P’ of projections of sets belonging
to P the equality

P =W, (%)

holds, where

Ly= U L(y).

yeERyY

Theorem 1. The classes F and G of the space Jyy (Dasy,DZI. ,JI)

zyr Yy
are projective, respectively, with respect to the classes F' and G of the

space Jp” (D3*,DI,JT). The base L(y) for the class G C PBJyy, where

sovietrxiv.org/items/ru-196801.77849 Machine Translation


https://sovietrxiv.org/items/ru-196801.77849

Y = {igy g, -} € Joy, consists of all chains of the family ({A(ig, ... ,70)})a;
the base L°(y) consists of one chain

{\(ig)s Aigiy)s ooy Mgy iy yin)s o}y

where A(ig, ... ,4,) = A is a one-to-one mapping of the space of all tuples W of
the space of indices I onto I. The base L,(y) for the class G C BJ, consists
of all chains of the family

<{>‘(Z(x1 y e 7iak)}){a1,4..,ak}elfjv

where I is the totality of all finite tuples {«y, ..., o} of the space of indices I,
o < ay < - < ay, and )x(ial,... 7iak) = ) is a one-to-one mapping of the space
X" of all tuples {i, ,....i,, }, for {ay,..,a;} € I, onto I. The base L{(y)
consists of one chain

(>‘<7;o¢1 y e 7iak>){a1,...,ak}elx'

The base L’(y) for the class G C BD7,, where y = {1, ..., v, ...} € D}, consists
of chains of the family

({)‘(Vocl LA Vak)}>{a1,...,ak}elx;

the base L{(y) for the class F' C D7, consists of one chain

</\<Va1 ) Vak)){al,.“,ak}elx'

The base L”(y) for the class G C PDyy, where y = {vg,...,Vy,...} € Dy,
consists of chains of the family

{AWs 5 ¥a) o

The base L”¢(y) for the class F' C BD5y consists of one chain
(/\(VO? L) Va))oz'

Corollary 1. The classes of projections of sets belonging to the classes ®,,(F')
and ®,,(G) of the spaces DJ,, D3y, Jug s Jz, are respectively the AX-classes
¢M{ (F) and ¢Mé/(G>’ (I)M{ (F) and (I)Mé/ (G), (I)Ml (F) and (I)Mz (G), (I)ll’(F)
and @), (G), which may be represented respectively by the operations

U q)ML/ { ﬂ E], ”al"'yak} = (bg',M{E]}’ Ej%’/al"'l/ak < F = mDT7
SR {ay,...,a }el

VgV,

U (I)M {U U Ej;l/al ...I/ak} = @E//M{Ej)\}’ Ej’ l/o‘l l/ak eGC mDT,

Vg,--5Vq J Aay,eap el
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where A = AV, ;o s Y, )i

U D, {UﬂEj;VO...Va} :(I)%M“{Ej)\}a Ej;l/3...lja € F CBD¥v,

Qg,ey Vg yenn 7

U (IDJV[{UUEj;VS...Va} =C it Ej;vy...v, € G CPDY,

QU yeeey Vg yene 7

where A = A(vy, ..., v, );

U @ {UﬂEj;i3 za} =0, H{E;\},  Ejig..i, € F CPJ,
[ Jj «

G5yl gene

U @ {U JE;:is za} =Poi{Epn},  Ejig.i, € GCPRI,
«

13503ty yees J

where A = A(ig, .., 10 );

U D, {ﬂ U Ejia, zak} =0 {En},  Ejia, ia, € FCPJ7,

J {aq,ap el

U D, {U U Ejig, za} =B} Ejig, iy, €GCPIT,

Tgyyereylogsenn J Aoy, el

where A = (i ;s dq,)-

Corollary 2. The class of projections of sets belonging to the class G of the
spaces under study is the class G. The class of projections of sets belonging to
the class F' in the spaces D7, D“», is contained in the class of (w,) A-sets in the
space J¥, and belongs to the class ®¢(F) in the space J".

Theorem 2. The bases of the AX-operations My, M4, M{, M7, My, My, My, M4
of Corollary 1 can be represented in the form

My =@y (K}, My =20 {Viy My =@y {KJ}, My =, {V/}

My =@y {K}, My=@y{Vi}; My = (I)M{Kbl'}7 M, = (I)M{Vsl}v
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where K., V!, K/, V! K, V,, K}, V] are certain sets of type Fy, in J* (inde-
pendent of M).

The operation @, is incomparable with the operations ®g,Pgs, and at the
same time the operation ®y is stronger than the operation ®g with respect to
any class of sets K D (), and essentially stronger than ®¢,» and ®¢ with respect
to any class of sets invariant with respect to the operation ﬂT. In view of this,
the composition @, 77 is stronger than the composition @57 with respect to
the class of sets K D (), and stronger than ®, 77 and ® 557 with respect to any
class of sets invariant with respect to the operation ﬂT. Consequently, projective
operations substantially depend on the topology of the space. Since in the spaces
under study the class F' D ) and is invariant with respect to the operation ﬂT,
we have cI)QLﬂ<F> D CI)S”M(F)’ (leM(F) D Q%M(F), (PQLM(F) D (I)SM(F) for
any base M.

The classes of the compositional hierarchies of the space Jg; are constructed as
follows. Let N =2, where 2 is a rigid base of an A-operation with a complete
depth chain, ®,, = J_. The operation ®g and the composition ®, 5 are normal,
and the operation @, satisfies the condition:

15, @, < Dy, Oy < Dy

The ®gy,,-hierarchy of classes of sets generated by the class K|, of open-closed
sets of the space J“» forms the classes of projective sets of this space:

Py = q)glM(KO> = (bM(KO) = (I’L(Ko) =G,

ChR, = @%CM(KO) = 05, (K,) = ‘bLg (Ko) = F,

Py = q’%ﬁ(Ko) = ‘szg(Ko) = q’La+1 (Ko)s

CP, = %}{}C(Ko) = (I’Q(La (Ko) = ‘I)L;H(Ko)a

Px = q))Q(lM(Ko) = U ‘I)ng(Ko) = (I)LX (Ky),
(ai)—x

CPX = (I)QCM(K(D = U @3"{‘4(}{0) = q)L;(Ko)a

(ad)—x

where x < w,, is a limit transfinite number, (B,) = BP, = P, NCP,.

Properties of the classes of projective sets:
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1. P, =(A),CP, = (CA), B, = (A) N (CA) = (B), where (B) is the class
of B-sets of the space J“v.

2. P,CcCpP,,,CP,CP, ,P,CP,, forevery a <w,, ;.

3. The classes P, for o < w,,,; are invariant with respect to the operation
of projection. The classes P,,; and C P, are invariant with respect to
the operations | J_and (1] . The class P, is invariant with respect to the

operations | J_and intersection of finite families of sets.

4. Under a homeomorphic transformation of the space J“» onto itself, sets
of the class P,(CP,) pass into sets of the same class (o < w,,4).

5. f NeP, ,, E;€ P, forevery o <w, q, then E=®y{E;} € P, ;.

In the space J“ the class of projections of B-sets coincides with the class of
A-sets of this space, which we shall denote by (A;). If, in accordance with the
projective hierarchy of classes of sets of this space, the projective class (4,)
is defined, then the class of complements to sets of the class (A,) we shall
denote by (C'A,). The class of projections of sets of the class (C'A,) we denote
by (Ay41). If x < w4 is a limit transfinite number, then by the class (A, )
we mean the class of unions of projective sets of classes < x of any family of
cardinality < 7.

Theorem 3. The classes of projective sets (A4,) and (CA,) for 0 < o < w, ¢
can be obtained by means of the operations ® i , for i = 1,2,3,4, starting
a+l

from the classes of sets F' and G-

(A0) = g (F) = @2 (G) = A°(F);

(CA,) = (DSS)(F) = (I)Sﬁf’(G) = CA%(F),

where S&1>7 5&2) € (CA,_,), if a is a nonlimit ordinal number, and 5&1)7 5’&2) €
(A,), if @ is a limit ordinal number; S s e (CA,) for a <w, ;.

Theorem 4. Each projective operation A% and CA* for 0 < o < w,,; can be
given by a AX-operation with a rigid base.

Theorem 5. The operations ® for ¢ = 1,2 are normal with respect to

g

a+l

any class (Ag) and with respect to classes of sets (C'Az) for § < «, while the
operations ® s for ¢ = 3,4 are normal with respect to any class (CAﬁ) and

a+1
with respect to classes (Az) for 8 < a.

Theorem 6. The operations ® L, and A“, ® Le and CA® are equivalent for
o<W, 1.

Corollary 1. P, = (A,), CP, = (CA,) for every a < w, ;.
Corollary 2. In the space J“v, the class of C-sets belongs to the class (Bs).
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Corollary 3. Complete bases of all (w,, ) R*-operations belong to the class (B,).
The class of (w,)R-sets of the space J“» is contained in the class (Bj).

Corollary 4. If the class P, is invariant with respect to all operations with
bases of the family 9t = (M;) U (M(m)w), where i € I, (icr), is the totality of all
concordant sequences of limit type v < w,,, then it is also invariant with respect
to the operation (w,)T.

It follows from this that the operation of type (w, )Ty} is equivalent to the
operation ® Lo with respect to any class of projective sets for any o < w,,; the
operation of type (WV>P2195107 where ®,, = UT, is equivalent to the operation
q’i{L; = ®,_; the operation (WV)PitLgm is equivalent to the operation ®;
with respect to any class of projective sets for 0 < o < w,, ;.

When the generalized continuum axiom is added, for the class of sets P, the
separation laws that hold are the same as for the second class of projective sets
of the space J.

Let the base be N = S5, &,, = UT. The operation ®4 and the composition 61)55
are normal (the latter with respect to the class K O J7), and the operation
®,, satisfies condition 1*. The ®g,,-hierarchy of classes of sets generated by
the class K, of open-closed sets of the space J7 forms classes of projective sets
of this space, which we shall denote in the same way as for the space J“». The
class Py =G, CPy = F, (By) = Ky, P, C (A), CP, C (CA), (B,) C (B). The
class of projections of B-sets of the space J7 coincides with the class of sets
P;. The class of (w,)A-sets of this space contains, as a proper part, the class of
projections of B-sets of the given space.

Let the base be N = S§”; the operation ®,, is equivalent to the operation
@ 1B} = U, ﬂj E;;. The operation ®g, is nonnormal, but the composition
@, ¢, is normal with respect to the class K D D”. The operation ®,, does
not satisfy condition 1*. The ®, -hierarchy of classes of sets, generated by
the class K, of open-closed sets of the space D7, forms a hierarchy of projective
classes of the space D7. In this case the class Py = G?, CPy = F? (B,) =
B2. The classes of projective sets are monotone. For even « the class P, is
invariant with respect to the operation J_, and the class P, ; with respect to
the operation (1) . The class P, C (A) in the space D".

Let the base be N = %B; ®,, is equivalent to the operation ®,, {E,;} =
U, N, E;;- The operation ®g is nonnormal, but the composition ® g, is normal
with respect to the class of sets K O D¥v. The operation ®,, does not satisfy
condition 1*. The ®, - -hierarchy of classes of sets forms a projective hierarchy
of the space D“». The properties of the classes of sets P, of the space D“» coin-
cide with the properties of the corresponding classes of the space D7. P, C (A)
in the space D%».

Volgograd Pedagogical Institute
named after A. S. Serafimovich
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