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INVESTIGATION OF THE GAS-DYNAMIC
STABILITY OF A DETONATION WAVE OF
ARBITRARY PROFILE
The instability of plane detonation has been observed theoretically and experi-
mentally in many gaseous and liquid explosives (1−10). In all cases it is associ-
ated with an Arrhenius dependence of the rate of heat release on temperature.
Meanwhile, this is not the only type of chemical-reaction kinetics, especially in
solid explosives. In them, for example, kinetics decreasing with time is possible,
the origin of which is still not very clear (9).
It is of interest to investigate the stability of detonation in the general case,
for arbitrary kinetics of heat release. For this purpose a model is proposed in
which the smooth variation of the parameters in the detonation front (pressure,
density, temperature) is replaced by a stepwise one. In accordance with this,
the detonation wave is represented by a model of a stationary complex that
includes the initiating shock front and a system of fronts of instantaneously
occurring chemical reactions arranged successively behind it, separated by in-
tervals 𝐿1, 𝐿2, … with characteristic delay times 𝜏1, 𝜏2, …. The links themselves
of the stepwise distribution of parameters within the detonation zone should be
understood either as successive stages of one and the same chemical transfor-
mation, or as different intermediate reactions with activation energies 𝐸1, 𝐸2, …
(Fig. 1).

Fig. 1

While reflecting the essential features of the real phenomenon, this scheme ad-
mits the possibility of a mathematical solution of the stability problem. In-
creasing the number of intermediate links, within which partial burning-out
occurs of the reactant determining the chemical reaction at the given stage
(from concentration 𝜓𝑗 to 𝜓𝑗+1), naturally increases the accuracy of the calcula-
tion. Identifying the axis 𝑦 with the stationary position of the shock wave, we
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have in the intervals 𝐿1, 𝐿2, … a set of flows moving in the positive direction of
the 𝑥-axis, whose parameters 𝑝𝑗, 𝜌𝑗, 𝑣𝑗, 𝑇𝑗, 𝑆𝑗, 𝑎𝑗, 𝑐𝑝𝑗, 𝜘𝑗 (pressure, density, veloc-
ity, temperature, entropy, speed of sound, heat capacity, isentropic exponent)
are denoted by the indices 𝑗 = 0 for the initially explosive substance (𝑥 < 0),
𝑗 = 1, 2, … for the intervals 𝐿1, 𝐿2, … introduced above in the detonation zone,
ending with ignition fronts 𝑥 = 𝐿1, 𝑥 = 𝐿1 + 𝐿2, …. Perturbed states of the
flows occurring downstream from the shock front (for 𝑣0 > 𝑎0), are composed
of acoustic and entropy-vortex waves, which are represented by solutions of the
linearized gas-dynamic equations (4) in the form

𝑣′
𝑗𝑥 = 𝐴𝑗1Φ𝑗1 + 𝐴𝑗2Φ𝑗2 + 𝐴𝑗3𝜓𝑗;

𝑣′
𝑗𝑦 = 𝑖

𝛾𝑗1
𝐴𝑗1Φ𝑗1 + 𝑖

𝛾𝑗2
𝐴𝑗2Φ𝑗2 − 𝜔

𝑘𝑣𝑗
𝐴𝑗3𝜓𝑗;

𝑝′
𝑗

𝜌𝑗𝑣𝑗
= ( 𝑖𝜔

𝑘𝑣𝑗𝛾𝑗1
− 1) 𝐴𝑗1Φ𝑗1 + ( 𝑖𝜔

𝑘𝑣𝑗𝛾𝑗2
− 1) 𝐴𝑗2Φ𝑗2; (1)

𝑆′
𝑗 = −𝑐𝑝𝑗

𝑣𝑗
𝐴𝑗4𝜓𝑗; Φ𝑗𝑠 = 𝜓0 exp(𝑘𝛾𝑗𝑠𝑥); 𝑠 = 1, 2.

𝜓𝑗 = 𝜓0 exp (𝑖𝜔
𝑣𝑗

𝑥) ; (1 − 𝑀2
𝑗 )𝛾𝑗𝑠 = 𝑧𝑗𝑀2

𝑗 + (−1)𝑠+1√1 − 𝑀2
𝑗 + 𝑧2

𝑗 𝑀2
𝑗 ;

𝑧𝑗 = −𝑖𝜔/𝑘𝑣𝑗; 𝑀𝑗 = 𝑣𝑗/𝑎𝑗; 𝑗 = 1, … , 𝑛 + 1.

In this case the shock front and the fronts of partial combustion introduced by
us acquire small displacements

𝜀𝑗 = 𝐴𝑗𝑠
𝑘𝑣𝑗

𝜓0.

On the acoustic perturbation going into the final detonation products we impose
the condition that it be bounded as 𝑥 → +∞ (𝐴𝑛+1,1 = 0). Satisfying, by
means of the indicated solutions, the linearized laws of conservation of mass,
momentum vector, and energy with respect to the discontinuities,

𝑣𝑗𝑥 − (1 − 𝛼𝑗)
𝜕𝜀𝑗
𝜕𝑡 + 𝑝′

𝑗
𝜌𝑗𝑣𝑗

𝑀2
𝑗 − 𝑣𝑗

𝑐𝑝𝑗
𝑆′

𝑗 =

= 𝛼𝑗 (𝑣′
𝑗−1,𝑥 + 𝑝′

𝑗−1
𝜌𝑗−1𝑣𝑗−1

𝑀2
𝑗−1 − 𝑣𝑗−1

𝑐𝑝,𝑗−1
𝑆′

𝑗−1) ;
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𝑝′
𝑗

𝜌𝑗𝑣𝑗
(1 + 𝑀2

𝑗 ) + 2𝑣′
𝑗𝑥 − 𝑣𝑗

𝑆′
𝑗

𝑐𝑝𝑗
= 𝑝′

𝑗−1
𝜌𝑗−1𝑣𝑗−1

(1 + 𝑀2
𝑗−1) + 2𝑣′

𝑗−1,𝑥 − 𝑣𝑗−1
𝑐𝑝,𝑗−1

𝑆′
𝑗−1; (2)

𝑣′
𝑗𝑦 + 𝑣𝑗−1

𝜕𝜀𝑗
𝜕𝑦 (𝛼𝑗 − 1) = 𝑣′

𝑗−1,𝑦,

𝑣′
𝑗𝑥 − (1 − 1

𝛼𝑗
) 𝜕𝜀𝑗

𝜕𝑡 + 𝑝′
𝑗

𝜌𝑗𝑣𝑗
+ 𝑣𝑗

𝑐𝑝𝑗

𝑆′
𝑗

(𝜒𝑗 − 1)𝑀2
𝑗

=

= 1
𝛼𝑗

[𝑣′
𝑗−1,𝑥 + 𝑝′

𝑗−1
𝜌𝑗−1𝑣𝑗−1

+ 𝑣𝑗−1
𝑐𝑝,𝑗−1

𝑆′
𝑗−1

(𝜒𝑗−1 − 1)𝑀2
𝑗−1

] ;

𝑝′
0 = 𝑣′

0𝑥 = 𝑣′
0𝑦 = 𝑆′

0 = 0; 𝛼𝑗 = 𝜌𝑗−1/𝜌𝑗.

and the conditions, analogous to (7), imposed by the chemical kinetics on each
interval of partial reaction, in the form

∫
𝑇𝑗+1

𝑇𝑗

[𝑚𝑗𝑀2
𝑗

𝑝′
𝑗

𝜌𝑗𝑣𝑗
+ 𝑁𝑗

𝑣𝑗
𝑐𝑝𝑗

𝑆′
𝑗 − 𝑣′

𝑗𝑥] 𝑑𝑡′ − 𝜀𝑗(𝑇𝑗) + 𝜀𝑗+1(𝑇𝑗+1) = 0, (3)

where 𝑇𝑗 = 𝑡 + ∑𝑗−1
𝑘=0 𝜏𝑘, 𝜏0 = 0, and the integration is carried out along the

trajectory

𝑥 =
𝑗−1
∑
𝑘=1

𝐿𝑘 + 𝑣𝑗(𝑡 − 𝜏𝑗), 𝐿𝑘 = 𝑣𝑘𝜏𝑘;

𝑚𝑗 = 𝜒𝑗𝑄𝑗 + (𝜒𝑗 − 1)𝑁𝑗;

𝑄𝑗 = 𝜕 ln 𝑓/𝜕 ln 𝜌∣ 𝜌=𝑝𝑗
𝑇 =𝑇 ′

𝑗

; 𝑁𝑗 = 𝜕 ln 𝑓/𝜕 ln 𝑇 ∣ 𝜌=𝑝𝑗
𝑇 =𝑇 ′

𝑗

; 𝑗 = 1, … , 𝑛,

we ultimately obtain the characteristic equation

𝐷(𝑧) = 0, (4)

for finding the eigenvalues 𝜔. Since the introduction of each interval requires
the fulfillment of 5 conditions (4 conservation laws and the equation
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determined by the kinetics), the determinant 𝐷(𝑧) = |𝑎𝑔𝑟(𝑧)|, by which the left-
hand side of the characteristic equation is expressed, has order 5𝑛 + 4, where
𝑛 is the number of intervals 𝐿𝑗. It is convenient to represent the numbers of
the row and column at whose intersection the element 𝑎𝑔𝑟 stands in the form
𝑞 = 5(𝑗 − 1) + 𝑙 and 𝑟 = 5(𝑗 − 1) + 𝑚, and to introduce the notation 𝑎𝑔𝑟 = 𝑏𝑗

𝑙𝑚,
𝑟, 𝑔 = 1, 2, … , 5𝑛 + 4; 𝑙, 𝑚 = 1, 2, … , 5𝑛 + 4; 𝑗 = 1, 2, … , 𝑛 + 1. Then in 𝐷(𝑧),
for 𝑗 = 1, 2, … , 𝑛,

𝑏𝑗
1𝑠 = 1 − 𝑀𝑗(𝑧𝑗/𝛾𝑗𝑠 + 1); 𝑏𝑗

2𝑠 = 2 − (1 + 𝑀2
𝑗 )(𝑧𝑗/𝛾𝑗𝑠 + 1); 𝑏𝑗

3𝑠 = 1/𝛾𝑗𝑠;

𝑏𝑗
4𝑠 = 𝑧𝑗/𝛾𝑗𝑠; 𝑏𝑗

5𝑠 = (𝑚𝑗𝑀𝑗2/𝛾𝑗𝑠 + 1/(𝛾𝑗𝑠 + 𝑧𝑗))[exp 𝑘𝐿𝑗(𝛾𝑗𝑠 + 𝑧𝑗) − 1],

where 𝑠 = 1, 2; 𝑏𝑗
44 = 1/(𝜒𝑗 − 1)𝑀2

𝑗 ; 𝑏𝑗
15 = 𝑧𝑗𝛼𝑗(𝛼𝑗 − 1); 𝑏𝑗

35 = 𝛼𝑗 − 1;

𝑏𝑗
45 = −𝑧𝑗(𝛼𝑗 − 1); 𝑏𝑗

55 = 𝛼𝑗; 𝑏𝑗
13 = 𝑏𝑗

43 = 1; 𝑏𝑗
23 = 2; 𝑏𝑗

33 = −𝑧𝑗;

𝑏𝑗
14 = 𝑏𝑗

24 = −1; 𝑏𝑗
53 = 𝑘𝐿𝑗; 𝑏𝑗

54 = −𝑁𝑗𝑘𝐿𝑗; 𝑏𝑗
5,10 = exp 𝑘𝐿𝑗𝑧𝑗;

𝑏𝑗
5+𝑙,𝑠 = 𝑏𝑗

𝑙,𝑠 exp(−𝑘𝐿𝑗𝛾𝑗𝑠); 𝑠 = 1, 2, 𝑙 = 2, 3;

𝑏𝑗
5+𝑙,𝑠 = 𝑏𝑗

𝑙,𝑠 exp(−𝑘𝐿𝑗𝑧𝑗), 𝑠 = 3, 4, 𝑙 = 2, 3;

𝑏𝑗
5+𝑙,𝑠 = 𝑏𝑗

𝑙,𝑠𝛼(−1)𝑙+1

𝑗 exp(𝑘𝐿𝑗𝛾𝑗𝑠), 𝑠 = 1, 2, 𝑙 = 1, 4.

Finally, for 𝑗 = 𝑛 + 1,

𝑏𝑛+1
11 = 1 − 𝑀𝑛+1(𝑧𝑛+1/𝛾𝑛+1,2 + 1); 𝑏𝑛+1

21 = 2 − (1 + 𝑀2
𝑛+1)(𝑧𝑛+1/𝛾𝑛+1,2 + 1);

𝑏𝑛+1
12 = 𝑏𝑛+1

42 = 1; 𝑏𝑛+1
13 = 𝑏𝑛+1

23 = 1; 𝑏𝑛+1
14 = 𝑧𝑛+1(𝛼𝑛+1 − 1)𝛼𝑛+1;

𝑏𝑛+1
22 = 2; 𝑏𝑛+1

31 = 1/𝛾𝑛+1,2; 𝑏𝑛+1
43 = 1/(𝜒𝑛+1 − 1)𝑀2

𝑛+1;
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𝑏𝑛+1
32 = −𝑧𝑛+1; 𝑏𝑛+1

34 = 𝛼𝑛+1 − 1; 𝑏𝑛+1
41 = −𝑧𝑛+1/𝛾𝑛+1,2.

The remaining elements not covered by these formulas are zero. Analysis of
the roots of the obtained characteristic equation makes it possible to judge the
stability of the detonation wave for various distributions of the parameters over
its width. In the limiting case 𝐿1 ≠ 0, 𝐿2 = 𝐿3 = ⋯ = 𝐿𝑛 = 0, as was to be
expected, the equation coincides exactly with that obtained and investigated
earlier in [4] for the two-front model.

Odessa State University
named after I. I. Mechnikov

Received
19 IV 1968
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