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IN THE SPACE C" AND THE PLANCHEREL
FORMULA FOR THE GROUP GL(n,C)

1. Let H = H,, ;. be the set of all k-dimensional planes in C", endowed in the
natural way with the structure of a complex analytic manifold. By a complex
K of k-dimensional planes in C" we shall mean any closed irreducible algebraic
submanifold in H, whose (complex) dimension is equal to m, and such that
through every point € C™ (with the possible exception of a manifold of points
of lower dimension) there passes at least one plane h € K.*

If a complex K of k-dimensional planes in C" is given, then the following prob-
lem of integral geometry may be formulated for it. To each function f(z) € S
(S is the space of infinitely differentiable and rapidly decreasing functions on
C™) assign its integrals ¢(h) over the planes h € K. It is required to obtain an
inversion formula, i.e., to recover the original function f(z) from the function

o(h).

In the paper a class of admissible complexes is defined, for which the inversion
formula follows directly from the results of (},2). In Sec. 2, for the case k =
1 (i.e., for complexes of lines), a simple geometric description of admissible
complexes in general position is obtained.

In Sec. 3 an example is considered of a complex of n(n — 1)/2-dimensional
planes in C™°, arising in a natural way in the representation theory of the
group GL(n,C). It is proved that this complex is admissible, and an inversion
formula is obtained for it. This inversion formula was previously proved by other
methods in (3,*). The method by which it is obtained in the present paper is,
in the authors’ opinion, the simplest and most natural.

We shall briefly present the results of the paper (2). We shall specify any k-
dimensional plane i in C™ by the equation x = at + 3, where « is a matrix
whose columns are k linearly independent vectors o, ...,y € C™, € C™, and t
ranges over C*. Next fix an infinitely differentiable function g(«), not vanishing
anywhere and satisfying, for any nondegenerate linear transformation p in C*,
the following condition: g(au) = g(a)|det u|?. To each function f(z) € S we
associate a function ¢(h) on H,, ; by the formula
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(1) = g(a) / flat + ) dt di. (1)

(It is easy to verify that the integral does not depend on the parametric specifi-
cation of the plane h.)

In the paper (2), for each point 3 € C™ a linear mapping was defined

. (k)
ng: Py — (I)GB

from the space @y of all infinitely differentiable functions on H,, ; into the

space @g{;w of differential forms of type (k, k) defined on the submanifold G

of k-dimensional planes passing through the point 3. The following inversion
formula for the integral was established

* For simplicity, manifolds without singularities are considered, although all results remain valid also for man

of the transform (1):

/ X0 = ¢, £(B), )

y

where the integral is taken over an arbitrary cycle v C G of real dimension
2k, and the factor c, depends only on the homology class to which the cycle v
belongs.

Definition. Let K be a complex analytic submanifold of H,, ; of dimension
> n (in particular, a complex), and let

(kk) (k,k)
g, = Pk

'L'* : (bH — ¢)K7
be the natural mappings of functions and differential forms. We shall call the
submanifold K admissible if, for almost every § € C", there exists a linear
mapping

bk
X%} D — (p(GBﬂ)K

such that the diagram

X
o, — o™
i s
s (k,k)

Py ’ (I)GBQK
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is commutative. (It is clear that in this case X/B is uniquely determined and is,
just like x4, a differential operator.) If K is an admissible submanifold, then,
by virtue of (2), the following inversion formula for (1), in which h ranges over
K, is valid:

/x};w =c, f(B),
s

where ~ is an arbitrary cycle of real dimension 2k in Gz N K. In particular, if
K is a complex, then for points f € C™ in general position dim(Gz N K) = 2k,
and therefore one may take v = Gz N K. (Of course, this formula determines

f(B) only if ¢, #0.)

2. Admissible complexes of lines in C"

Theorem 1. A complex of lines K is admissible if and only if, for almost every
line h € K, the following condition holds: if one removes from the line h some
finite number of points and takes the submanifold of lines in K that meet h at
the remaining points, then the closure in K of this submanifold is nonsingular
at the point h € K.

In what follows we shall assume that C" is embedded in the projective space
CP"™, and thereby each line h is completed by a point at infinity. Let K be a
complex of lines, h € K, and x € C™ a point on the line h. Consider the tangent
space Ty at h to the manifold H of all lines, and take in it two subspaces—the
tangent space Ty to the complex K and the tangent space 7, to the manifold
G, of all lines passing through z. Since dim7y; = 2n — 2, dim T = n, and
dim7g =n—1, in general position we have:

We shall call a point = of the line h € K a critical point if
dim(r, N7 ) > 1.
Let us find all critical points of the line h € K. Suppose, for definiteness, that

h is not parallel to the hyperplane £ = 0. Then every line close to h can be
given by a system of equations

ot =alz" 4+ B2%, i=1,..,n—1,

where (2°,...,2™) are homogeneous coordinates in CP". We take the 2n — 2
complex numbers a?, 8 as local coordinates on the manifold of all lines in a
neighborhood of h, and let the complex K be defined in a neighborhood of h by
the equations

ul(a,B) =0,...,u" 2(a,8) = 0.
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Then, in order that the point = (2°,...,2™) € h be critical, it is necessary and
sufficient that the rank of the matrix
09,0 /9F| — i /931
||x ou/9a’], — 2" 0u* /0 |h||i:1,...,n72; j=1,..,n—1

be less than n — 2. Let A,(z%, 2™) be the minors of order n — 2 of this matrix.
It can be shown that, in the case of an admissible complex, they dis-

differ by factors that do not depend on z. Thus, if A; # 0 for at least one
i, then (since A, is a homogeneous polynomial of degree n — 2 in 2%, 2™) on
the projective line h there are, counting multiplicities, n — 2 critical points. If,
however, A; = 0 for all ¢, then all points of the line h are critical (such lines

form in K a submanifold of lower dimension).

Theorem 2. The critical points of the lines of an admissible complex form in
CP" a manifold of dimension less than n.

We shall call an admissible complex of lines K a complex in general position
if on each line h € K (with the possible exception of a submanifold of lines of
lower dimension) there are exactly n — 2 pairwise distinct critical points. We
describe the local structure of such complexes.

Theorem 3. Suppose that on a line hy of an admissible complex K there are
exzactly n—2 pairwise distinct critical points x, ..., x,_o. Then the critical points
of the lines h € K close to hy describe n—2 local algebraic surfaces My, ..., M, _,
each of which has dimension n —1 or n —2; moreover, if dim M, =n — 1, then
the lines h are tangent to M,.

Assume further that the points x; € M, are nonsingular, and let P; be the
hyperplane in CP" spanned by the tangent plane to M, at x; and the line hg
(i=1,...,n—2). Then, if the hyperplanes P, are in general position, the set
of all lines in C™ tangent to each local surface M, of dimension n —1 and
intersecting each local surface M, of dimension n — 2 is contained in K and
forms in K a neighborhood of the line hy. Conversely, if almost every line hy of
the complex K has a neighborhood of the indicated form, then K is an admissible

complex in general position.

Theorem 4. Forn = 3, every admissible complex of lines is either the complex
of lines tangent to some two-dimensional algebraic submanifold, or the complex
of lines intersecting some algebraic curve.

3. Plancherel theorem for the group GL(n,C).

Here we shall consider the complex of planes that arises in the derivation of
the Plancherel formula on the group GL(n,C). We shall treat matrices x €
GL(n,C) as points of the space C™°. Consider in GL(n,C) the family K of
lower triangular unipotent matrices. It is obvious that these surfaces are surfaces
given by parametric equations z = z7!zx,, where x,, z, are fixed matrices, and
the “parameter” z runs through lower triangular n(n —1)/2-dimensional planes
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in C"*. It is easy to verify that the manifold K of these planes is a complex.
We shall prove here that the complex K is admissible, and at the same time
compute the corresponding differential form » 3. In view of the homogeneity of
the space GL(n, C), it suffices to consider the case § = e, where e is the identity
matrix.

Introduce the notation: z_ is the matrix obtained from z by replacing by zeros
all elements z,,, lying bflow the main diagonal; x_ =z —x,. Any n(n —1)/2-
dimensional plane in C™" (with the exception of a submanifold of planes of lower
dimension) can be given by the following equation:

T, = Z abiz,, + B, (3)

p>q

where aP?, 3 are upper triangular matrices. Take the elements of the matrices
aP?, B as local coordinates on the manifold of all n(n — 1)/2-dimensional planes
in C™. In these coordinates the form s, ¢, defined in (2), has the form

vop = \ (Z D, dag;) A A (ZDM daf;> A,

p>q \ i<j p>q \ 1<)

= /\ tr(D’'daP?) A /\ tr(D’'daP?) <'D|ﬁ:e’
P>q P>q

where D = |Dy|, D = |Dl; Dy; = 8/08,;, Dy = 8/0B;; for i < j; D,; =

(2 .

D,. =0 for i > j; D’ denotes the transposed matrix. This form is defined on

1,
the manifold of planes passing through e.

Let us find the restriction i*y,¢ of the form x,.¢ to the submanifold of planes
passing through e and belonging to the complex K. These planes (with the
exception of a submanifold of planes of lower dimension) are given by the para-
metric equations © = (~'z£, in which the “parameter” is the matrix z, and
£ is an upper triangular unipotent matrix defining the plane. We reduce the
equations of the planes to the form (3). Eliminating the “parameter” z from
the equations, we obtain

v, = Mo ) te.

Thus
(A NE
where eP? is the matrix whose entry at the intersection of the p-th row and the

g-th column is 1, and whose remaining entries are zeros. Introduce the notation
¢''D¢ = F, d¢- (' = u. Then after elementary transformations we obtain:

N te(D'dart) = \ (M E —u'F) Q) = N WFL = Flu),, *.

p>q q<p q<p

sovietrxiv.org/items/ru-196801.77070 Machine Translation


https://sovietrxiv.org/items/ru-196801.77070

Since
(uF — Flu)g, = (F,, — F)ug, + Z Fug; — Z Fytiy,

i>p i<q
it is easy to verify from this that

/\(UFJ/r_FJ/ru)qp: H(Fpp_qu)'/\qu: H(Fpp_qu)'/\qup'

q<p q<p a<p q<p q<p

As a result we obtain

Xep = H<FPP = Fyg)(Fypp — qu)<p|/3:e ' /\ dGgp N /\ dCyp- (4)

a<p q<p q<p

It remains to verify that the operators F),, belong to the tangent space to the
complex K, and consequently the right-hand side of equality (4) depends only
on i*p. For this, consider the manifold of planes of the complex K defined by the
parametric equations x = ¢(~'26¢, where ¢ is a diagonal matrix with diagonal
entries dq,...,d,. In the form (3), the equations of these planes have the form

O (C e W Q1§
whence 8 = (~1§¢. Therefore,

0 _ 0
676;0 = ;(C l)ipijWijv

i.e.
8/86p =F,,

Thus, finally, we obtain

0 0 o b .
ey = < N ) (‘ - —> (o). - N\ dC, NN\ dl,.
(E? 8617 86q 35p 85(1 d=e /\ qp /\ qp

q<p q<p

This form coincides with the differential form obtained in (3,%). To find the
coefficient ¢, In the inversion formula, one must, according to (?), take a basis
Y1y -5 in the homology group Hy (G, ), k = n(n—1)/2, consisting of Schubert
submanifolds, where v, is the Euler cycle (i.e. the manifold of planes lying in a
fixed (k+1)-dimensional plane). Let v = G,NK = Y a;y,; then ¢, = (2i)*7%*a,.
By simple arguments (for example, computing the intersection index) one can
show that a; = nl.

The authors express their gratitude to I. N. Bernstein, who read the manuscript
and made a number of useful comments.
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