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Consider the behavior of a quantum particle in the potential field shown in Fig.
1. It is clear that if the height of the barrier Vj is sufficiently large, then the wave
function will differ little from the wave function of a particle in the potential
field shown by the dotted line in Fig. 1. Our article is devoted to a rigorous
proof of this fact. The usual methods of perturbation theory are not suitable
here, since the perturbation of the potential in the present case is infinite. A.
A. Samarskii (1), using the example of the Helmholtz equation, showed that in
such problems it is necessary to introduce a certain nontrivial metric for the
perturbation. We shall proceed in the same way.

Fig. 1

Let Ry be an N-dimensional Euclidean space (N > 3), A the Laplace operator,
V(z) a scalar function (potential), Q = {x; V(z) = +o0}. Below we assume
that the function V(z) satisfies two conditions:

1) each function V,,(z) = min{V(z), M'}, for M > 0, is nonnegative and locally
satisfies the Holder condition;

2) there exist constants a > 0, C' < 0o, and R < oo, independent of M, such
that for all z lying outside the ball of radius R, the estimate

V(z) < Clz| N«

holds.
Let G, (t) be the Green function of the Cauchy problem

u(z,0) = uy(x); Ou/ot =Au—Vy(z)u, t>0, z€Ry; u(z,t)eL>.
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Lemma. The semigroup of operators G, (t), as M — oo, converges in the
uniform operator topology of the space [LP — LP, 1 < p < o0] to the operator
G(t); the operators G(t) form a semigroup in t in LP, 1 < p < co.

It can be verified that in LP(Ry \ ) the semigroup G(t) is a semigroup of
class Cy. Let A be the infinitesimal operator of the semigroup G(t), A,, the
infinitesimal operator of the semigroup G,,(t), the operator P be defined by the
formula (Pu)(z) = u(z), © € Ry \ Q, (Pu)(z) =0, z € Q, and the operators H
and H,; be defined by the formulas Hu = —APu, H,;, = —A,,- It is proved
that H and H,, are self-adjoint operators; by E(\, H) and FE(\, H,,;) we denote
the spectral functions of the operators H and H,,.

The spectral function E(\, H) is constructed with the aid of the solution of the
scattering problem wu(z, k), i.e. the solution of the equation Hu = Au, u € L™,
x € Ry, which can be represented as the sum of two functions

u(z, k) = exp(ikx) + o(x, k), k? = ),
where the function p(z, k) satisfies the radiation conditions:
pla,k) = O(||N72), (9/0)a| —ilkl)p(x, k) = o(jz|*~N)/2),
|z| — 0.
(The functions u,,(z, k) and ¢,,(x, k) are defined analogously with the aid of

the operator H,;.)

Theorem 1. 1) Let f(x) be an arbitrary function from L?, and let f,(x) €
L' N L? be a sequence converging in L?(Ry \ Q) to the function f(z). To each
function f,, () we associate the function

(F)(k) = / (e, ) £, ()

It is asserted that the sequence ( fn)(k) converges in L? to a certain function

(f)(k), and the function (f)(k) does not depend on the choice of the sequence
f.(x), but is determined only by the function f(z).

2) Let {\;} be the set of eigenvalues of the discrete spectrum of the operator
H, and let ¥(x, \;) be the corresponding eigenfunctions. If A ¢ {\;}, then
the operator E(A, H) can be computed by the formulas

<f1,E(/\aH)fz>=(27T)*N/ (Fo ) (F) (k) dk+ Y (f1)i(fa)is

[k[2<X A<

~

(B H)f)(z) = (2m) N / (@ k) (PR b+ S fate ), (1)

[k[2<A Ao

where f; = (¥(x,),), f) is the scalar product of the functions ¢(z, ;)
and f(z) in L?2. The integral over k in formula (1) is understood in the
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following sense: let fn(k) be a sequence of functions converging in L?

to (f)(k), with each of the functions f, (k) equal to zero in a certain
neighborhood, depending on n, of the set {k, k* € {\;}}. For each n the
integral

L= [ R

exists as a Lebesgue integral. It is asserted that the sequence I,,(x) con-
verges in L?, and its limit depends only on (f)(k).

3) The transformation

F=Uf =) N2(HER); LY, fi= @A), f)

is a one-to-one unitary transformation of L?(R, \ ) onto the orthogonal
sum of the spaces L?(Ry) @12,, where m is the cardinality of the set {),}.
The inverse transformation is given by the formula

fla) = U [@m) NR(R); {£i}] = lim (<2w>N /k u* (2, k) () (k) dk + fﬂl}(w,ki)) :

[2<A A <A

(2)
In formula (2) the integral over k is understood in the sense indicated
above, and the limit with respect to A is in the L? metric.

The spectral expansion of the operator H,, is constructed in a completely analo-
gous way. The existence and uniqueness of the functions u(x, k) were proved in
work (2); there we also showed that the functions ¢(z, k) and ¢,,(z, k), which
are solutions of the equations

oz, k) =T (N)(exp(iky) + p(y, k),
o, k) = T (M) (exp(iky) + op(y, k), A=k,

where the operators T (\) and T};()\) are integral operators completely contin-
uous in the metric [LP — LP, 2N/(N — 1) < p < 0], and that the function
Y(x, \;) € L? is an eigenfunction of the operator H if and only if it satisfies the
equation

T (A = .

The fact that, in the uniform operator topology of the space [LP — LP, 2N /(N—
1) < p < o], the equality

"y =, dm Ty(A),  where pi(\, M) = /|A— X2+ M2,
holds allows us to prove the theorem:

Theorem 2. There exists a §; > 0 such that for all A\, M such that

0 < p;(\, M) <4,
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the function u,,(x, k) can be represented in the form
uyy(z, k) = exp(ikz) + ,uj()\,M)(l — Mj<A7M>)71¢(I, /\j,>\,M)><
X (W )o(ky Ajy A, M) + x;(z, k, M), A= k2,

(R B

where the function ¥(z, \;, A, M) is an eigenfunction of the equation

Ty (N = p; (A, M),

(¥*)o(k, Az, A, M) is the Fourier transform of the eigenfunction of the equation

Ty (A9 = gy,
and

lim /”'j(Aa M) = 1? Al,lg)ﬁo W(w A /\a M) - w(ﬂf, /\j>||LP = Oa

IEAVE]
P (N M)—0 h

N71<p<oo,

and the function x,(x, k, M) is bounded in the metric L?, 2N /(N —1) < p < o0,

as p;(A, M) — 0.

We now formulate the main result of our work, which is a consequence of The-
orems 1 and 2. Suppose that F(}) is a continuous function bounded on [0, o],
D(M)=F(H)— F(H,;). The function D(M)f can be represented as the sum
of two terms

A oo
(D(M>f)(w)=/0 F()‘/)d{EO‘/vH)_E()‘/7HM)}f+/)\ FQA)d{EWN, H)—

—EWN, Hy)tf = Di(M, N f + Dy(M, A, A E{NA]

Theorem 3. If f(x) € Wi(Ry \ Q) N L' N L, and all eigenvalues {),} are
simple, then there exists a constant C,(f), independent of M, F', and A, such
that

[ Do (M, A fI5 < Co(f)(1+ ) max [F (),

and the function D, (M, \)f satisfies the equality

s.l. A}l_r)noo D (M,\)f=0.

Moreover, whatever bounded closed set S may be,

Jim D1 (M, A) fllz1s) = 0.
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A consequence of Theorem 3 is the equality

sl lim F(Hy)f=F(H)f.

M—o0

Let ©, be the largest open connected set contained in Ry \ € and containing
the points {z, || > R}, and let

Q, = Ry \ (2, UQ).

Theorem 4. Suppose that the function V(z) satisfies the following conditions:
mes 2y > 0, p(©1,95) > 0, the function F'(\) is measurable and bounded on
[0,00), and the function f(z) is equal to zero outside the set 2, and

/ ) ) () di = By < oo,

Let € be an arbitrary positive number, let the number A(e) ¢ {);} satisfy the
inequality
A(e) > 4e2E, max |F(§)]2.

Then there exists a number M (e) < oo and a function o(M) — 40 as M — oo,
such that for all M > M(e) the inequality

~

F(Hy)f— Y (2m) ™~ s (. k) () a (R)F (2) | < e

Aj<A(e) //\j‘7<M><k2<>\j+o'(M)

holds.
The author expresses his gratitude to A. N. Tikhonov for valuable remarks.
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