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SPHERICAL SOUND WAVES IN RIEMAN-
NIAN SPACE

(Presented by Academician L. I. Sedov on 23 XI 1967)

1. Basic equations for spherical waves. The equations describing spher-
ically symmetric motions of a medium in its own gravitational field have the
form (1)

1 w? Au 1 Au 6?1,
g AU Fuuy] — = [(ln V)p+ 5 (n V)t] t3 |:Vr CT)\t] =— > L1
1 Au 1
—[AnV), +u(InV), ]+ 7 [ur + C—Qut] + §[A>\t +uy,] = 0; (1,2)
Ao, +uo, =0; (1,3)
u? ed—1 N er—1 N
_ vt 1.4
V=3 {)\T—i— 5 —l—%pre}—i— 5 + upre (1,4)
or
ed—1
AN, +uM, +u [ + %pre’\} =0; (1,4a)
Al +u? /)N, +u(A+v),. =0 (1,5)
or
nr? u?
(re ), =1— = (e +p02> . (1,5a)

This system of 5 independent equations uniquely determines w,V,o, A and
v for a given equation of state p = p(V,0) and with use of the identity
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d(p,V)/O(T°, o) = 1; here p is the pressure; T° is the temperature; V is the
specific volume; ¢ is the entropy; u = (uaua)l/2 is the 3-velocity; 6% = 1—u?/c?;
w?/e? = —(0InW/dInV), is the speed of sound; W = pV + E = pV + pV?
is the heat content; pc? = ¢ is the energy density, with A = e )2
dE = d(pVe?) = T°do — pdV, where A and o determine the metric of the
centrally symmetric field:

—ds? = —c2dt?e” + e Ndr? + 12(d6? + sin® 0 dp?). (1,6)

In the case of equilibrium, when u = 0, we shall have:
Vo, /W +v,/2=0; (1,7)
Ay =0, o, =0, py = 0;
v, = (€N = 1)/r + upre; (1,8)
d(re ) /dr =1 — ur2e. (1,9)

Eliminating A and v from (1,7), (1,8), and (1,9), we arrive at the well-known
Oppenheimer-Volkoff equation (2)

d [ r(1+ »r?p)

= =1—wrie. 1,1
dr 1—rdp/(p+€)dr] e (1,10)

We shall take the parameters determined by these equations as the zeroth ap-
proximation. For u # 0, when u/c <« 1, we shall have:

Au, —w?(InV), + § [I/T + %)\t] = T;jr; (1,11)
—A(InV), +u, +2u/r + %[A)\t +uv,] = 0; (1,12)
Ao, +uo, =0; (1,13)

v, = (e* —1)/r + upre’; (1,14)

AN +u(A+v), =0; (1,15)
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or

A(re ) /or =1 — nr?e. (1,15a)

2. Sound waves in Einstein space. Consider the simplest case p, = const,
then v, = 0, whence, without loss of generality, one may put v, = 0; in this case
e Mo =1+ nr?p,, or

Ao = —In(1 + ur?py), oy =const, ON\/Or = —2urp,/(1 + nripy). (2,1)

Further we shall have

2up,r?
(1 + %r?py) (1 + 1—&—;:;;"2]9) =14 3urip, =1 — urie, (2,2)
0
which gives the equation of state
3po +e0 =0, (2,3)

which is the equation of state of the spherical Einstein world. Here py = p,,, +py;
€y = €m T & € = 3p;, where the indices f and m refer to the values of ¢
and p for the field and matter, respectively. In this case &p = —(3p,, + €1)/2,
€o = (€ — 3Py)/2. Obviously, ¢ should be understood as the density of the
negative energy of the gravitational field itself. In this case there is no need to
introduce the so-called A-term into the Einstein equations. Instead, the energy
and pressure of the field are introduced. Further, it is evident that e, = 3/a?;

npy = —1/a?;

1+upyr? =1—r1%/a® = e, (2,4)
d
—ds? = —c2dt® + 1572 rz/aQ + 72(d6? + sin® 0 dp?) (2,5)

i.e. the metric of the Einstein world.

For u/c < 1 we shall have A = Ay + A\ = —In(1 + »r?py) + AN, v = Ay,
V=V+AV,p =py+Ap, ¢ = ¢y +Ac, 0 = 0y + Ao. (If A = —v,
e’ = 1+ ur’p,/3, then we obtain that e, + p, = 0; this equation of state
corresponds to the de Sitter metric.)

—ds? = —c2dt? 1—ﬁ _dar’ 2(d6? + sin” 0 dp? 2.6
s c e +1—r2/a2+r( + sin ©?). (2,6)

sovietrxiv.org/items/ru-196801.76410 Machine Translation


https://sovietrxiv.org/items/ru-196801.76410

The investigation of small perturbations for the de Sitter world is analogous to
what we do for the Einstein world.

The basic equations (1,11), (1,13) take the form

AV c? 70 AV, 2u  AAN
Auy —wi—" + —Av, = — A—1 _— t = 2
Uy — W 7 + 5 AV = 3700, 7 +u, + . + 5 0, (2,7)
Ao, =0,
i.e.
Ao = Ao(r). (2,8)
In this case
A = oPotAr-Av)/2 _ 1 [1 n AA— A”} ] (2,9)
V1—r2/a3 2

For the time being let us consider the more particular case when Ao = 0,
i.e. purely isentropic sound waves.

Equations (2,6) and (2,7) then take the form

2 2
Uy W c
U DAy, + S A =0 2,10
e R+ S (2,10)
(Av), 2u AN\,
b+ 2 28, 2,11
V1—12%/a? T 2y/1—1r2/a? ( )

Further, equation (1,14) gives

AN wrAp AN rAp
_ _eA__ rAp 2,12
Yr r + 1—7r2/a? T a’py(1 —1r2/a2)’ (2,12)

and equation (1.15), which we shall write in the form

AN, 2xrpou

/177”2/@2 - 1—7"2/Cl27

immediately determines
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2
AN = —— 2 (2.13)

a2\/1—r2/a?

Now equations (2.10) and (2.11) can be written in the form

2 2 2
W_‘”O(AW)TJFC[A)‘_WG—T)} =0, (2.14)
VI—r2/a2 v 2 [ r  a’p a’

(Av), 2u Uy _
vom et roa?(1—r2/a?) v (219

Since
w
vEAU =V, Ap,

we finally write equations (2.14) and (2.15) in the form

2
Uy c® [ AX rAp
A c _ | =0; 2.16
N L N (210
voAp, 2u ur
S ' S e ——) 2.17
w% /1—r2/a2 ot r a?(1—12/a?) ( )

Let u = W f(r), where W = W (r,t); then (2.17) takes the form

Vo Ap, — —(f 2 r o
‘@&ﬁ_wWﬂ+fh”+W<f+r‘a%rwwﬁﬂ}‘“

we set the expression in parentheses equal to zero and determine

df  2dr rdr
7 __T—‘_aZ(l—rQ/a?)7 (2.18)

whence

BW
r?y/1 —1r2/a2 = B = const, U= ———
! / r2y/1—1r2/a?

In this case equation (2.17) can be written in the form

r2VyAp,/Bw3 + W, =0, (2.19)
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whence

Bwi 0v
= (2.20)
— O wr? B oY
_9y _ Ty - 5 % 2.21
W= =" Vi-r2ja o u N (2.21)

In this case equation (2.16) takes the form

2 2 2 2 2
aw_ 1_7; 2M+2 1_7; @%_,_
a?) r or

o2 a ) 05
2 [(1—72/a?) rwi O
— | — —| =0. 2.22
5 [ B (&), + a?pyvy BT] 0 (222)
From (2.13) we have
5 OAN  2ur B o

1,2 2w 9
/e ot a? a?r\/1—r2/a2 Ot

whence
By ;
A)\ = ——(1 — r2/a2)ra2 + @ (7")

Since for ¢ = 0, AX = 0, it follows that ®*(r) = 0, and finally

By

Now equation (2.22) can be written in the form:

1 rowl | r?\ wi 21,
%W+2wﬁm%_&]_@_>w”_r}’ (2.24)

where 20 = ct. We shall assume that the change in pressure and energy density
occurs according to the laws of an ultrarelativistic gas; then

Ap = —Ae/3, wi/c? = Ap/Ae = —1/3, —Povy = ¢*/3 = w3;

in this case we shall have

sovietrxiv.org/items/ru-196801.76410 Machine Translation


https://sovietrxiv.org/items/ru-196801.76410

1 1 r2 2,1
Yanso = 5511, + 4]+ [1 _ a2} [¢ _ } —0.  (2.25)

r

If we introduce a new function F' and a new independent variable x by means
of the relation

1 = asin y exp {ikxo +/ (F — Ztgx) dx} , (2.26)

where r = asin y, then we arrive at the Riccati equation

5 1
F,+F?=— 2X+2ctg2x+3k2a2+ﬁtg2x+3. (2.27)

4 cos

A numerical solution of this equation presents no difficulties.
Analysis of the basic equation (2.24) leads to interesting results. At the center,
for r =0,

2
wO 2'(/}1‘ ) 2 ¢r
~ —— | — = ——. 2.2
%:%0 2 ( r 3 ( 8)
At the “periphery,” as r — a,
1

In the central regions the amplitude Ap and the velocity value for the diverging
wave decrease as r increases and increase for the converging wave; at the “pe-
riphery,” on the contrary, the amplitude of the converging wave decreases upon
convergence, and the amplitude of the diverging wave increases as r tends to a.
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