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Abstract
Full Text
UDC 530.12

HYDROMECHANICS

K. P. STANYUKOVICH

SPHERICAL SOUND WAVES IN RIEMAN-
NIAN SPACE
(Presented by Academician L. I. Sedov on 23 XI 1967)

1. Basic equations for spherical waves. The equations describing spher-
ically symmetric motions of a medium in its own gravitational field have the
form (1)

1
𝑐𝜃2 [𝐴𝑢𝑡 + 𝑢𝑢𝑟] − 𝜔2

𝑐2 [(ln 𝑉 )𝑟 + 𝐴𝑢
𝑐2 (ln 𝑉 )𝑡] + 1

2 [𝜈𝑟 + 𝐴𝑢
𝑐2 𝜆𝑡] = 𝜃2𝑇 0𝜎𝑟

𝑊 ; (1,1)

− [𝐴(ln 𝑉 )𝑡 + 𝑢(ln 𝑉 )𝑟] + 1
𝜃2 [𝑢𝑟 + 𝐴𝑢

𝑐2 𝑢𝑡] + 1
2[𝐴𝜆𝑡 + 𝑢𝜈𝑟] = 0; (1,2)

𝐴𝜎𝑡 + 𝑢𝜎𝑟 = 0; (1,3)

𝜈𝑟 = 𝑢2

𝑐2 [𝜆𝑟 + 𝑒𝜆 − 1
2 + 𝜘𝑝𝑟𝑒𝜆] + 𝑒𝜆 − 1

2 + 𝜘𝑝𝑟𝑒𝜆 (1,4)

or

𝐴𝜆𝑡 + 𝑢𝜆𝑟 + 𝑢 [𝑒𝜆 − 1
2 + 𝜘𝑝𝑟𝑒𝜆] = 0; (1,4a)

𝐴(1 + 𝑢2/𝑐2)𝜆𝑡 + 𝑢(𝜆 + 𝜈)𝑟 = 0 (1,5)

or

(𝑟𝑒−𝜆)𝑟 = 1 − 𝜘𝑟2

𝜃2 (𝜀 + 𝑝𝑢2

𝑐2 ) . (1,5a)

This system of 5 independent equations uniquely determines 𝑢, 𝑉 , 𝜎, 𝜆 and
𝜈 for a given equation of state 𝑝 = 𝑝(𝑉 , 𝜎) and with use of the identity
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𝜕(𝑝, 𝑉 )/𝜕(𝑇 0, 𝜎) = 1; here 𝑝 is the pressure; 𝑇 0 is the temperature; 𝑉 is the
specific volume; 𝜎 is the entropy; 𝑢 = (𝑢𝛼𝑢𝛼)1/2 is the 3-velocity; 𝜃2 = 1−𝑢2/𝑐2;
𝜔2/𝑐2 = −(𝜕 ln 𝑊/𝜕 ln 𝑉 )𝜎 is the speed of sound; 𝑊 = 𝑝𝑉 + 𝐸 = 𝑝𝑉 + 𝜌𝑉 𝑐2

is the heat content; 𝜌𝑐2 = 𝜀 is the energy density, with 𝐴 = 𝑒(𝜆−𝜈)∶2,
𝑑𝐸 = 𝑑(𝜌𝑉 𝑐2) = 𝑇 0𝑑𝜎 − 𝑝 𝑑𝑉 , where 𝜆 and 𝜎 determine the metric of the
centrally symmetric field:

−𝑑𝑠2 = −𝑐2𝑑𝑡2𝑒𝜈 + 𝑒𝜆𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃 𝑑𝜑2). (1,6)

In the case of equilibrium, when 𝑢 = 0, we shall have:

𝑉 𝑝𝑟/𝑊 + 𝜈𝑟/2 = 0; (1,7)

𝜆𝑡 = 0, 𝜎𝑡 = 0, 𝑝𝑡 = 0;

𝜈𝑟 = (𝑒𝜆 − 1)/𝑟 + 𝜘𝑝𝑟𝑒𝜆; (1,8)

𝑑(𝑟𝑒−𝜆)/𝑑𝑟 = 1 − 𝜘𝑟2𝜀. (1,9)

Eliminating 𝜆 and 𝜈 from (1,7), (1,8), and (1,9), we arrive at the well-known
Oppenheimer–Volkoff equation (2)

𝑑
𝑑𝑟 [ 𝑟(1 + 𝜘𝑟2𝑝)

1 − 𝑟 𝑑𝑝/(𝑝 + 𝜀) 𝑑𝑟] = 1 − 𝜘𝑟2𝜀. (1,10)

We shall take the parameters determined by these equations as the zeroth ap-
proximation. For 𝑢 ≠ 0, when 𝑢/𝑐 ≪ 1, we shall have:

𝐴𝑢𝑡 − 𝜔2(ln 𝑉 )𝑟 + 𝑐2

2 [𝜈𝑟 + 𝐴𝑢
𝑐2 𝜆𝑡] = 𝑇 0𝜎𝑟

𝑊 ; (1,11)

−𝐴(ln 𝑉 )𝑡 + 𝑢𝑟 + 2𝑢/𝑟 + 1
2[𝐴𝜆𝑡 + 𝑢𝜈𝑟] = 0; (1,12)

𝐴𝜎𝑡 + 𝑢𝜎𝑟 = 0; (1,13)

𝜈𝑟 = (𝑒𝜆 − 1)/𝑟 + 𝜘𝑝𝑟𝑒𝜆; (1,14)

𝐴𝜆𝑡 + 𝑢(𝜆 + 𝜈)𝑟 = 0; (1,15)
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or

𝜕(𝑟𝑒−𝜆)/𝜕𝑟 = 1 − 𝜘𝑟2𝜀. (1,15a)

2. Sound waves in Einstein space. Consider the simplest case 𝑝0 = const,
then 𝜈𝑟 = 0, whence, without loss of generality, one may put 𝜈0 = 0; in this case
𝑒−𝜆0 = 1 + 𝜘𝑟2𝑝0, or

𝜆0 = − ln(1 + 𝜘𝑟2𝑝0), 𝜎0 = const, 𝜕𝜆0/𝜕𝑟 = −2𝜘𝑟𝑝0/(1 + 𝜘𝑟2𝑝0). (2,1)

Further we shall have

(1 + 𝜘𝑟2𝑝0) (1 + 2𝜘𝑝0𝑟2

1 + 𝜘𝑟2𝑝0
) = 1 + 3𝜘𝑟2𝑝0 = 1 − 𝜘𝑟2𝜀0, (2,2)

which gives the equation of state

3𝑝0 + 𝜀0 = 0, (2,3)

which is the equation of state of the spherical Einstein world. Here 𝑝0 = 𝑝m +𝑝f;
𝜀0 = 𝜀m + 𝜀f; 𝜀f = 3𝑝f, where the indices f and m refer to the values of 𝜀
and 𝑝 for the field and matter, respectively. In this case 𝜀f = −(3𝑝m + 𝜀m)/2,
𝜀0 = (𝜀m − 3𝑝m)/2. Obviously, 𝜀f should be understood as the density of the
negative energy of the gravitational field itself. In this case there is no need to
introduce the so-called 𝜆-term into the Einstein equations. Instead, the energy
and pressure of the field are introduced. Further, it is evident that 𝜘𝜀0 = 3/𝑎2;
𝜘𝑝0 = −1/𝑎2;

1 + 𝜘𝑝0𝑟2 = 1 − 𝑟2/𝑎2 = 𝑒−𝜆; (2,4)

−𝑑𝑠2 = −𝑐2𝑑𝑡2 + 𝑑𝑟
1 − 𝑟2/𝑎2 + 𝑟2(𝑑𝜃2 + sin2 𝜃 𝑑𝜑2) (2,5)

i.e. the metric of the Einstein world.

For 𝑢/𝑐 < 1 we shall have 𝜆 = 𝜆0 + Δ𝜆 = − ln(1 + 𝜘𝑟2𝑝0) + Δ𝜆, 𝜈 = Δ𝜈,
𝑉 = 𝑉0 + Δ𝑉 , 𝑝 = 𝑝0 + Δ𝑝, 𝜀 = 𝜀0 + Δ𝜀, 𝜎 = 𝜎0 + Δ𝜎. (If 𝜆 = −𝜈,
𝑒𝜈 = 1 + 𝜘𝑟2𝑝0/3, then we obtain that 𝜀0 + 𝑝0 = 0; this equation of state
corresponds to the de Sitter metric.)

−𝑑𝑠2 = −𝑐2𝑑𝑡2 (1 − 𝑟2

𝑎2 ) + 𝑑𝑟2

1 − 𝑟2/𝑎2 + 𝑟2(𝑑𝜃2 + sin2 𝜃 𝑑𝜑2). (2,6)
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The investigation of small perturbations for the de Sitter world is analogous to
what we do for the Einstein world.

The basic equations (1,11), (1,13) take the form

𝐴𝑢𝑡 − 𝜔2
0

Δ𝑉𝑟
𝑉0

+ 𝑐2

2 Δ𝜈𝑟 = 𝑇 0

𝑊 𝜎𝑟, 𝐴Δ𝑉𝑡
𝑉0

+ 𝑢𝑟 + 2𝑢
𝑟 + 𝐴Δ𝜆𝑡

2 = 0, (2,7)

Δ𝜎𝑡 = 0,

i.e.

Δ𝜎 = Δ𝜎(𝑟). (2,8)

In this case

𝐴 = 𝑒(𝜆0+Δ𝜆−Δ𝜈)/2 = 1
√1 − 𝑟2/𝑎2

0
[1 + Δ𝜆 − Δ𝜈

2 ] . (2,9)

For the time being let us consider the more particular case when Δ𝜎 = 0,
i.e. purely isentropic sound waves.

Equations (2,6) and (2,7) then take the form

𝑢𝑡
√1 − 𝑟2/𝑎2 − 𝜔2

0
𝑉0

(Δ𝑉 )𝑟 + 𝑐2

2 Δ𝜈𝑟 = 0; (2,10)

− (Δ𝜈)𝑡
√1 − 𝑟2/𝑎2 + 𝑢𝑟 + 2𝑢

𝑟 + Δ𝜆𝑡
2√1 − 𝑟2/𝑎2 = 0. (2,11)

Further, equation (1,14) gives

𝜈𝑟 = Δ𝜆
𝑟 + 𝜘𝑟Δ𝑝

1 − 𝑟2/𝑎2 = Δ𝜆
𝑟 − 𝑟Δ𝑝

𝑎2𝑝0(1 − 𝑟2/𝑎2) , (2,12)

and equation (1.15), which we shall write in the form

Δ𝜆𝑡
√1 − 𝑟2/𝑎2 = 2𝜒𝑟𝑝0𝑢

1 − 𝑟2/𝑎2 ,

immediately determines

sovietrxiv.org/items/ru-196801.76410 Machine Translation

https://sovietrxiv.org/items/ru-196801.76410


Δ𝜆𝑡 = − 2𝑟𝑢
𝑎2√1 − 𝑟2/𝑎2 . (2.13)

Now equations (2.10) and (2.11) can be written in the form

𝑢𝑡
√1 − 𝑟2/𝑎2 − 𝜔2

0
𝑣0

(Δ𝑣)𝑟 + 𝑐2

2 [Δ𝜆
𝑟 − 𝑟Δ𝑝

𝑎2𝑝0
(1 − 𝑟2

𝑎2 )] = 0, (2.14)

− (Δ𝑣)𝑡
𝑣0√1 − 𝑟2/𝑎2 + 𝑢𝑟 + 2𝑢

𝑟 − 𝑢𝑟
𝑎2(1 − 𝑟2/𝑎2) = 0. (2.15)

Since

𝜔0
𝑉0

Δ𝑣 = 𝑉0Δ𝑝,

we finally write equations (2.14) and (2.15) in the form

𝑢𝑡
√1 − 𝑟2/𝑎2 + 𝑣0Δ𝑝𝑟 + 𝑐2

2 [Δ𝜆
𝑟 − 𝑟Δ𝑝

𝑎2𝑝0(1 − 𝑟2/𝑎2)] = 0; (2.16)

− 𝑣0Δ𝑝𝑡
𝜔2

0√1 − 𝑟2/𝑎2 + 𝑢𝑟 + 2𝑢
𝑟 − 𝑢𝑟

𝑎2(1 − 𝑟2/𝑎2) = 0. (2.17)

Let 𝑢 = 𝑊𝑓(𝑟), where 𝑊 = 𝑊(𝑟, 𝑡); then (2.17) takes the form

− 𝑣0Δ𝑝𝑡
𝜔2

0√1 − 𝑟2/𝑎2 + 𝑓 [𝑊 𝑟 + 𝑊 (𝑓 ′

𝑓 + 2
𝑟 − 𝑟

𝑎2(1 − 𝑟2/𝑎2))] = 0;

we set the expression in parentheses equal to zero and determine

𝑑𝑓
𝑓 = −2𝑑𝑟

𝑟 + 𝑟 𝑑𝑟
𝑎2(1 − 𝑟2/𝑎2) , (2.18)

whence

𝑓𝑟2√1 − 𝑟2/𝑎2 = 𝐵 = const, 𝑢 = 𝐵𝑊
𝑟2√1 − 𝑟2/𝑎2 .

In this case equation (2.17) can be written in the form

𝑟2𝑉0Δ𝑝𝑡/𝐵𝜔2
0 + 𝑊 𝑟 = 0, (2.19)
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whence

Δ𝑝 = −𝐵𝜔2
0

𝑟2𝑣0

𝜕𝜓
𝜕𝑟 ; (2.20)

𝑊 = 𝜕𝜓
𝜕𝑡 = 𝑢𝑟2

𝐵 √1 − 𝑟2/𝑎2 or 𝑢 = 𝐵
𝑟2√1 − 𝑟2/𝑎2

𝜕𝜓
𝜕𝑡 . (2.21)

In this case equation (2.16) takes the form

𝜕2𝜓
𝜕𝑡2 − (1 − 𝑟2

𝑎2 ) 𝜔2
0

𝜕2𝜓
𝜕𝑡2 + 2 (1 − 𝑟2

𝑎2 ) 𝜔2
0

𝑟
𝜕𝜓
𝜕𝑟 +

+𝑐2

2 [(1 − 𝑟2/𝑎2)
𝐵 (Δ𝜆)𝑟 + 𝑟𝜔2

0
𝑎2𝑝0𝑣0

𝜕𝜓
𝜕𝑟 ] = 0. (2.22)

From (2.13) we have

√1 − 𝑟2/𝑎2 𝜕Δ𝜆
𝜕𝑡 = −2𝑢𝑟

𝑎2 = − 𝐵
𝑎2𝑟√1 − 𝑟2/𝑎2

𝜕𝜓
𝜕𝑡 ,

whence

Δ𝜆 = − 𝐵𝜓
(1 − 𝑟2/𝑎2)𝑟𝑎2 + Φ∗(𝑟).

Since for 𝜓 = 0, Δ𝜆 = 0, it follows that Φ∗(𝑟) = 0, and finally

Δ𝜆 = − 𝐵𝜓
(1 − 𝑟2/𝑎2)𝑟𝑎2 . (2.23)

Now equation (2.22) can be written in the form:

𝜓𝑥0𝑥0 + 1
2 [𝜓𝑟

𝑟
𝑎2

𝜔2
0

𝑝0𝑉0
− 𝜓

𝑎2 ] = (1 − 𝑟2

𝑎2 ) 𝜔2
0

𝑐2 [𝜓𝑟𝑟 − 2𝜓𝑟
𝑟 ] , (2.24)

where 𝑥0 = 𝑐𝑡. We shall assume that the change in pressure and energy density
occurs according to the laws of an ultrarelativistic gas; then

Δ𝑝 = −Δ𝜀/3, 𝜔2
0/𝑐2 = Δ𝑝/Δ𝜀 = −1/3, −𝑝0𝑣0 = 𝑐2/3 = 𝜔2

0;

in this case we shall have
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𝜓𝑥0𝑥0 − 1
2𝑎2 [−𝑟𝜓𝑟 + 𝜓] + 1

3 [1 − 𝑟2

𝑎2 ] [𝜓𝑟𝑟 − 2𝜓𝑟
𝑟 ] = 0. (2.25)

If we introduce a new function 𝐹 and a new independent variable 𝜒 by means
of the relation

𝜓 = 𝑎 sin 𝜒 exp [𝑖𝑘𝑥0 + ∫ (𝐹 − 5
4 tg 𝜒) 𝑑𝜒] , (2.26)

where 𝑟 = 𝑎 sin 𝜒, then we arrive at the Riccati equation

𝐹𝜒 + 𝐹 2 = − 5
4 cos2 𝜒 + 2 ctg2 𝜒 + 3𝑘2𝑎2 + 1

16 tg2 𝜒 + 3. (2.27)

A numerical solution of this equation presents no difficulties.
Analysis of the basic equation (2.24) leads to interesting results. At the center,
for 𝑟 = 0,

𝜓𝑥0𝑥0 ≃ 𝜔2
0

𝑐2 (−2𝜓𝑟
𝑟 ) = 2

3
𝜓𝑟
𝑟 . (2.28)

At the “periphery,”as 𝑟 → 𝑎,

𝜓𝑥0𝑥0 ≃ 1
2𝑎2 (𝑎𝜓𝑟 + 𝜓). (2.29)

In the central regions the amplitude Δ𝑝 and the velocity value for the diverging
wave decrease as 𝑟 increases and increase for the converging wave; at the “pe-
riphery,”on the contrary, the amplitude of the converging wave decreases upon
convergence, and the amplitude of the diverging wave increases as 𝑟 tends to 𝑎.
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