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Abstract
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B. A. PLAMENEVSKII

ON SINGULAR INTEGRAL EQUATIONS IN
A CONE
(Presented by Academician V. I. Smirnov on 8 VI 1967)

1. Notation. Let 𝑅𝑛 be the 𝑛-dimensional Euclidean space of points 𝑥 =
(𝑥1, … , 𝑥𝑛); let 𝑆𝑛−1 be the unit sphere with center at the origin. Denote
by 𝐻𝑠(𝑆𝑛−1) the space of functions (for 𝑠 ≥ 0) defined on 𝑆𝑛−1 and having
generalized derivatives up to order 𝑠 inclusive, square-summable. As usual, for
𝑠 < 0 set

𝐻𝑠(𝑆𝑛−1) = 𝐻∗
−𝑠(𝑆𝑛−1).

The norm of an element 𝑢 ∈ 𝐻𝑠(𝑆𝑛−1) will be denoted by |𝑢|𝑠. In the space
𝑅𝑛 introduce spherical coordinates (𝑟, 𝜓). By 𝐻𝑠,𝛼 we shall denote the space
obtained by completing the set of smooth functions 𝑣 on 𝑅𝑛 with compact
supports not containing the origin, with respect to the norm

‖𝑣‖2
𝑠,𝛼 = ∫

∞

0
|𝑣|2𝑠𝑟𝛼+𝑛−1 𝑑𝑟.

In the one-dimensional case one considers the space ℒ𝛼
2 with norm

∫
+∞

−∞
|𝑣(𝑥)|2|𝑥|𝛼 𝑑𝑥.

Denote by Φ(𝜉), 𝜉 = (𝜉1, … , 𝜉𝑛), a homogeneous function of degree zero, and by
𝐹 the Fourier transform operator for functions defined on 𝑅𝑛,

𝐹𝑣 = ∫ 𝑒−𝑖𝜉⋅𝑥𝑣(𝑥) 𝑑𝑥, 𝜉 ⋅ 𝑥 = 𝜉1𝑥1 + ⋯ + 𝜉𝑛𝑥𝑛.

Then the singular operator 𝐴 on 𝑅𝑛 with symbol Φ(𝜉) has the form

𝐴𝑣 = 𝐹 −1Φ(𝜉)𝐹𝑣. (1)

sovietrxiv.org/items/ru-196801.75980 Machine Translation

https://sovietrxiv.org/items/ru-196801.75980


We assume that the symbol Φ(𝜉) is an infinitely differentiable function every-
where except the origin.

2. Boundedness theorems*. Let us first consider the one-dimensional case.
Let 𝔐𝛼

1 be the set of smooth functions with compact supports not containing
the origin, satisfying, for |𝛼| > 1, the conditions

∫
+∞

−∞
𝑣(𝑥)𝑥𝑙 𝑑𝑥 = 0, (2)

where 0 ≤ 𝑙 ≤ [(𝛼 − 1)/2], if 𝛼 > 1, and [(𝛼 − 1)/2] ≤ 𝑙 ≤ −1, if 𝛼 < −1. Here 𝑙
is an integer, and by [𝛽] we denote the integer nearest to 𝛽 such that |[𝛽]| ≤ |𝛽|.
Let us note that the set 𝔐𝛼

1 is dense in ℒ𝛼
2 .

* As Yu. E. Khaikin informed the author, he independently obtained similar
theorems by another method and in other terms.

Theorem 1. In order that the singular operator defined on the set 𝔐𝑎 by
formula (1) be bounded in the space ℒ𝑎

2 , it is necessary and sufficient that the
number 𝑎 not be an odd integer.

For 𝑎 ∈ (−1, 1) the boundedness of the operator (1) in the space ℒ𝑎
2 was proved

earlier by K. I. Babenko (1).
Now let us consider singular operators on 𝑅𝑛, 𝑛 ≥ 2. First let 𝑎 > −𝑛. Denote
by 𝔐𝑎

+ the set of smooth functions with compact supports satisfying, for 𝑎 > 𝑛,
the conditions

∫ 𝑣(𝑥)𝑥𝑙1
1 ⋯ 𝑥𝑙𝑛𝑛 𝑑𝑥 = 0, (3)

where 𝑙1, … , 𝑙𝑛 denote nonnegative integers such that

0 ≤ 𝑙1 + 𝑙2 + ⋯ + 𝑙𝑛 ≤ [(𝑎 − 𝑛)/2].

The set 𝔐𝑎
+ is dense in 𝐻𝑎

𝑠 .

Theorem 2. In order that the operator defined on the set 𝔐𝑎
+ by formula (1)

be bounded in the space 𝐻𝑎
𝑠 , it is necessary and sufficient that the relations

(𝑎 − 𝑛)/2 ≠ 𝑘, 𝑘 = 0, 1, 2, …

hold.

For 𝑎 ∈ (−𝑛, 𝑛) the boundedness of the singular operator in the space 𝐻𝑎
0 was

proved earlier by E. M. Stein (2).
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Let now 𝑎 < −𝑛. Denote by 𝔐𝑎
− the set of smooth functions with compact

supports not containing the origin of coordinates and satisfying the conditions

∫
∞

0
𝑣(𝑟, 𝜓)𝑟𝑞−1 𝑑𝑟 =

−𝑞
∑
𝑙=0

∑
𝐾

𝑐𝑙𝐾𝑌𝑙𝐾(𝜓), 𝑞 = 0, −1, … , [𝑎 + 𝑛
2 ] . (4)

Here 𝑌𝑙𝐾(𝜓) denotes the spherical function of order 𝑙, and 𝐾 denotes a collection
of integers (𝑘0, … , 𝑘𝑛−2) such that 𝑙 ≡ 𝑘0 ≥ 𝑘1 ≥ ⋯ ≥ 𝑘𝑛−2 ≥ 0. Finally, 𝑐𝑙𝐾
are arbitrary constants. The set 𝔐𝑎

− is dense in 𝐻𝑎
𝑠 .

Theorem 3. In order that the singular operator defined on the set 𝔐𝑎 by
formula (1) be bounded in the space 𝐻𝑎

𝑠 , it is necessary and sufficient that the
relations

(𝑎 + 𝑛)/2 ≠ 𝑘, 𝑘 = 0, −1, −2, …

hold.

3. Formula for the operator. The singular operator 𝐴 was initially defined
on a set dense in 𝐻𝑎

𝑠 by formula (1). Denote by ̄𝐴 the closure of the operator
𝐴. The operator ̄𝐴 is defined on the entire space 𝐻𝑎

𝑠 (for 𝑎 admissible in the
sense of the theorems of point 2). However, on functions that do not satisfy
conditions (2), (3), or (4), this operator cannot be defined by formula (1). For
𝑛 ≥ 2 the formula

( ̄𝐴𝑢)(𝑟, 𝜑) = ∫
+∞+𝑖ℎ

−∞+𝑖ℎ
𝑟𝑖𝜆−1𝑒𝑖𝜋𝑛/2Γ(𝑛 − 1 + 𝑖𝜆)Γ(1 − 𝑖𝜆) 𝑑𝜆× (5)

× ∫ Φ(𝜔)(𝜑⋅𝜔+𝑖0)𝑖𝜆−1 𝑑𝑆𝜔 ∫ ̃𝑣(𝜆, 𝜓)(−𝜔𝜓+𝑖0)1−𝑛−𝑖𝜆 𝑑𝑆𝜓, ℎ = 𝑎 + 𝑛 − 2
2 .

holds. Here 𝜔, 𝜑, 𝜓 are unit vectors, (±𝜑 ⋅ 𝜔 + 𝑖0)𝜇 are generalized functions on
the sphere, 𝑑𝑆 is the element of volume of the sphere 𝑆𝑛−1, and by ̃𝑣(𝜆, 𝜓) is
denoted the Mellin transform of the function 𝑣(𝑟, 𝜓),

̃𝑣(𝜆, 𝜓) = ∫
∞

0
𝑟−𝑖𝜆𝑣(𝑟, 𝜓) 𝑑𝑟.

An analogous formula also holds in the one-dimensional case. On the sets
𝔐𝑎

+, 𝔐𝑎
− the operators defined by formulas (1) and (5) coincide.

4. The first boundary value problem in a cone. Let 𝐾 be an 𝑛-
dimensional cone with vertex at the origin, cutting out on the sphere 𝑆𝑛−1

a domain 𝐺 with smooth boundary 𝜕𝐺. Denote by 𝑡(𝜓) a continuous function
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given on 𝐺. Let {𝑈𝑗} be a finite sufficiently fine covering of the domain 𝐺, and
let {𝜏𝑗(𝜓)} be the associated partition of unity. Following (3), introduce the
space 𝐻(𝑡)(𝐺) with norm

‖𝑢‖2
(𝑡) = ∑

𝑗
‖𝜏𝑗𝑢‖2

𝑡𝑗
, 𝑡𝑗 = 𝑡(𝜓𝑗), 𝜓𝑗 ∈ 𝑈𝑗,

where, if 𝑈𝑗 ∩ 𝜕𝐺 ≠ ∅, then 𝜓𝑗 ∈ 𝑈𝑗 ∩ 𝜕𝐺. By 𝐻𝛼
(𝑡)(𝐾) we denote the space of

functions defined in 𝐾, with norm

‖𝑢‖2
(𝑡),𝛼 = ∫

∞

0
‖𝑢‖2

(𝑡)𝑟𝛼+𝑛−1 𝑑𝑟.

Finally, by 𝐻̇𝛼
(𝑡)(𝐾) we denote the closure of the set of smooth functions with

compact supports lying inside 𝐾. The operator 𝐴 acts as a bounded operator
from the space 𝐻̇𝛼

(𝑡)(𝐾) into the space 𝐻𝛼
(𝑡)(𝐾) for 𝛼 satisfying the conditions of

Theorems 2, 3.

Suppose that the operator 𝐴 is elliptic, i.e., its symbol does not vanish. By the
first boundary value problem in the cone 𝐾 for the operator 𝐴 we shall mean
the problem of finding a solution 𝑢 ∈ 𝐻̇𝛼

(𝑡)(𝐾) of the equation

(𝐴𝑢)(𝑥) = 𝑓(𝑥), 𝑥 ∈ 𝐾, 𝑓 ∈ 𝐻𝛼
(𝑡)(𝐾). (6)

Associate in a natural way local coordinates with the point 𝜓 ∈ 𝜕𝐺 and compute
in these coordinates the symbol of the operator 𝐴. Factor the symbol into two
factors (see (4)). Denote the factorization index by 𝜒(𝜓) (we assume that in the
two-dimensional case the index 𝜒(𝜓) is determined uniquely).

Theorem 4. Let

max
𝜓∈𝜕𝐺

|𝑡(𝜓) + 𝜒(𝜓)| < 1
2 .

Then there exists a unique solution 𝑢 ∈ 𝐻̇𝛼
(𝑡)(𝐾) of problem (6) for all 𝛼, except

for some countable set, and for all 𝑓 ∈ 𝐻𝛼
(𝑡)(𝐾).

The author expresses deep gratitude to V. G. Maz’ya, S. G. Mikhlin, I. B.
Simonenko, and M. E. Yudovich for discussing the work.
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