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1. Notation. Let R™ be the n-dimensional Euclidean space of points x =
(2q,...,2,); let S" ! be the unit sphere with center at the origin. Denote
by H,(S™ ') the space of functions (for s > 0) defined on S" ! and having
generalized derivatives up to order s inclusive, square-summable. As usual, for
5 < 0 set

H(S"1) = H* (S"7).

The norm of an element u € H,(S™ ') will be denoted by |u|,. In the space
R™ introduce spherical coordinates (r,%). By H, , we shall denote the space
obtained by completing the set of smooth functions v on R™ with compact
supports not containing the origin, with respect to the norm

oo
ol = [ loBre
0

In the one-dimensional case one considers the space £§ with norm

+00
/ lv(x)|?|2|* dz.

Denote by ®(¢), £ = (&, -.-,&,), a homogeneous function of degree zero, and by
F the Fourier transform operator for functions defined on R",

Fv= /e*’f'%(x) dr, & z=&x+ +E,n
Then the singular operator A on R™ with symbol ®(£) has the form

Av=F1O(&)Fo. (1)
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We assume that the symbol ®(&) is an infinitely differentiable function every-
where except the origin.

2. Boundedness theorems*. Let us first consider the one-dimensional case.
Let 2 be the set of smooth functions with compact supports not containing
the origin, satisfying, for |a| > 1, the conditions

-[::0 v(z)z! dr =0, (2)

where 0 <1 <[(a—1)/2],if > 1,and [(a«—1)/2] <1< —1,if & < —1. Here
is an integer, and by [3] we denote the integer nearest to 3 such that |[3]| < |3].
Let us note that the set 9 is dense in £5.

* As Yu. E. Khaikin informed the author, he independently obtained similar
theorems by another method and in other terms.

Theorem 1. In order that the singular operator defined on the set 9t by
formula (1) be bounded in the space £4, it is necessary and sufficient that the
number a not be an odd integer.

For a € (—1,1) the boundedness of the operator (1) in the space £§ was proved
earlier by K. I. Babenko (1).

Now let us consider singular operators on R™, n > 2. First let a > —n. Denote
by 9M¢ the set of smooth functions with compact supports satisfying, for a > n,
the conditions

/v(x)xlll el da =0, (3)

where [, ..., 1, denote nonnegative integers such that

0<ly+ly++1,<[(a—n)/2]

The set M is dense in H.

Theorem 2. In order that the operator defined on the set M1} by formula (1)
be bounded in the space HZ, it is necessary and sufficient that the relations

(a—n)/2 +k, k=0,1,2,..

hold.

For a € (—n,n) the boundedness of the singular operator in the space H was
proved earlier by E. M. Stein (?).
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Let now a < —n. Denote by 9% the set of smooth functions with compact
supports not containing the origin of coordinates and satisfying the conditions

e’} —q
/ o(r, )t dr =303 e Y (@), q:0,-1,...,[“;”]. (4)
0 =0 K

Here Y} (v) denotes the spherical function of order [, and K denotes a collection
of integers (kg, ..., k,,_o) such that [ = ky > k; > - > k,,_5 > 0. Finally, ¢;p
are arbitrary constants. The set 9 is dense in H¢.

Theorem 3. In order that the singular operator defined on the set 9t by
formula (1) be bounded in the space HZ, it is necessary and sufficient that the
relations

(a+n)/2+k, k=0,—-1,-2, ..

hold.

3. Formula for the operator. The singular operator A was initially defined
on a set dense in H? by formula (1). Denote by A the closure of the operator
A. The operator A is defined on the entire space H? (for a admissible in the
sense of the theorems of point 2). However, on functions that do not satisfy
conditions (2), (3), or (4), this operator cannot be defined by formula (1). For
n > 2 the formula

+oo+ih
(Au)(r,p) = / AL 2D (g — 1 4G\ (1 — M) dAx (5)
—oo+ih
\iA—1 ~ N\ 1—n—iX a+n—2
X [ ®(w)(p-w+i0) ds,, [ v(\, ) (—wy—+i0) dS . h= —

holds. Here w, ¢, 1) are unit vectors, (£ - w + i0)* are generalized functions on
the sphere, dS is the element of volume of the sphere S"~!, and by (), %)) is
denoted the Mellin transform of the function v(r, ),

(AN Y) = /°° r’i)‘v(r, ) dr.
0

An analogous formula also holds in the one-dimensional case. On the sets
MY, M2 the operators defined by formulas (1) and (5) coincide.

4. The first boundary value problem in a cone. Let K be an n-
dimensional cone with vertex at the origin, cutting out on the sphere S™!
a domain G with smooth boundary 0G. Denote by ¢(%) a continuous function
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given on G. Let {U j} be a finite sufficiently fine covering of the domain G, and
let {;(¢))} be the associated partition of unity. Following (3), introduce the
space H;)(G) with norm

lal2, = Sl & =4, ¥ €U,
J

where, if U; N 0G # (), then ¢, € U; N 9G. By H&)(K) we denote the space of
functions defined in K, with norm

Il = [ Ll

Finally, by H &(K ) we denote the closure of the set of smooth functions with

compact supports lying inside K. The operator A acts as a bounded operator
[0

from the space H, ( t)(K ) into the space H &(K ) for « satisfying the conditions of
Theorems 2, 3.

Suppose that the operator A is elliptic, i.e., its symbol does not vanish. By the
first boundary value problem in the cone K for the operator A we shall mean
the problem of finding a solution v € H, &(K ) of the equation

(Au)(@) = f(x), zek, feHK). (6)

Associate in a natural way local coordinates with the point ¥ € G and compute
in these coordinates the symbol of the operator A. Factor the symbol into two
factors (see (4)). Denote the factorization index by x(v) (we assume that in the
two-dimensional case the index x(¢) is determined uniquely).

Theorem 4. Let

max lt(¥) + x(¥)| < 3.

Then there exists a unique solution u € H, (1) (&) of problem (6) for all a, except
for some countable set, and for all f € H &(K ).

The author expresses deep gratitude to V. G. Maz’ ya, S. G. Mikhlin, I. B.
Simonenko, and M. E. Yudovich for discussing the work.
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