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The main question studied in this note is the question of the correctness and
existence of a certain kind of solutions of the mixed problem for the hyperbolic
equation

Uy = Lu+ F(t,z,u) (1)

in the cylinder Q = [0,T] x g,

Bru = 0; (3)

here g is an N-dimensional domain; I" is the boundary of this domain; x =
(xq,2q,...,xN); @(x), () are functions prescribed in the domain g; F(t,x, u)
is a prescribed function defined in the strip Q% [—[, ], where 0 < I < 400. Lisa
self-adjoint differential expression which, together with condition (3), generates
a self-adjoint positive operator; denote by D; the domain of definition of this
operator.

Mixed problems for quasilinear equations have been studied by L. Lichtenstein,
M. R. Siddiqi, D. Levi, M. Krzyzanski, I. Schauder, W. Barbauti, A. I. Guseinov,
K. I. Khudaverdiev, K. K. Gasanov, V. N. Gol’ dberg, Yu. N. Neimark, S. A.
Zhautykov, A. Sh. Guseinov, G. N. Khalilov, and others. In contrast to the
works of these authors, we study a weak (in a certain sense) solution of problem

(1), (2), (3)-

It is clear that the operator £ is invertible. Let some iteration of the inverse
operator £~ ! be a completely continuous operator in £,(g). Obviously, £ has
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a complete orthonormal system of eigenfunctions {v, (z)}. Denote by {\2} the
system of eigenvalues corresponding to {v,,(x)}; by W5(£) the set of functions
u(t,z) which, for any ¢ € [0,T], are elements of D, for all z € g and have
continuous second derivatives with respect to ¢, with u(¢t,2) = 0ift € (T —4,T),
where 0 < 0 < T'; by £,(€2) the set of measurable functions a(t, x) for which

T
/ /aQ(t,x) dx dt < +o0;
0 Jg

and by B,, (where a = (a,2,m)) the set of functions from £,(Q;) for which the
Fourier coefficients with respect to the eigenfunctions of the operator £ satisfy
the inequality

2

2 [Z a (g |40)) | <o

A function F(t,z,u) of (N + 2) variables, t € [0,T], x € g, — < u <, is said
to satisfy the Carathéodory conditions if F' is continuous in w for almost all
(t,z) € Qp and measurable in (¢, z) for every u € [—I,1]. We shall assume that
F(t,x,u) satisfies the Carathéodory conditions.

If u(t,z) € £4(Qp) satisfies the integral identity

/OT/g{u[q)tt_m] —F(t,x,u)@(t,x}}dxdt-i-/{L/J(x)aa—f— (x)cI)] der =0

g t=0

for every ®(t,xz) € W,(L), then the function u(t,z), following S. L. Sobolev,
will be called an (£,, W, (£))-weak solution of problem (1), (2), (3) (briefly, an
(£Lg, Wa(L))-ws.).

In studying the correctness and existence of an (£,, Wy(£))-w.s. we use an
inequality of Gronwall type, contained in Lemma 1, and the continuity of the
operator F.

Lemma 1. Let E be a partially ordered Banach space, F' a nondecreasing
continuous operator in E, and u < F(u), v, ., = F(v,), where vy = u. Then,
ifv, = v asn — 400, then u < v.

From this lemma there follows the following assertion. If a nonnegative function
a(t) € Cyo ) satisfies the inequality

alt) < C+ / b(r)a(r) +m(r)a(r)] dr,
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where C' > 0 is a constant, « € [0,1], and the functions b(t), m(t) are nonnega-
tive and integrable on (0,7"), then

a l—a oy —« m(7)dr
(t)s{o p[a )/0 <>d]+

. . 1/(1-a)
+(1—a)/0 b(T) exp [(l—a)/ m(r) dr] dr} .

Theorem 1. Let the Carathéodory condition hold and let | = +o0o. Then, if

[F'(t,2,u)| < alt, z) + b(2)|ul,

where a(t,x) € Ly(Qr), b(t) € £5(0,T), then F acts from B, )(T) into
Lo(Qr), is continuous and bounded.

Lemma 2. If: a) F(t,x,u) satisfies the conditions of Theorem 1; b) u(t,x) is
an (Ly, Wo(L))-w.s.; ¢)

A, ) = /u(t,a:)vn(:r) dz, n=12 ..,

g

then the Fourier coefficients A, (t) satisfy the countable system of nonlinear
integral equations

sin At
qun n +

ATL (t> = (pn COoS A’fbt + )\

n

o0

T, T, ZAk(T)vk(x)l v, (x)sin A, (t — 7) da dr, (A)
k=1

1/t
v [ [
Ao Jy

where
o, = [ plz)v,(x)dz, v, = [ Y(z)v,(z)d, n=12...
/ /

Using system (A), one can prove the following theorems.

Theorem 2. Let: a) p,(x), ¥;(x), i = 1,2, be elements of the space £5(g); b)
Fi(t,z,0) € £Ly(2p), and for any u,v from (—oo,00) the inequality

[Fy(t @, u) — By(t, 2, 0)| < k(H)u— o] + O, 2),
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holds, where C(t,z) € Ly(Qp), k(t) > 0 and is integrable on (0,T); ¢) u,;(t,x)
are (Lo, Wo(L))-w.s., i.e.

T
/ /{ui[q)tt — LP] — F(t,x,u;)®}dx dt + / {wla—q) — goifb] dr =0,
0 Jg 9 ot t=0

i=1,2. (4)
Then, if Agf) (t) = /ui(t,:v)un(x) dx, 1=1,2; n=1,2,..., the inequality
g

Oomax Ag?) —AS) T T+ — 1$2£L' ' C?(t,x) dx
> s [ 4210 <t>|33{/g[soz<> o (o)) d 4 5 fiwate) - w<>}d+/0/g (t >ddt}

<t<
-1 0<t<T

+/0T {k(s) [‘és /gCQ(t,x) dxdt] (exp /ST k(r) dr) } ds.

Theorem 3. Suppose: a) the sequence of eigenfunctions of the operator £ is
uniformly bounded, i.e. there exists a number M such that |v,(z)] < M for
every n; b) u,(t, ) satisfy the integral identity (4), i.e. are (L4, W5(L))-w.s.; ¢)
in the Carathéodory condition [ = 400,

[

where 1/p+1/g =1, p > 1 is such that

a/p
/\F (t, 2, u;( tx))Qdm] dt < 400, 1=1,2,

<1
2y <t

d)

|FS (8w, ug(t, 7)) —Fy (8, @, uq ()| < ag(t, 7)|ug—uq [+aq (¢, ) [ug—uy [Y+ay(t, @),

where 0 < o < 1,

T a/p
/ [/af(t,x) dm} dt < 400, i=0,1,2.
0 g
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Then, if

sin A\, t
A )

n

A() = / wi(t,@)o,(x)de, (1) = o cos At + )
g9

o :/%(wvn(w)dx, s :/wi(@vn(w)dx, t=1,2%n=12,..,
g
the inequalities

l-a

ert e /oT (/gazf(t’x) dm) "’ dt+(1-a) /OT </0T/ga2<£,x) dxd€> exp/TT l/gaé’(n,x) de} " dnd

where o, oy, ) are constants.

o) 00 T a/p
O (2) gy _ pD) P
zjlorél%xT‘An (t) — An (t)| < [ao (n_l Orgngbn (t) —bn (1) —|—a1/0 (lag(t,x) dx) dt)}

Theorem 4. Suppose: a) in the Carathéodory condition | = +oo; b)
F(t,z,u(t,x)) € Lo(Qp), if u(t,x) is an (L£y, Wy(L))-w.s.; ¢)

lu— |

|F(t7$7u)_F<tax,U)| < 1 )

A > 1

Then problem (1), (2), (3) cannot have more than one (£,, Wy(L))-w.s.

It is not difficult to show that if: a) the boundary of the domain g is such
that Green’ s formula is applicable; b) ¢(x),¢(x) are elements of £5(g); ¢)
|F(t,z,u)| < a(t,z)+ blu| for all u € (—o0,00), where a(t,z) € Lo(Qp), b

is a constant, and the sequence {A, (¢)} is a solution of system (A), then the
function

ut) =3 Ay ()

n=1

is an (L4, Wy(L))-w.s. (here v, (x) are eigenfunctions of the operator £).

Theorem 5. Suppose: a) in the Carathéodory condition [ = +o00; b) ¢(z),
U(x) € £y(9); ¢)
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|F<t7$’u)| < a(ta J}) + al(t’x)|u|a + b(t)|u|a

here a(t,z) € £,(Qp), b(t) € £5(0,T), b(t) > 0,

T 11—«
/ l/af/ua)(t,x) dx} dt < +oo.
0 g

Then problem (1), (2), (3) has at least one (L4, Wy(£))-s.r., and there exist
some positive numbers 7', R such that

o0

A, (t)* < R?
nﬂogltangl 2(O° < R,

where A, (t) are the Fourier coeflicients of the (£,, W,(£))-s.r. with respect to
the eigenfunctions of the operator £.

Theorem 6. Suppose: a) the set of eigenvalues of the operator £ is bounded
by some number M, i.e. |v,(z)] < M for any n;

b) |F(t,z,u)| < a(t,z) for all u € (—a,a), where

T a/p
/ /ap(t,x) dx dt < 400
0 g

and the number p is such that

i)\ip < +00,
n=1""

q is conjugate to p;

¢) ¢(x), ¥(x), T are such that

1/q

5 <|<pn + il%l) (i ;}l)”le {/OT l/gap(t,x) d:c] 1/pdt} <1

p=1

here ,,,1,, are the Fourier coefficients of the functions ¢(x), ¢ (z) in the expan-
sion with respect to the eigenfunctions of the operator £.

Then problem (1), (2), (3) has at least one (L4, W5(L))-s.1., and
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o0

max |4, (t)] <.
— 0<t<T

Remark. Under the conditions of Theorem 6, the (L4, W,(£))-s.r. is a discon-
tinuous function.

Taking this opportunity, I express my gratitude to A. N. Tikhonov and V. A. II’
in for discussions and valuable advice.
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