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In the present article the first boundary value problem is considered for a linear
equation of parabolic type

Lu = 88—1; — 522 (aijumj +a;u+ fi) +bu, +au+f=0 (1)

with unbounded lower-order coefficients and free terms in the cylinder Qp =
D x[0<t<T] (T < o0), whose base is a bounded domain D of the Euclidean
space E™.

We take the initial and boundary conditions in the form

Uly—o = Yo(2),  ulg, =0. (2)

Numerous works have been devoted to the study of existence and uniqueness
of the generalized solution of problem (1), (2) in one class or another (see the
detailed bibliography in (175)). In the monograph () the latest results in this
direction are set forth in detail. In the case when a?, b?, a with respect to the
variable x belong to L,, p > n, in (1) conditions are given ensuring uniqueness
and existence of a generalized solution from V, of problem (1), (2); here the
usual embedding theorems are used essentially.

However, in the case p < n these conditions are insufficient for the existence
and uniqueness of a generalized solution from V, of problem (1), (2). In this
case, some additional conditions are needed for unique solvability. Moreover, in
the case p < n the usual theorems do not work.

In the present article, in the case 1 < p < n, in terms of spaces with mixed
norm, conditions on the data of the problem are found under which the unique
solvability of problem (1), (2) in V, holds. In addition, the smoothness of the
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solution u(z,t) with respect to ¢ is studied (for the definitions of the spaces V5,
V", V5, see ().

Let s be a fixed natural number not exceeding n; E™ is the n-dimensional
Euclidean space of points z; E™"! is the (n + 1)-dimensional Euclidean space of
points (z,t); ES(E™ %) is the s-dimensional ((n—s)-dimensional) space of points
‘fs(i'nfs% where z = (l’ xn s) i.s = (1'1,1'27 7xs)7 'i‘nfs = (xs+17xs+17 7xn>;
D is a bounded domain of class C(h,w) in E™ (for the definition of the class
C(h,w), see (2)); Qp is the cylinder D x [0 <t < T]; D; = DN (Z,_, = const);
Dy = pry, . D; Ly, ., 1(Qp) is the Banach space consisting of all functions
measurable on @ and having finite norm

”f”Lpl po.0)(Q1) H||f||LLP1 P2) HLl(OStST).

Let Q(¢) denote the following set of points (r,,7,) of the plane r,Ory:

(ri,rg): krirg —(n—s)ry —sry—e =0;
o s 1, if s <k,
0 = V7] s/k, if s >k
v =
s 1, ifn—s <k,
oo < T
2 (n—s)/k, ifn—s>k;
T 2> To.

Put, for any real positive number p > 1,
QlF =qlFn {ry,ry > p}
kip — %k 1:72 2 Py

Obviously, Qk 1= Q< ). Put Q( kep = Sligp- The class X(,,, o) ) of Banach spaces
L o (Qp) is deﬁned by the equality

Xim—2/1,) =ALr, i) Q1) (11,72) € Qupopys 1 > 1}

We define the class )?(272/11);1, by the equality

X(2_2/l1)§17 = U L(T'larz:h)(QT)'
(r1,72)€RQ2-2/1,):p
Let

Rij=R;(ri1,7i52, 1), P, = P(pij1:pijos 1), i=1,2,..,n5 j=1,2,

] )
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where p, ;. = 2, k=1,2; 1= 21,

ijk>

VN 5/ / ’ ’ VN 574 ’ ’ ’
Rij = Rij(rijlarij% l1)a Pij = Pz‘j(pijupipal )s

Ry = Ry(r31,739,14), Ry = Ry(ry1,742,0),

Py = P3(p31, P32, 1), Py = Py(ps1: P12, 1), Pg; :27"kj-

Theorem 1. If u(x,t) € VQ(QT) and the numbers ¢, ¢, [ satisfy the conditions

1/l+8/2Q1+(n7‘9>/2q2:n/43 QSQMQ%L
then

. 1-2/1 2/1
[l 20, @) < € VERima Jul 2 g |,

Corollary. Under the condition of Theorem 1, the estimate

lull nigy 00 00@) < €lulg,
holds.

Lemma 1. If the numbers ¢y, g5, satisfy the conditions

1/14+ s/2q; + (n— 8)/2q, > n/4, (3)

then one can choose numbers ¢, g, i satisfying the conditions

1T+ 5/24, + (n—9)/2G8, =n/4,  1/Gy=1/q,

Vg —1/q=1/q; — 1/ (4)

Lemma 2. If the numbers ¢,, ¢yl and §,,d,, | satisfy conditions (3), (4) and
fel 7)(QT), then the estimate

T 1=/
1lg,.02.00@0 < ||fHL(§1,§2J)(QT) {/ [mes A(t)]'/9 dt} ;
0

A(t) is the set of points € D where | f(z, )| > 0.
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Consider equation (1). Suppose the coefficients satisfy the conditions

v&i&i < ;685 < 1 v, jp = const > 0, A5 = Qg (5)
\|a§\|LR“(QT)a ”szHLRiz(QT)? lalz ., @) < mas (6)
[ 1200 < 11 7
L>(Qr) faer
where

LRS(QT), LR”(QT) c X(272/11)7 Z: 1727,7’17 ]: 1,27 (8)
Lr, € X(niay2—2/1) 9)

Denote

L) = [ (@, +am, + (b, + o] da.
D

D

Theorem 2. Suppose u(z,t) € V,(Qr), and u satisfies, for almost all ¢, and &,
in [0, 7], including for ¢; = 0, the inequalities

t=t,

L[, t2 .
_2/Du (z,1) d:n‘t:tl +[ Ly (u,w) + Ly(f,u)] dt < 0. (10)

The coefficients a,;, b;,a;,a and the free terms f and f; satisfy conditions (5)—
(9). Then

lulg,. < Cllulz,0),m) + 1z, + ||f||LR4(QT)L (11)

where C is a constant depending on n, v, y, i1, R;:, Rs, Ry.

13
Theorem 3. For any generalized solution u(z, t) from V,"° of problem (1)—(2),
the inequality

lulg, < CllYolL,mp) + Hf“Lz(QT) + ||f||LR4(QT)]
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holds, provided that assumptions (5)—(9) are fulfilled with respect to equation
(1).

Theorem 4. If conditions (5)—(9) are fulfilled and ¢, € Ly(D), then problem
(1), (2) has a solution from V,(Q).

Theorem 5. Under conditions (5)—(9), any generalized solution u(zx,t) of
problem (1), (2) from V,(Q;) belongs to \721’1/2(627«), and problem (1), (2) is
uniquely solvable in ‘0/'21’1/2 (Qr), if Py(x) € Ly(D).

Theorem 6. If the coefficients of the equation satisfy conditions (5)—(9), then
the boundary-value problem for (1), (2) cannot have two distinct generalized
solutions from V,(Qr).

Theorem 7. Suppose u(z,t) is a generalized solution from Vy(Qp) of
problem (1), (2), and suppose a;;,a;, and f; satisfy conditions (5)—(9), while

b;(z,t),a(z,t), and f(z,t) satisfy the conditions

”Z b, GHL* (@r) < My, ly 271y 213 ||f||LF7.41,T42,l/)<QT> <

(r1,72,11)

L g (@) € X(oopy; L) (Q1) € X((ni2)/2-1/1)5
where

~

Liny o) (@) = Lipmy (0 <8 < T, Dy, Dy).

Then the function u(z,t) is an element of W;’_l/Q(QT).

Theorem 8. Suppose that for all operators

0
LMy = u, — %(agu% +ajf'u) + bf'u, +a"u, m=1,2,...,
1
the conditions of Theorem 4 are satisfied with the same constants. Suppose that
ai(x, t), remaining uniformly bounded, converge almost everywhere to a,;, and
that the functions a;*, b, a™, fi", 1y converge to a;, b;,a, f, 1, in the norms of

the spaces to which they belong under the conditions of Theorem 4. Then the
generalized solutions u™ from V;%(Q7) of the problems

LMy = of" [0z, — f™, u‘ST =0, u’tzo =y

converge strongly in V,"°(Qr) to the generalized solution u(z,t) of the limiting
problem (1)—(2).
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Theorem 9. Suppose that the coefficients of equation (1) satisfy the conditions

v&i&i < a;6:85 < n€i&is v,p=const >0, a;; = ay,

la, £,03, FE iy ray(@p) < H1s 102027, 7y @) < Ha

where (ry,75) € 953)72/11)’ (F1,72) € Q(2*2/71)'

Then, for every generalized solution u(z,t) from V, *(Q7) of equation (1), not
exceeding ky on 'z, vraimaxwu(z,t) is finite and is estimated from above by a
constant determined only by n, kq, v, i, pt1, 71,79, 11,71, 79, ;.

Theorem 10. Suppose that u(z, ) is a generalized solution from V,"(Qy) of

equation (1), whose coefficients a,;, b;, a satisfy the conditions
v€:& < a;8;8 < p&&, v, jt = const > 0,
167, all £, vy @p) < Has (r1,71) € Qooy,)s

a(z,t) >0, a; = f;=f=0.

Then for almost all (z,t) in Qp

min {0, vralimin u(z, t)} < u(z,t) < max {O,Vra%maxu(x, t)} .
T

T

Theorem 11. Suppose that u(z,t) is a generalized solution from V,"(Qy) of
equation (1), whose coefficients and free terms satisfy the conditions of Theo-
rem 9. Then, for any cylinder Q" lying at a positive distance d from I'y,, the
quantity vraimaxg, |u| is estimated from above by a constant depending only

O T, Uy [y g5 715 T, lla ’Fla?27 lla da HUHLZ(QT)
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