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MATHEMATICS

A. Kh. GUDIEV

ON A BOUNDARY VALUE PROBLEM FOR
LINEAR PARABOLIC EQUATIONS WITH
DISCONTINUOUS COEFFICIENTS
(Presented by Academician S. L. Sobolev on 18 IX 1967)

In the present article the first boundary value problem is considered for a linear
equation of parabolic type

𝐿𝑢 ≡ 𝜕𝑢
𝜕𝑡 − 𝜕

𝜕𝑥𝑖
(𝑎𝑖𝑗𝑢𝑥𝑗

+ 𝑎𝑖𝑢 + 𝑓𝑖) + 𝑏𝑖𝑢𝑥𝑖
+ 𝑎𝑢 + 𝑓 = 0 (1)

with unbounded lower-order coefficients and free terms in the cylinder 𝑄𝑇 =
𝐷 × [0 ≤ 𝑡 ≤ 𝑇 ] (𝑇 < ∞), whose base is a bounded domain 𝐷 of the Euclidean
space 𝐸𝑛.

We take the initial and boundary conditions in the form

𝑢|𝑡=0 = 𝜓0(𝑥), 𝑢|𝑆𝑇
= 0. (2)

Numerous works have been devoted to the study of existence and uniqueness
of the generalized solution of problem (1), (2) in one class or another (see the
detailed bibliography in (1−5)). In the monograph (1) the latest results in this
direction are set forth in detail. In the case when 𝑎2

𝑖 , 𝑏2
𝑖 , 𝑎 with respect to the

variable 𝑥 belong to 𝐿𝑝, 𝑝 > 𝑛, in (1) conditions are given ensuring uniqueness
and existence of a generalized solution from 𝑉2 of problem (1), (2); here the
usual embedding theorems are used essentially.

However, in the case 𝑝 < 𝑛 these conditions are insufficient for the existence
and uniqueness of a generalized solution from 𝑉2 of problem (1), (2). In this
case, some additional conditions are needed for unique solvability. Moreover, in
the case 𝑝 < 𝑛 the usual theorems do not work.

In the present article, in the case 1 < 𝑝 < 𝑛, in terms of spaces with mixed
norm, conditions on the data of the problem are found under which the unique
solvability of problem (1), (2) in 𝑉2 holds. In addition, the smoothness of the
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solution 𝑢(𝑥, 𝑡) with respect to 𝑡 is studied (for the definitions of the spaces 𝑉2,
𝑉 1,0

2 , 𝑉 ∗
2 , see (1)).

Let 𝑠 be a fixed natural number not exceeding 𝑛; 𝐸𝑛 is the 𝑛-dimensional
Euclidean space of points ̄𝑥; 𝐸𝑛+1 is the (𝑛 + 1)-dimensional Euclidean space of
points ( ̄𝑥, 𝑡); 𝐸𝑠(𝐸𝑛−𝑠) is the 𝑠-dimensional ((𝑛−𝑠)-dimensional) space of points

̄𝑥𝑠( ̄𝑥𝑛−𝑠), where ̄𝑥 = ( ̄𝑥𝑠, ̄𝑥𝑛−𝑠), ̄𝑥𝑠 = (𝑥1, 𝑥2, … , 𝑥𝑠), ̄𝑥𝑛−𝑠 = (𝑥𝑠+1, 𝑥𝑠+1, … , 𝑥𝑛);
𝐷 is a bounded domain of class 𝐶(ℎ̄, 𝜔) in 𝐸𝑛 (for the definition of the class
𝐶(ℎ̄, 𝜔), see (2)); 𝑄𝑇 is the cylinder 𝐷 × [0 ≤ 𝑡 ≤ 𝑇 ]; 𝐷1 = 𝐷 ∩ ( ̄𝑥𝑛−𝑠 = const);
𝐷2 = pr𝐸 𝑛−𝑠 𝐷; 𝐿(𝑝1,𝑝2,𝑙)(𝑄𝑇 ) is the Banach space consisting of all functions
measurable on 𝑄𝑇 and having finite norm

‖𝑓‖𝐿(𝑝1,𝑝2,𝑙)(𝑄𝑇 ) = ∥‖𝑓‖𝐿(𝑝1,𝑝2)(𝐷)∥𝐿𝑙(0≤𝑡≤𝑇 ).

Let Ω(𝜀) denote the following set of points (𝑟1, 𝑟2) of the plane 𝑟1𝑂𝑟2:

Ω(𝜀)
𝑘 ≡

⎧{{{{
⎨{{{{⎩

(𝑟1, 𝑟2) ∶ 𝑘𝑟1𝑟2 − (𝑛 − 𝑠)𝑟1 − 𝑠𝑟2 − 𝜀 = 0;

∞ > 𝑟1 > {1, if 𝑠 < 𝑘,
𝑠/𝑘, if 𝑠 ≥ 𝑘;

∞ < 𝑟2 > {1, if 𝑛 − 𝑠 < 𝑘,
(𝑛 − 𝑠)/𝑘, if 𝑛 − 𝑠 ≥ 𝑘;

𝑟1 ≥ 𝑟2.

⎫}}}}
⎬}}}}⎭

.

Put, for any real positive number 𝑝 ≥ 1,

Ω(𝜀)
𝑘;𝑝 ≡ Ω(𝜀)

𝑘 ∩ {𝑟1, 𝑟2 ≥ 𝑝}.

Obviously, Ω(𝜀)
𝑘;1 = Ω(𝜀)

𝑘 . Put Ω(0)
𝑘;𝑝 = Ω𝑘;𝑝. The class 𝑋(𝑚−2/𝑙1) of Banach spaces

𝐿(𝑟1,𝑟2,𝑙)(𝑄𝑇 ) is defined by the equality

𝑋(𝑚−2/𝑙1) ≡ {𝐿(𝑟1,𝑟2,𝑙1)(𝑄𝑇 ); (𝑟1, 𝑟2) ∈ Ω(𝑚−2/𝑙1), 𝑙1 > 1}.

We define the class 𝑋(2−2/𝑙1);𝑝 by the equality

𝑋(2−2/𝑙1);𝑝 = ⋃
(𝑟1,𝑟2)∈Ω(2−2/𝑙1);𝑝

𝐿(𝑟1,𝑟2,𝑙1)(𝑄𝑇 ).

Let

𝑅𝑖𝑗 = 𝑅𝑖𝑗(𝑟𝑖𝑗1, 𝑟𝑖𝑗2, 𝑙1), 𝑃𝑖𝑗 = 𝑃𝑖𝑗(𝑝𝑖𝑗1, 𝑝𝑖𝑗2, 𝑙), 𝑖 = 1, 2, … , 𝑛; 𝑗 = 1, 2,
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where 𝑝𝑖𝑗𝑘 = 2𝑟𝑖𝑗𝑘, 𝑘 = 1, 2; 𝑙 = 2𝑙1,

𝑅′
𝑖𝑗 = 𝑅′

𝑖𝑗(𝑟′
𝑖𝑗1, 𝑟′

𝑖𝑗2, 𝑙′1), 𝑃 ′
𝑖𝑗 = 𝑃 ′

𝑖𝑗(𝑝′
𝑖𝑗1, 𝑝′

𝑖𝑗2, 𝑙′),

𝑅3 = 𝑅3(𝑟31, 𝑟32, 𝑙1), 𝑅4 = 𝑅4(𝑟41, 𝑟42, 𝑙′),

𝑃3 = 𝑃3(𝑝31, 𝑝32, 𝑙), 𝑃4 = 𝑃4(𝑝41, 𝑝42, 𝑙), 𝑝𝑘𝑗 = 2𝑟𝑘𝑗.

Theorem 1. If 𝑢(𝑥, 𝑡) ∈ ̇𝑉2(𝑄𝑇 ) and the numbers 𝑞1, 𝑞2, 𝑙 satisfy the conditions

1/𝑙 + 𝑠/2𝑞1 + (𝑛 − 𝑠)/2𝑞2 = 𝑛/4, 2 ≤ 𝑞1, 𝑞2, 𝑙,

then

‖𝑢‖𝐿(𝑞1,𝑞2,𝑙)(𝑄𝑇 ) ≤ 𝑐 vrai max
0≤𝑡≤𝑇

‖𝑢‖1−2/𝑙
𝐿2(𝐷) ‖𝑢𝑥‖2/𝑙

𝐿2(𝑄𝑇 ).

Corollary. Under the condition of Theorem 1, the estimate

‖𝑢‖𝐿(𝑞1,𝑞2,𝑙)(𝑄𝑇 ) ≤ 𝑐 |𝑢|𝑄𝑇

holds.

Lemma 1. If the numbers 𝑞1, 𝑞2, 𝑙 satisfy the conditions

1/𝑙 + 𝑠/2𝑞1 + (𝑛 − 𝑠)/2𝑞2 > 𝑛/4, (3)

then one can choose numbers ̃𝑞1, ̃𝑞2, ̃𝑙 satisfying the conditions

1/ ̃𝑙 + 𝑠/2 ̃𝑞1 + (𝑛 − 𝑠)/2 ̃𝑞2 = 𝑛/4, ̃𝑙/ ̃𝑞2 = 𝑙/𝑞2,

1/𝑞1 − 1/𝑞2 = 1/ ̃𝑞1 − 1/ ̃𝑞2. (4)

Lemma 2. If the numbers 𝑞1, 𝑞2, 𝑙 and ̃𝑞1, ̃𝑞2, ̃𝑙 satisfy conditions (3), (4) and
𝑓 ∈ 𝐿( ̃𝑞1, ̃𝑞2, ̃𝑙)(𝑄𝑇 ), then the estimate

‖𝑓‖𝐿(𝑞1,𝑞2,𝑙)(𝑄𝑇 ) ≤ ‖𝑓‖𝐿( ̃𝑞1, ̃𝑞2, ̃𝑙)(𝑄𝑇 ) {∫
𝑇

0
[mes 𝐴(𝑡)] ̃𝑙/𝑞 𝑑𝑡}

( ̃𝑙−𝑙)/ ̃𝑙𝑙

;

𝐴(𝑡) is the set of points 𝑥 ∈ 𝐷 where |𝑓(𝑥, 𝑡)| > 0.
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Consider equation (1). Suppose the coefficients satisfy the conditions

𝜈𝜉𝑖𝜉𝑖 ≤ 𝑎𝑖𝑗𝜉𝑖𝜉𝑗 ≤ 𝜇𝜉𝑖𝜉𝑖, 𝜈, 𝜇 = const > 0, 𝑎𝑖𝑗 = 𝑎𝑗𝑖; (5)

‖𝑎2
𝑖 ‖𝐿𝑅𝑖1 (𝑄𝑇 ), ‖𝑏2

𝑖 ‖𝐿𝑅𝑖2 (𝑄𝑇 ), ‖𝑎‖𝐿𝑅3 (𝑄𝑇 ) ≤ 𝜇1; (6)

∥(∑ 𝑓2
𝑖 )1/2∥

𝐿2(𝑄𝑇 )
, ‖𝑓‖𝐿𝑅4 (𝑄𝑇 ) ≤ 𝜇1, (7)

where

𝐿𝑅3
(𝑄𝑇 ), 𝐿𝑅𝑖𝑗

(𝑄𝑇 ) ∈ 𝑋(2−2/𝑙1), 𝑖 = 1, 2, … , 𝑛; 𝑗 = 1, 2; (8)

𝐿𝑅4
∈ 𝑋((𝑛+4)/2−2/𝑙′). (9)

Denote

𝐿1(𝑢, 𝜂) ≡ ∫
𝐷

[(𝑎𝑖𝑗𝑢𝑥𝑗
+ 𝑎𝑖𝑢)𝜂𝑥𝑖

+ (𝑏𝑖𝑢𝑥𝑖
+ 𝑎𝑢)𝜂] 𝑑𝑥,

𝐿2( ̂𝑓, 𝜂) ≡ ∫
𝐷

(𝑓𝜂 + 𝑓𝑖𝜂𝑥𝑖
) 𝑑𝑥.

Theorem 2. Suppose 𝑢(𝑥, 𝑡) ∈ ̊𝑉2(𝑄𝑇 ), and 𝑢 satisfies, for almost all 𝑡1 and 𝑡2
in [0, 𝑇 ], including for 𝑡1 = 0, the inequalities

−1
2 ∫

𝐷
𝑢2(𝑥, 𝑡) 𝑑𝑥∣

𝑡=𝑡2

𝑡=𝑡1
+ ∫

𝑡2

𝑡1

[𝐿1(𝑢, 𝑢) + 𝐿2( ̂𝑓, 𝑢)] 𝑑𝑡 ≤ 0. (10)

The coefficients 𝑎𝑖𝑗, 𝑏𝑖, 𝑎𝑖, 𝑎 and the free terms 𝑓 and 𝑓𝑖 satisfy conditions (5)—
(9). Then

|𝑢|𝑄𝑇
≤ 𝐶[‖𝑢(𝑥, 0)‖𝐿2(𝐷) + ‖ ̄𝑓‖𝐿2(𝑄𝑇 ) + ‖𝑓‖𝐿𝑅4 (𝑄𝑇 )], (11)

where 𝐶 is a constant depending on 𝑛, 𝜈, 𝜇, 𝜇1, 𝑅𝑖𝑗, 𝑅3, 𝑅4.

Theorem 3. For any generalized solution 𝑢(𝑥, 𝑡) from ̊𝑉 1,0
2 of problem (1)—(2),

the inequality

|𝑢|𝑄𝑇
≤ 𝐶[‖𝜓0‖𝐿2(𝐷) + ‖ ̄𝑓‖𝐿2(𝑄𝑇 ) + ‖𝑓‖𝐿𝑅4 (𝑄𝑇 )]
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holds, provided that assumptions (5)—(9) are fulfilled with respect to equation
(1).

Theorem 4. If conditions (5)—(9) are fulfilled and 𝜓0 ∈ 𝐿2(𝐷), then problem
(1), (2) has a solution from 𝑉2(𝑄𝑇 ).
Theorem 5. Under conditions (5)—(9), any generalized solution 𝑢(𝑥, 𝑡) of
problem (1), (2) from ̊𝑉2(𝑄𝑇 ) belongs to ̊𝑉 1,1/2

2 (𝑄𝑇 ), and problem (1), (2) is
uniquely solvable in ̊𝑉 1,1/2

2 (𝑄𝑇 ), if 𝜓0(𝑥) ∈ 𝐿2(𝐷).
Theorem 6. If the coefficients of the equation satisfy conditions (5)—(9), then
the boundary-value problem for (1), (2) cannot have two distinct generalized
solutions from 𝑉2(𝑄𝑇 ).
Theorem 7. Suppose 𝑢(𝑥, 𝑡) is a generalized solution from ̊𝑉2(𝑄𝑇 ) of
problem (1), (2), and suppose 𝑎𝑖𝑗, 𝑎𝑖, and 𝑓𝑖 satisfy conditions (5)—(9), while
𝑏𝑖(𝑥, 𝑡), 𝑎(𝑥, 𝑡), and 𝑓(𝑥, 𝑡) satisfy the conditions

∥∑ 𝑏2
𝑖 , 𝑎∥

𝐿∗
(𝑟1,𝑟2,𝑙1)(𝑄𝑇 )

≤ 𝜇1, 𝑙1 ≥ 𝑟2 ≥ 𝑟1; ‖𝑓‖𝐿∗
(𝑟41,𝑟42,𝑙′)(𝑄𝑇 ) ≤ 𝜇1;

𝐿(𝑟11,𝑟2,𝑙1)(𝑄𝑇 ) ∈ 𝑋(2−2/𝑙1); 𝐿(𝑟41,𝑟42,𝑙′)(𝑄𝑇 ) ∈ 𝑋((𝑛+2)/2−1/𝑙1),

where

𝐿∗
(𝑚1,𝑚2,𝜌)(𝑄𝑇 ) = 𝐿(𝜌,𝑚2,𝑚1)(0 ≤ 𝑡 ≤ 𝑇 , 𝐷̃2, 𝐷̃1).

Then the function 𝑢(𝑥, 𝑡) is an element of 𝑊̊ 1,−1/2
2 (𝑄𝑇 ).

Theorem 8. Suppose that for all operators

ℒ𝑚𝑢 = 𝑢𝑡 − 𝜕
𝜕𝑥𝑖

(𝑎𝑚
𝑖𝑗 𝑢𝑥𝑗

+ 𝑎𝑚
𝑖 𝑢) + 𝑏𝑚

𝑖 𝑢𝑥𝑖
+ 𝑎𝑚𝑢, 𝑚 = 1, 2, … ,

the conditions of Theorem 4 are satisfied with the same constants. Suppose that
𝑎𝑚

𝑖𝑗 (𝑥, 𝑡), remaining uniformly bounded, converge almost everywhere to 𝑎𝑖𝑗, and
that the functions 𝑎𝑚

𝑖 , 𝑏𝑚
𝑖 , 𝑎𝑚, 𝑓𝑚

𝑖 , 𝜓𝑚
0 converge to 𝑎𝑖, 𝑏𝑖, 𝑎, 𝑓, 𝜓0 in the norms of

the spaces to which they belong under the conditions of Theorem 4. Then the
generalized solutions 𝑢𝑚 from 𝑉 1,0

2 (𝑄𝑇 ) of the problems

ℒ𝑚𝑢 ≡ 𝜕𝑓𝑚
𝑖 /𝜕𝑥𝑖 − 𝑓𝑚, 𝑢∣𝑆𝑇

= 0, 𝑢∣𝑡=0 = 𝜓𝑚
0

converge strongly in 𝑉 1,0
2 (𝑄𝑇 ) to the generalized solution 𝑢(𝑥, 𝑡) of the limiting

problem (1)—(2).
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Theorem 9. Suppose that the coefficients of equation (1) satisfy the conditions

𝜈𝜉𝑖𝜉𝑖 ≤ 𝑎𝑖𝑗𝜉𝑖𝜉𝑗 ≤ 𝜇𝜉𝑖𝜉𝑖, 𝜈, 𝜇 = const > 0, 𝑎𝑖𝑗 = 𝑎𝑗𝑖,

‖𝑎, 𝑓, 𝑎2
𝑖 , 𝑓2

𝑖 ‖𝐿(𝑟1,𝑟2,𝑙)(𝑄𝑇 ) < 𝜇1, ‖𝑏2
𝑖 ‖𝐿( ̄𝑟1, ̄𝑟2, ̄𝑙)(𝑄𝑇 ) ≤ 𝜇1,

where (𝑟1, 𝑟2) ∈ Ω(𝜀)
(2−2/𝑙1), ( ̄𝑟1, ̄𝑟2) ∈ Ω(2−2/ ̄𝑙1).

Then, for every generalized solution 𝑢(𝑥, 𝑡) from 𝑉 1,0
2 (𝑄𝑇 ) of equation (1), not

exceeding 𝑘0 on Γ𝑇 , vrai max 𝑢(𝑥, 𝑡) is finite and is estimated from above by a
constant determined only by 𝑛, 𝑘0, 𝜈, 𝜇, 𝜇1, 𝑟1, 𝑟2, 𝑙1, ̄𝑟1, ̄𝑟2, ̄𝑙1.

Theorem 10. Suppose that 𝑢(𝑥, 𝑡) is a generalized solution from 𝑉 1,0
2 (𝑄𝑇 ) of

equation (1), whose coefficients 𝑎𝑖𝑗, 𝑏𝑖, 𝑎 satisfy the conditions

𝜈𝜉𝑖𝜉𝑖 ≤ 𝑎𝑖𝑗𝜉𝑖𝜉𝑗 ≤ 𝜇𝜉𝑖𝜉𝑖, 𝜈, 𝜇 = const > 0,

‖𝑏2
𝑖 , 𝑎‖𝐿(𝑟1,𝑟2,𝑙)(𝑄𝑇 ) ≤ 𝜇1, (𝑟1, 𝑟1) ∈ Ω(2−2/𝑙1),

𝑎(𝑥, 𝑡) ≥ 0, 𝑎𝑖 = 𝑓𝑖 = 𝑓 = 0.

Then for almost all (𝑥, 𝑡) in 𝑄𝑇

min {0, vrai min
Γ𝑇

𝑢(𝑥, 𝑡)} ≤ 𝑢(𝑥, 𝑡) ≤ max {0, vrai max
Γ𝑇

𝑢(𝑥, 𝑡)} .

Theorem 11. Suppose that 𝑢(𝑥, 𝑡) is a generalized solution from 𝑉 1,0
2 (𝑄𝑇 ) of

equation (1), whose coefficients and free terms satisfy the conditions of Theo-
rem 9. Then, for any cylinder 𝑄′ lying at a positive distance 𝑑 from Γ𝑇 , the
quantity vrai max𝑄′ |𝑢| is estimated from above by a constant depending only
on 𝑛, 𝜈, 𝜇, 𝜇1, 𝑟1, 𝑟2, 𝑙1, ̄𝑟1, ̄𝑟2, ̄𝑙1, 𝑑, ‖𝑢‖𝐿2(𝑄𝑇 ).
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