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In this article, solutions of the equations of the general theory of relativity are
considered for the case of a homogeneous but completely anisotropic 3-space
in the presence of matter. These anisotropic solutions (with some exceptions)
asymptotically tend to the isotropic Friedmann solution in the flat model; how-
ever, the anisotropy manifests itself essentially near singularities. A special case
of solutions of the type considered is the flat model with axial symmetry (274).

A completely anisotropic solution for dust-like matter was given in (). Below,
the corresponding formulas are given for an ultrarelativistic equation of state.

1. As the coordinate system, a comoving system is used, in which the medium
is at rest. This comoving system is synchronous (so that the lines of proper
time 7, coinciding with the world lines of the “fluid” particles, are geodesics
of 4-space). The metric in the model under consideration has the form

—ds? = —(cdr)? + [Ry(1)dx']? + [Ry(T)dz?)? + [Ry(7)dx3]?. (1)

The functions R, (7), Ry(7), R3(7) are determined by the Einstein gravitational
equations (the notation of (°) is used)

R = (8k/ch) [T} — (T/2)6"]. (2)

1

In the metric (1) the 3-space zt, 22, 23 is Euclidean; however R¥ differ from 0,

and the 4-space is curved.

In equations (2), Tf is the energy-momentum tensor of an ideal gas. In the
comoving system used, T has diagonal form: T} = T¢ = T3 = p, where p is
the pressure; —1;) = e, where e is the density of internal energy; 7= 3p —e; p
and e depend on 7.

The determinant of the metric tensor (—g) is equal to
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<_9)1/2 = Ry (7)Ry(T) Ry(7). (3)

The nonzero components of equations (2) have the form (5) (a dot denotes
differentiation with respect to 7):

1 d2 1 R2 R2 R2 87k6+3p
0. 1 2 3 _
RO' 022111\/—94-02( ) - —

d

R%, R%, Rg’: e [,/—ga InR

1
2\ /=g
The equations Ti]fk = 0 contained in (2) give (i = 0)

—€/(é+p) = (=9)/2(=9). (6)

Adding the three equations (5), we obtain an equation for (—g)

d2[(—g)2)dr? = (127k/c?)(c — p)(—g)2. (@)

Equations (6) and (7) are conveniently used to determine, for a given equation
of state, the dependence —g(7), after which R, R,, and R4 are determined from
(4) and (5).

In the model (1) under consideration, the three Hubble “constants” hg =
dIn Ry /dr, B = 1,2,3, satisfy the relation obtained after substituting hg into
the equation R} — (R’/2) = (87k/c*)TY

h1h2 + h1h3 + h2h3 = 87T]f€/c2. (8)

2. Dust-like matter (p =0, e = uc?, p is the mass density)

From (6) it follows that e = const/(—g)'/? (conservation of mass in a “liquid”
volume), and from (7) it follows that

(—g)V? = LA(t — 1) (1 — 1), L = const, 7, =const, 7, = const. (9)

The formal possibility of complex conjugate values 77 and 7, in (9) does not
lead to real values for R, R,, and R,, and is not physically realized. This is
connected with the fact that the determinant (—g) does not vanish, which is
impossible in a synchronous system (%:°).
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From equations (5), in consequence of (9), it follows that

(Ry)? = LyA(t — ) o (r — )7,
(Ry)? = Lyc®(1 — 1) T2 (1 — 1p) 102, (10)
(R3)? = Lyc® (1 — 1) T3 (1 — 1p) 10,

Ly, L,, L, are constants having the meaning of coordinate scales; L, L, L, = L3.

The quantities o, a9, a3 in (10) are constants that are essential in the solution.
They are not completely arbitrary, but are connected by two relations. One is
a consequence of (9):

oy + oy +ag =0. (11)

The second relation is obtained after substituting (10) into (4):

o + a3+ a3 =6. (12)

From (11) and (12) it follows that, for a given value of «;, the values a, and
a5 are roots of the equation o + aa; + (a2 — 3) = 0. These roots are real for
a? < 4, so that «ay, and likewise a, and ay, do not exceed 2 in absolute value.
As a; increases monotonically in the interval from —1 to 1, the values o, and
o3 decrease monotonically: one from 2 to 1, the other from —1 to —2, together
with a; covering the whole domain of admissible values. Therefore, without loss
of generality, the coordinates may be considered numbered so that

, 2> a5 > 1, —1>a3> -2 (13)

For ai; = —1 we have a3 = —1 and, according to (10), R5 = const Ry; for a; =1
we have a, = 1 and R, = const R;. Both these limiting cases correspond to
the flat model with axial symmetry (2-4). The values |a;| < 1 correspond to a
completely anisotropic solution.

Denoting a; = 2sin-y, where, according to (13), —7/6 < v < 7/6, we obtain
expressions for the constants oy, oy, a5 in (10), satisfying (11) and (12), in the
form (1)

ay = 2sin~, ay = 2sin(y + 27/3), ag = 2sin(y + 47/3),
—7/6 <y < /6. (14)

From (4) and (5), for the energy density it follows that

e =c?/[6mk(T —7)(T —75)]. (15)
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At the instants of time 7, and 7, (we take 7, < 73), the quantity e becomes oo,
and the solution has singularities. Under complete anisotropy (Ja;| < 1), in

at the moment 7 = 7, R, =0, R, =0, R3 = 00, and at the moment 7 = 7,
Rlzo, RQZOO, R3:O.

Owing to the arbitrariness in the exponents, the solution (10), generally speak-
ing, cannot be analytically continued to both sides of the values 7 = 7; and
T = T5. In this connection it should be noted that, along with (10), there are
solutions differing from (10) by a change of sign at one or both of the differences
T —1 and T — 75. According to (15), for 7 < 7, and for 7 > 7, e > 0; in the
interval 7, < 7 < Ty, e < 0. We note that the solution (10) is not a symmetric
function of 7 (even when 7, = —7;). As |7| — o0, the solution (10) becomes
isotropic: R, ~ Ry ~ Ry ~ 72/3. For 7, = 7,, (10) corresponds to the flat
Friedmann model.

3. The ultrarelativistic equation of state e = 3p. From (6) we have
e = const/(—g)?/3. We shall consider physically real states with nonnegative
values of e = 3p, so that

e=K/(—¢)*? K = const, K >0. (16)

Integrating (7) once, we obtain

[d(—g)Y?/cdr)? = (247kK /c*)[(—g)Y/? + N], N = const. (17)
Values N < 0 in (17) do not lead to real R, Ry, Ry; this is again connected

with the fact that for N < 0, in the sense of (17), the determinant (—g) does
not become 0, which is impossible in a synchronous system.

The value N = 0 in (17) corresponds to the isotropic flat Friedmann solution.
Values N > 0 correspond to an anisotropic solution.

It is convenient to introduce the parameter A according to
(—g)Y/3 = L2 sh®2), L? = N = const. (18)
Equation (17) then takes the form
cdr/d\ = 6L2c? sh® 2)/ (24mkK) /2.
Integrating (5), we obtain
er/Ly = sh4\ — 4, Lo = 3L%c?/8(6mkK )2 (19)

The additive constant in (19) is chosen so that for A =0, 7 =0 and g = 0.
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Integrating (5), we obtain

Ry = Ly(sh\)Y 1 (ch \)ton, Ry = Ly(sh \)tF2(ch )12, (20)
Ry = Ly(sh A)" % (ch \) 1%,

Ly, Ly, Ly are scale constants; Ly LyLy = 8L>.

The quantities oy, ay, a5 in (20) are constants for which the relations (11) and
(12) again hold, arising as a consequence of (18) and after substitution of (20)
into (4). For ay,asy,as, formulas (13) and (14) are valid. The completely
anisotropic solution again corresponds to values |a;| < 1.

As in the preceding case, the solution (20), generally speaking, is not analytically
continued to both sides of the value 7 = 0 (A = 0). In this case, for A < 0, the
solution is obtained from (20) by replacing sh A with —sh .

The “Hubble constants” for the solution (20) are equal to

hiss=dInR, ,4/dr = [(ch2\ + ay 5 3)/sh® 2\ (87kEK /3c> L)V, (21)

At the moment 7 = 0 (A = 0) the quantity e, according to (16), becomes oo,
and the solution has a singularity.

In the completely anisotropic case (Ja;| < 1), at the moment 7 =0, R, = Ry, =
0, Ry =o00. Near 7 =0 (for 7 > 0), (R;)? ~ 7171, (Ry)3 ~

~ tite (Ry)3 ~ 71%% . For positive 7 (A > 0), according to (21) and (13),
hy > 0 and hy > 0, so that as 7 increases R; and R, increase monotonically;
the quantity hs, however, changes sign at A = A* (ch2A\* = —aj3), so that Ry
first decreases and then increases.

In the completely anisotropic solution we have, for A > 0, hg < hy < h,.

In contrast to the case of complete anisotropy, under axial symmetry two types
of solutions are possible, corresponding to the values a; =1 and a; = —1. In
the solution with «; = 1 the character of the variation of R, R,, and R is
analogous to the preceding one; for 7 > 0 (A > 0) here hy = hy > h3. In
the solution with a; = —1 (ay = 2, @3 = —1) the nature of the singularity
at 7 = 0 is such that R, = const, Ry # 0,R, = 0; for 7 > 0 (A > 0) here
0 < hy = hg < hy, so that as 7 increases, Ry, Ry, and R increase [4].*
As |7| — oo the solution (20) becomes isotropized: R; ~ Ry ~ Ry ~ |7|'/2.

4. The equation of state e = p. From (7) in this case we have

(—g)Y/? = const - 7. (22)
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The origin of the time count has been chosen so that g = 0 at 7 = 0. From (5)
we obtain

(Ry)? = const 71T (Ry)3 =const 7172, (R3)3 = const 71T, (23)

where the constants o, ay, and a4 are connected in this case by one relation
following from (22):

Oél + 062 + Oé3 = O (24)

From (4) we obtain the expression for e:

e=c?[6— (a2 + a3 + a2)]/144mkT2. (25)

We shall consider only solutions with nonnegative values of e = p. Then, ac-
cording to (25), af + a3 + a3 < 6. Let

a?+ad+af=06¢>, g=const, 0<g<1. (26)

Analogously to (13) and (14), in the present case we shall have

—q<a;<q, 2q>ay,>q, —q>a3>-—2q, (27)

ap =2gsiny, ay =2¢sin(y +27/3), a5 = 2gsin(y + 47/3),
—7m/6<~y<7/6, 0<¢qg<I. (28)

Equality signs correspond to axial symmetry, and strict inequality to complete
anisotropy.

The moment 7 = 0 corresponds to a singularity (e = c0). At 7 = 0, by (27),
R, = R, = 0, while R; may be equal to oo, to 0, or to a finite nonzero value,
depending on the values of the constants v and ¢. For ¢ = 0 we obtain the
isotropic flat solution. For ¢ = 1, according to (26) and (25), e = p = 0, and the
solution (23) is the anisotropic solution for the vacuum [5]. The solution (23)
for the equation of state e = p, in contrast to the solutions (10) and (20) for
p =0 and for e = 3p, does not become isotropized as |7| — oo (this also applies
to the anisotropic solution in the vacuum).
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Note: Figure translations are in progress. See original paper for figures.
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