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The study of gas motion in a gravitational field has numerous applications both
in astrophysics and in technology (*?). Here we shall consider a new problem,
in which a gas cloud ejected from some gravitating body (for example, a star)
begins to expand. If the dimensions of this cloud are small in comparison with
the dimensions of the body, then it may be assumed that the acceleration of
gravity is sufficiently uniform throughout the cloud. In this case the problem
can be solved approximately by considering the motion of the center of mass of
this cloud relative to the main body and the expansion of the gas relative to
this center of mass.

The acceleration of gravity varies according to a quite definite law a = a(r) =
a(t), since the trajectory of the center of mass is prescribed.

We shall consider the problem of the motion of a one-dimensional nonstationary
ideal gas relative to the center of mass; we direct the acceleration of gravity
along the axis x = r, then

a=a(r)=GM/z2. (1)

Here M is the mass of the gravitating body, G is the gravitational constant, and
the coordinate of the center of gravity of the gas mass x is related to time in
the following way:

g = A(t +ty)* + 3. (2)
Then the equations of gas dynamics take the form (3)

GM

2
ut + UUI —+ 710037 = —W7

k —
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k—1
¢+ uc, + Gy = 0. (3)

We determine the arbitrary constant A from the initial condition of the problem.
Setting, for ¢ = 0, x = R, the radius of the gravitating body, from (2) we have

z3=R3— At3. (4)
(2) and (4) give
o = [A(7 — 88) + R¥%, (5)

where 7 = t + t,, whence it is obvious that the expansion velocity of a gas
particle is

w="2/5AT/[A(r? - ) + R¥2/2. (6)

Specifying, for t = 0, u = u,, we find

ty = 3ugR%/2A. (7)
The acceleration of the dispersing gas particles can be expressed by the equality:

_2

9= S{AIA(? — 12) + B — S A2} [[A(r2 — 13) + ROJPP.

If the initial acceleration of the dispersing particles is known (i.e., if we set
g = g at t = 0), then from the last equality we find

3R3(2A — 3R%g,)
8A2 ' ®)

2 _
2=
Comparing (8) with (7), we determine the quantity
3 2
Expression (2) will now take the form

T3 = g(ng + Rgp) [(1* + (2ugRt)/(2uf + Rygy))* + R®]. (10)

Let us return to the solution of the problem. Suppose that previously the gas
was in a state of adiabatic equilibrium; then

sovietrxiv.org/items/ru-196801.72963 Machine Translation


https://sovietrxiv.org/items/ru-196801.72963

2=c2+ (k—1ax— (k—1)GM/R, (11)
where ¢, is the initial speed of sound in the section z = R; R is the upper
boundary of the gas.

Let, at the instant ¢ = 0, in the section z = R, the expansion of the gas begin;
then for the first rarefaction wave we have the special solutions

2
u—i—/adt——k_lc, (12)

x:(u—cﬁ+t/@dtf[7aﬁdt (13)

The minus sign before ¢ indicates that the front of the rarefaction wave moves
in the direction of decreasing x.

Substituting the value a(t) into (12), we have:

dr 2
= — .
U+GM/(A7—2+x8)2/3 T 1¢

Putting A7?/z3 < 1 and restricting ourselves to the first two terms of the
expansion in a series, we find that

u—|—GM dr _ 2 .
w2 ) (1+N72) k-1~

Integrating, we arrive at the expression:

2
u+ Byarctg VNt = % 1c+const,
where
GM 2 A
30:72 ]\/v7 N:*ig
x5 3z}

Since at t =0, u = uy, ¢ = ¢,, it follows that

2
const = T_{Cn + uy + By arctg vV Nty,

which gives
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2
u— ug + By(arctg VNt — arctg VNty) = k—1<c“_c)' (14)

Now one can find an explicit expression for (13)

GM dr GM drdr
:E:(u—c)t—i—t/ /

221+ N72)  J| 22 (1+N72)

x = (u— )t + Bytarctg VNT 4+ C) — /(B0 arctg VNT 4 C)) dr.

& = (u—c)t—c,t+R+Byty(arctg vV Nty—arctg vV NT) [In(1+N72)—In(1+Nt3)].

(15)

BO
ToN

The rarefaction-wave front moves according to the law determined from the
condition u = uy

c=+/c2+ (k—1)az — (k—1)GM/R;
in this case, from (14) we obtain

k—1
ar = TBO(arctg VNt — arctg VNt,)?—

—Bye¢, (arctg VNT — arctg VN, ) + GM /R,

whence the rarefaction-wave front is expressed by the law

x =4GM/{(k — 1)By(arctg VNT — arctgV/Nt,)?—

—Byc, (arctg VNT — arctg VNt,) + GM/R}. (16)

If we consider the simpler case in which, before the outflow, all the parameters
determining the state of the gas are constant, then the rarefaction-wave front has
a simpler form. Indeed, when at t = 0, ¢ = ¢, u = ug, (14) gives arctg vV N7 —
arctg vV’ N to = 0, and this brings the rarefaction-wave front to the form

B
T =ugt —2c,t + R+ ﬁ[ln(l—l—NTQ)—ln(l—l—th)]. (17)

sovietrxiv.org/items/ru-196801.72963 Machine Translation


https://sovietrxiv.org/items/ru-196801.72963

Since at the expansion front ¢ = 0, the gas boundary moves according to the
law

k—3
T = ugt — mcnt + R — Byt(arctg V NT — arctg V Nty )+
By 2 2
+W“n(1+NT ) —1In(1+ Nt3)). (18)

One can determine the maximum rise of the expanding gas particles. Since at
the leading front, when u = 0, ¢ = 0, solution (14) determines

2
arcthT—arctngtozﬁ%+%, (19)
— 15 0

then substitution of (19) into (15) determines the maximum rise of a particle

B
Tpax = B — ¢yt + ﬁ In(1+ N72) —In(1 + N3], (20)

2
where B = R — mtocn — Upty.
From equality (19) one can determine the time of maximum rise of the leading
boundary of the gas. The energy of the gas before the onset of motion is equal

in both cases. This will make it possible to compare the distribution of the
initial speed of sound along the gas column.

In the second case the energy is

Ey = pochl/k(k—1), (21)

where p g, c are, respectively, the density and speed of sound of the gas over
the entire height .

In the first case the gas energy is

R+l 9
pc dr
E, = _—. 22
Here
c 2/(k—1)
c=(k—-1)GM/r, p=p <> . (23)
c
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Integrating (22), taking (23) into account, for E; we obtain the equality:

By = [p/k(k—1)] (1 + é) L (24)

Comparing (21) and (24), we arrive at the result

cop=rc (1+@i>, (25)

from which it follows that, for /R <« 1, the ratio ¢,/c differs little from unity,
which makes reliable the proposed method for investigating the flow of a gas in
a variable Newtonian gravitational field during the ejection of gas masses.
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