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This note studies one important class of irreducible representations of the group
G, = GL(n,K,), where K is the field of order q.

Let Z, C G,, be the subgroup of upper triangular matrices with ones on the
diagonal.

Definition 1. A one-dimensional representation x of the subgroup Z,, is called
degenerate if there exists another one-dimensional representation x’ of Z,, for
which Kery’ C Ker .

#

It is not hard to see that any one-dimensional representation x of the group Z,,
has the form

X(§) = Xo(ar812 + agbos + -+ a, 16, 1.,);

where X, is a nontrivial additive character of the field K,

¢ @ € K, and the
representation x is nondegenerate if and only if all a; # 0.

It is known (2) that the restriction of any irreducible representation T of the
group G,, to Z, contains at least one one-dimensional representation.

Definition 2. A representation 1" of the group G,, is called an analytic rep-
resentation (briefly, an A-representation) if the restriction of T to Z,, contains
no degenerate one-dimensional representations.

Introduce two subgroups of the group G,,: H,, is the subgroup of matrices |a
for which

il
App = Qpg =" =0p 1 = 0, Apn = L;

B,, C H,, is the subgroup of matrices |a,;| for which

all = a22 = e = ann = 1

and all off-diagonal elements, except the elements of the last column, are equal
to zero.
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Proposition 1. With the exception of the special case ¢ =n = 2, the group H,,
has one irreducible representation Tj, of dimension

(q—1)(¢> = 1) (¢" ' —1) =k, (q);

the dimensions of the remaining irreducible representations of H, are smaller
than k,,(q).

Proof. H, is the semidirect product of the commutative normal divisor B,
and the subgroup G,, ;. Therefore () any irreducible representation 7' of the
group H,, is induced by a representation L of the group B, A, where (1 is a one-
dimensional representation of B,,, A, C G,,_; is the subgroup of those g € G,,_;
such that p(gbg™t) = u(b), b € B,,, and L is an irreducible representation of A,

To finish the proof one must apply a simple induction on n.

Proposition 2. The restriction of an irreducible A-representation of the group
G,, to H, coincides with Tj,.

Proof. We first show that in the restriction of any irreducible representation
of the group H,, different from T, to Z,, there is a degenerate one-dimensional
representation. Suppose this has already been proved for the group H,,_;.

Any irreducible representation 1" of the group H,, is induced by a representa-
tion pL of the group B, A,. If u is the identity representation, then for any
one-dimensional representation y of the group Z,, contained in the restriction
of T to Z,,, a,,_; = 0, and hence x is degenerate. Suppose now that p is a
nonidentity representation. Then A, is isomorphic to H,, ;. If dimT" < k, (q),
then dim L < k,,_,(q), and hence the restriction of L to Z,,_; contains a degen-
erate one-dimensional representation. It follows at once that the restriction of
T to Z, also contains a degenerate one-dimensional representation. Therefore
the restriction of any A-representation of the group G,, to H,, is a multiple of
T5.

On the other hand, every nondegenerate one-dimensional representation x of the
group Z,, enters into the restriction of T to Z,, no more than once (). Therefore
the restriction of 7' to H,, coincides with 7},, and the proposition is proved.

The representation 7}, of the group H,, can be realized in the following way. Fix
a nondegenerate character

X(6) = X012+ Co1.n)

of the group Z,,. The representation Tj is defined in the space E, of functions
on G,,_; for which

f(C9) =x(Ofl9), C€Z,,, 9G]y,

with scalar product

(P15 P2)n1 = Grq| ™! Z 21(9)e2(9)

geGn—l
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(|G| is the number of elements in the finite group G). The operator Tj(h), where
he H,,h=ba,be B,, ac(G,_;, acts by the formula

To(h)f(g) = x(gbg™") f(ga). (1)

This representation is clearly unitary. From (1) it follows that the restriction
of Ty to G, C H,, coincides with the representation T) of the group G,,_,
induced by the one-dimensional representation y of the group Z, ;. From (?)
follows

Proposition 3. The restriction of an irreducible A-representation T of the
group G,, to G,_, contains each irreducible component no more than once.

In what follows, an essential role is played by the so-called Bessel functions,
introduced in (»2). They are defined as follows.

Consider the restriction of the regular representation of the group G,, to those
functions f(g) on G,, for which

f(C9) =x()flg), (€2, geaqG,.

According to (?), in the space of such functions there exists a unique invariant
subspace Ep, the representation in which is equivalent to T'. In E there exists,
up to a factor, a unique vector J(g) for which

J(QC) = J(Q)X(C)’ Qs Zy,.

This vector is called the Bessel function. From the definition it follows easily
that

1.
J(¢19¢) = x(61¢2) I (9)-
2. L
J(g)=J(g")
3.
J(e)=1
4.

JxJ =cJ; =*isconvolution on the group G,,

Fixfa(g) =G, D il falag ).

g eqG,

In what follows we normalize J so that ¢ = k,,(g). It is easy to establish the
following expression for J(g) in terms of the character ¢ of the representation
T:

J(g) =12Z,[71 Y x(Qw(g¢™).

¢ez,
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Let us now determine where the function J(g) is concentrated. It is known (*9)

that any element g € G,, can be written in the form

g = C168<27

where (;,(, € Z,,, § € D,, is a diagonal matrix, and s € W, is a permutation
matrix. Hence, in view of property 1, it suffices to determine for which ds one
has J(ds) # 0. Denote by s, the matrix of order k in which the second diagonal
consists of ones, and all other entries are zero. By

we denote the matrix

where §; € K7, iy, ...,%, are integers, and

i+ =

* We assume that G,,_; is embedded in G,, so that if g € G,,_1, (g (1)> €qG,.

Proposition 4. If J(ds) # 0, then ds =s;  ; (dy,...,6;) for some i) and d;.
The proof follows easily from property 1.

Let ¢, be an orthonormal basis in the space £, , and let k,;(h) be the correspond-
ing matrix elements of the representation T, of the group H,,. Let f;(g) be the
image of ¢, in By under the isometric mapping 7 : £, — Ep, intertwining the
operators of the representation 7j.

Lemma. For any ¢ and j the equality

|H, |71 > T(gh)k(h) = v, f,(9), (2)

heH,,

holds, where v, are the coefficients in the expansion

J(g) =Y _filg).

Proof.
Tgh) = _vifilgh) =D ki () f;(9).
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Z J( 13]3 Z/yz Z k 2333 |H |P)/z ( )

heH, heH,

Theorem. The matrix elements K;;(g) of the representation 7" in the basis {f;}
are given by the formula

K;j(g)=c Z J(%Wfl)%(%)@j(%)’

a1,a,€G,

where ¢ = |G,,_,|7%|Z,,_,| 7"

Proof. Transform formula (2):

vilfi(g) = [H,[™ Y J(gh)k;;(h) =

heH,,

= [H, |G, ™t Y Jlgbag)x(aba1)p;(aag)p;(a) =

a,ag€G, 1
beB

n

= |H,| MG, Z J(gag)p;(aag)p;(a)x(ag*bag)x(aba=t).

a,a0€G,, 1
beB

n

Make the substitution aa, = a’, aba™! = b;. Then

Vifi(9) = |G [THH, T YT J(gaTta e (@)e(a) D x(br)x(@ ba).

a,a EGn 1 bIEBn

If ¢° € E is such a function that ¢"(a) = 0 for a € Z, ,, ¢"(e) = 1, and f;
are its coordinates in the basis ¢;, then

Z J( ga Lj (a) = Cij(Q)v Co = |Gn—1|2 Z’hﬂi‘- (3)

acG,, _

The matrix elements K;;(g) of the representation 7" are computed by the formula

K;;(90) = G, ! Z fi(ggo)w-

9eG,,
Substituting (3), we obtain

K;;(90) = G, e Z J(ggoal’l)J(gagl)(pi(al)apj(aQ) =

=c? Y. pila)e;(ay) |G, D T(gaggeart) I (g).

a,a€G,, 9€G,
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In view of properties 2 and 4 of the Bessel function, the inner sum is equal to

G| 7! Z J(gasgoar*)J(g) = J * J(azgoar) = k,(q)J (azgoar™).
9eG,

Finally we obtain that

K;;(90) = ky,(q)c? Z J(aggoart)pi(ay) e (as).

ay,a,€G

n—1

To find ¢y, observe that . FiB; = (71T, 0%, ;. But 71J, as is not difficult

to see, is a multiple of ©°, |o¥| = ‘Z_n71| |G 4|7 and
1/2
17| = <|Gn1 x ZJ(g)J(g)> = VE(@VT@ = VR, ().
g

Therefore

Co = \/|an1 |7€n(q>|Gn71 |37

and the theorem is proved.

The theorem just proved shows the importance of the Bessel function for the
study of representations of the group G,,. We shall now give an expression for
the Bessel function of an irreducible A-representation of the group G5.*

Consider the extension K s /K o Each irreducible A-representation of the group
G is determined by a multiplicative character 7 of the field K s, not identically
equal to one on K. For o € K5 introduce the symmetric functions

P(0) =04 014 0T; Py(o) =0t 4+ o7 4 5010 Py(o) = g0t

It is clear that for any o € K, P,

K2

(0) € K, (i=1,2,3), and the equation

Qy(N) = A = P (0)\? + Py(0)\ — Py(0) =0

2
has roots 0,0, 07" .

Using the formulas for the characters of irreducible representations of the group
G5, given in (%) (see also (7)), one can obtain the following expressions for the
function J(g):
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J(s3(A) = m(A),

J(512(A1502)) = ¢ 2 Z Xo(A2 ' Py (o)) (0),

2
Fatl ), A2
o1"tatl=X, A3

J(821(A\1,Ag)) = q? Z Xo(=ATT AL Py(0))m(0),

ocatatl= 2},
J(51,1,1 (M A0, 03)) = ¢ 72 Z w(o)m(o) — g m(A)d(A Az + A3),

where

u(o) = Z Xo(C1 + G2),
C1.GEK,
C16==23"232Q, (X,)

d(x) is the Kronecker symbol.

According to Proposition 4, J(ds) = 0 for the remaining ds. In view of property
1, the formulas written down make it possible to find J(g) for all g € G5.

In conclusion, the author expresses his gratitude to M. I. Graev for his constant
attention to the work and to A. A. Kirillov for valuable advice and suggestions.
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