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Definition 1. A topological space X is called generally metrizable if on
the set X x X one can define a nonnegative function p(z,y) with the following
properties: 1) p(z,y) = 0ifand only if x = y; 2) if U C X, then U is open in X if
and only if for every point = € U there exists ¢ > 0 such that U D Ofz = E{y :
p(x,y) < €}. The function p is called a generalized metric. If, in addition to
1) and 2), the function p also satisfies the condition: 3) p(z,y) = p(y, ), then
it is called a symmetric, and the space X is symmetrizable.

Let f: X — Y be a given mapping of a metric space X onto a set Y. If p is
a metric generating the topology of the space X, then on the set Y one can in-
troduce the symmetric d(y,,vs) = p(f *y1, f'y,) and consider the topological
space Y, ; with the topology generated (in the sense of item 2 of Definition 1)
by the symmetric d. In (1), p. 144, A. V. Arkhangel’ skii posed the problem of
studying all topologies Y, ; that can be obtained by varying p (of course, with-
out changing the topology of the space X). Theorem 4 of the present article
shows that it may be of interest to vary p not only in the class of all metrics,
but also in the class of all generalized metrics generating the given topology
on X. Theorem 5 indicates a sufficiently broad class of mappings for which
the symmetrizability of the preimage implies the metrizability of the image;
the first three theorems give a characterization of symmetrizable and generally
metrizable spaces in the spirit of (3).

Theorem 1. A T)-space Y is generally metrizable if and only if there exist: a)
a metric space X; b) its subspace X’; and c¢) a continuous mapping f: X — Y
such that 1) fX' =Y;2)ifU CY,U = f(G) = f(GNX'), where G is open in
X, then U is open in Y.

Remark. The mapping f is then a quotient mapping.

Proof of Theorem 1. Necessity. Let Y be generally metrizable by the
generalized metric p. For each natural number n, denote by A, the discrete
space equipotent to Y. Let X be the subspace of the space

[
n=1
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consisting of all points x = {y,,}2°,, for each of which there is a point y, € ¥
such that: 1) y, € ﬂf;l O} JnYns 2) to each natural number n one can assign
an m such that, if £ > m, then Of/nym > Of/kyk. Let X’ be the subspace of X
consisting of all points all of whose coordinates are equal to one another.

For each x € X, put fr = y,. Since Y is assumed to be a T}-space, f is a
single-valued mapping. We show that f is continuous. Suppose that in X we
have

2= lim z,, where s = {315y, 7 = {u ks
n—oo

(k=1,2,..), fx =y, fx;, = y,. Let € > 0. By assumption there exists m such

that, if n > m, then OZy > Of, y". Moreover, since lim,_,,, z,, = z, there

exists [ such that, if n > [, then y,,,, = y™. Then, for n > max(m,1),
Yn € O (Unm) = O, .y™ C O2y.

Let U CY,U = f(G) = f(GN X’), where G is open in X. Suppose that U is
not open in Y, and let y, € U be a point such that for every natural n

O % N(YNU) # A
If y, € 07,50 N (Y \ U), then the point

xk){yO’yO7 Yoo Yk Yks -+ 5 Yies }

k—1 times

does not belong to the set f~'U, and hence, a fortiori, to the set G, since
fzi, =y, € Y\U,; on the other hand, if x5 = {yg, Yg, -+ s - » Yo, ---}, then z, € G,
and, since p(zg, z;,) < 1/2%, for some k one must have z;, € G. The contradiction
obtained shows that U is open.

We proceed to prove the sufficiency of the condition of Theorem 1. For each
point y € Y choose one point z, € flyNn X’ and set Qny = fO’f/nxy. It is clear
that, if U C Y and U is open, then for any point y € U there is an n = n(y, U)
for which @,,, C U. Conversely, suppose that for any point y € U there exists
n = n(y,U) for which @Q,,, C U. Then

FlUSG = U Oi)/n(y,u)xy’ f(GNX)=U.
yeU

Consequently, by the condition of the theorem, U is open. Thus it is proved
that Y satisfies the weak first axiom of countability (see (!), Definitions 2, 3),
and the latter, as is easy to verify, is equivalent to the o-metrizability of the
space Y (see, for example, (*), Theorem 1).

Theorem 2. A Tj-space Y is symmetrizable if and only if there exist: a) a
metric space X; b) its subspace X’ and c) a continuous mapping f : X — Y
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such that: 1) f X' =Y;2)if U CY and U = f(G) = f(GN X’), where G is
open in X, then U is open in Y; and 3) if U is open in Y and y € U, then for
some € > 0

X' NnO¢ftyc fu.

Proof. Having Theorem 1, to prove the necessity of Theorem 2 it suffices to
make sure that, if the o-metric p is a symmetric, then for any set U open in Y and
for any point y, € U there is an ¢ = £(y,, U) > 0 such that O2 flyn X’ C f1U,
where X, X', and f are taken from the proof of the necessity of Theorem 1.
Since U is assumed open, there exists ¢ > 0 such that Ofy, C U. Then, if
1/(k+1) <e < 1/k and n = 1/281 it follows from x € Off~ly N X’ that
z ={y,y,...} and that there exist {y,,;}°, for which

f{yaya-~-7ya y 7yk:+27yk+3"“} =Yo-
k+1 times

Consequently, y, € Of/(k+1)y, ie.ye Oy, CU.

To prove the sufficiency, we turn to the proof of sufficiency of the condition of
Theorem 1. We show that the sets @,,,, constructed for any point y € Y satisfy
the condition: from

oo
ye () Quyn
n=1

it follows that y = limy,,. Indeed, if U is open and y € U, then there exists k£
such that for any n > k

Of/nf_ly NX' c f'u.
Then, since the condition y € Q),,,n is equivalent to the condition

flynof,z, #A,

we obtain

T, € O’l’/nf_lyﬁX/ c fiu,

ie. y, € U. After this, the proof of Theorem 2 can be completed by reference
to Theorem 3 of (%).

Definition 2 (see (1), p. 140, or 3, def. 1). A mapping f : X — Y of a space X,
o-metrized by an o-metric p, onto a topological space Y is called a P-mapping
if, for every open in

* For any two points = {z,,}°2, € X and z = {2,,}°°, € X, p(z,2) = 1/2%,
where
k=min{n:z, # z,}.

of the set U and for any point y € U there is an € > 0 such that O f~1y Cc f~1U.
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Theorem 3. A T)-space Y is symmetrizable by a symmetric satisfying condi-
tion (AH)* if and only if there exist: a) a metric space X; b) its subspace X’
and ¢) a continuous mapping f : X — Y such that: 1) fX' =Y;2)ifU CY,
U=f(G)=f(GNX’), where G is open in X, then U is open in Y, and 3) f is
a I[I-mapping (with respect to some metric generating the topology of the space
X).

Proof. Necessity. Let the space Y be symmetrizable by a symmetric p
satisfying condition (AH). To any point y € Y and to each natural number n we
assign the set Q,,, = O’f/ny, such that diam(OT/(mil)y) > 1/n, and diam Q,,,, <
1/n. For each natural n, let A,, denote the discrete space of the same cardinality
as Y, and let X be the subspace of the space

HA’I’L7

consisting of all points = {yy, Y, .., Yy, ...} for which there exist points y, € Y’
such that y, € ﬂ(lx’ Qnyn. Finally, let X’ be the subspace of X consisting of
all points with constant coordinates. For each point x € X put fx = y,. By
arguments analogous to those used in the proof of Theorem 1, it is easy to show
that the mapping f satisfies the first two conditions of Theorem 3.

Let us show that f also satisfies the third condition. Let U be open in Y and

Yo € U. Then there exists a natural number n such that O} Yo C U If

x € O’f/Zf’lyO, then there exist {y*}°, ., such that, if z = {y; }?°,, then

n+1 n+2’m)

T Y2 Yy Y = Yo-

Consequently, y, € Q.,n, fr € Q.n, ie. p(yy, fr) < 1/n, whence fz €
(04 /n¥o C U. Thus the necessity of the condition of Theorem 3 is proved.

Sufficiency. For any point y € Y choose a point z, € 'y N X’ and put
Qny = fO’l’/nxy. Put also w,, = {Q,,},ey and @y = St,, y. On the set ¥’
consider the following two o-metrics:

2, if yo & Q1915

P(yr,y2) = 1/27, ify, € Qryl/ Q1915
0, if y; = yo;
2, if yo & Q1v1,

P (y1,y2) = 1727, ify, € Qnyl/ Q115
0, if y; = ys.

It is clear that the space Y is o-metrizable by the o-metric p and that the o-

metric p’ is a symmetric. We show that Y is symmetrizable by the symmetric
/

p’. Indeed, let U be open in Y and let y, € U. For some n, O’f/nf’ly -
fU. Let y € Of/4ny0. Consequently, y € Q,,, 2, where z is such that y, €

Qy,2. The latter inclusion gives O Jan®z N flyy # A, whence we conclude
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that Of/%acz c Of/nf’lyo. Consequently, f~1y N Of/nf’lyo #+ A, which gives
y € U. If, conversely, U contains each of its points together with some spherical
neighborhood with respect to p’, then U is open, since then U contains each of
its points together with some spherical neighborhood with respect to p. Thus,

the space Y is symmetrizable by the symmetric p’. Let now a sequence of points

* See (1), p. 147. A symmetric p satisfies condition (AH) if, whatever the point z € X and & > 0, there exist

{y, 152, converges to the point y, and let € > 0. For sufficiently large n we have
p(y,y,) < 1/2F < ¢, ie., vy, € Q,1y, and, consequently, for such (sufficiently
large) m and n, p’'(y,,,¥,) < €. All this means that the semimetric p’ satisfies
condition (AH).

Theorem 4. A T;-space Y is o-metrizable if and only if there exist: a) a metric
space X; b) an o-metric p on X consistent with the topology of X; and c) a
quotient mapping f : X — Y which is a II-mapping with respect to p. Moreover,
if Y is o-metrizable, then for any of its o-metrics p there exist corresponding
X=X,, =1/, p=D0,such that

P, y2) = B(fyns 1)
for any two points y;,y, € Y.

Proof. Necessity. Let Y be o-metrizable with o-metric p, and let X, its metric
p, and the mapping f be the same as in the proof of Theorem 1. Consider on
X the o-metric p defined as follows:

Py, ) = p(xy,29) — p(f fay, [ fag) + p(fy, fy).
We first show that p generates on X the same topology as p. Let

lim p(zy,x,,) =0.

n—o0
Then
hHm p(filfx()a filfxn) = 07
since
p(f fag, £ fa,) < plag, ),
and

lim p(fxy, fz,) =0,
n—oo
since f is continuous. Hence

Jim P(zo, 7) = 0.

Conversely, let

lim p(zg, z,,) = 0.
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Then
lim p(fxO? fxn) = 07
n—00

and hence, by the definition of the mapping f,
lim p(f~tfxy, flfx,) =0.

Therefore,
lim p(z,,z,,) =0.
n—oo

The fact that p(y,vys) = p(f 1y, f1ys) and that f is a [I-mapping with respect
to p follows directly from the definition of p.

Sufficiency. Let X be o-metrizable with o-metric P, and let the mapping
f + X = Y be quotient and, with respect to p, a II-mapping. On the set Y
introduce the o-metric

p(Y1,y2) = U yrs [ lys)

and show that it generates the topology of the space Y. Indeed, if U is open in
Y and y, € U, then from

e=p(fyo, X\ fTIU) >0

it follows that OZy, C U. Conversely, suppose that the set U contains all its
points together with their spherical neighborhoods with respect to p, and let
zy € fIU.If

ngxo c Uv

then y
Ofx, C 71U,

and, consequently, f~'U is open in X. Since by assumption f is quotient, U is
open in Y. The theorem is proved.

13

We note that if, in the proof of Theorem 4, the words “o-metrizable” and “o-
metric p” are replaced by: a) “symmetrizable” and “symmetric p,” or by b)
“symmetrizable with a symmetric satisfying the weak Cauchy condition” and
“a symmetric p satisfying the weak Cauchy condition,” then true assertions are
obtained, which can be proved in the same way.

Definition 3. A mapping f : X — Y from an o-metrizable space X with
o-metric p onto a topological space Y is called K-uniform (with respect to p) if
for every bicompact set & C Y and every neighborhood U of it the condition

p(f71, XN\ f7HU)) >0

is satisfied.

Theorem 5. A T),-space is metrizable if and only if it is a quotient K-uniform
(with respect to some symmetric) image of a symmetrizable space.
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The proof of Theorem 5 repeats exactly the arguments of A. V. Arhangel’ skii
given in the proof of Theorem 3.3 of (1).

Received
24 TV 1968
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* See (?). A symmetric of a space X satisfies the weak Cauchy condition if, from
the fact that A is not closed in X, it follows that for every € > 0 there are two
points z and y in A such that p(z,y) < ¢ and = # y.

Note: Figure translations are in progress. See original paper for figures.
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