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Abstract
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UDC 513.83

V. ZAITSEV

ON BICOMPACT SEMIREGULAR AND
HAUSDORFF EXTENSIONS
(Presented by Academician P. S. Aleksandrov, 4 I 1968)

The purpose of this paper is to obtain all semiregular (= 𝑇𝑏)-bicompact ex-
tensions of 𝑇𝜆-spaces * (Theorem 1) and all Hausdorff bicompact extensions of
Tikhonov (= completely regular) spaces (Theorem 2) in the form of limits of cer-
tain projection spectra, namely spectra that are so-called refinements (maximal
finite ones) of the spectrum 𝑆𝑋 of the given space 𝑋.

Definition 1. A projection spectrum 𝑆∗ = {𝐾∗
𝛼, 𝔉𝛼′

𝛼 } is called a refinement
of the spectrum 𝑆 = {𝐾𝛼, 𝔉𝛼′

𝛼 } if both spectra are directed by one and the
same set of indices {𝛼}, and for each 𝛼 a one-to-one mapping 𝑓𝛼 is given from
the set 𝐾̇𝛼 of all vertices of the complex 𝐾𝛼 onto the set 𝐾̇∗

𝛼 of all vertices of
the complex 𝐾∗

𝛼, inducing a simplicial mapping 𝑓𝛼 of the complex 𝐾𝛼 into the
complex 𝐾∗

𝛼, commuting with the projections in the sense that, for 𝛼′ ≥ 𝛼, we
have

𝑓𝛼𝔉𝛼′
𝛼 = 𝔉∗𝛼′

𝛼 𝑓𝛼′ ;
if, moreover, for all 𝛼 one has 𝑓𝛼𝐾𝛼 = 𝐾∗

𝛼, then the spectra 𝑆 and 𝑆∗ are
isomorphic to one another.

Remark 1. Let the spectrum 𝑆∗ = {𝐾∗
𝛼, 𝔉∗𝛼′

𝛼 } be a refinement of the spectrum
𝑆 = {𝐾𝛼, 𝔉𝛼′

𝛼 }. Identify each vertex 𝑒𝛼 of the complex 𝐾𝛼 with the correspond-
ing vertex 𝑓𝛼𝑒𝛼 of the complex 𝐾∗

𝛼; then the complexes 𝐾𝛼 and 𝐾∗
𝛼 have one

and the same set of vertices, hence 𝐾𝛼 ⊆ 𝐾∗
𝛼 and 𝔉∗𝛼′

𝛼 = 𝔉𝛼′
𝛼 .

Let the spectrum 𝑆(1) = {𝐾(1)
𝛼 , 𝔉𝛼′

𝛼 } be a refinement of the spectrum 𝑆(2) =
{𝐾(2)

𝛼 , 𝔉𝛼′
𝛼 }. Then every maximal thread of the spectrum 𝑆(2) is a thread of

the spectrum 𝑆(1); if it is also maximal in the spectrum 𝑆(1), then we call it
invariant under the refinement 𝑆(1) of the spectrum 𝑆(2).

Let 𝑆𝑋 = {𝑁𝛼, 𝔉𝛼′
𝛼 } be the spectrum of the 𝑇𝜆-space 𝑋. If 𝑥 ∈ 𝑋, then by

𝑡𝛼(𝑥) we denote the simplex of the nerve 𝑁𝛼 whose support corresponds to the
set of all elements of the covering 𝛼 containing the point 𝑥. It is shown that
{𝑡𝛼(𝑥)} is a maximal thread 𝜉(𝑥) = {𝑡𝛼(𝑥)} of the spectrum 𝑆𝑋.

Definition 2. A refinement 𝑆 = {𝑁 ′
𝛼, 𝔉𝛼′

𝛼 } of the spectrum 𝑆𝑋 = {𝑁𝛼, 𝔉𝛼′
𝛼 } of

a given 𝑇𝜆-space 𝑋 is called correct if, under this refinement, every thread of
the form 𝜉 = {𝑡𝛼(𝑥)} of the spectrum 𝑆𝑋 is invariant.
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Let 𝑆(1) = {𝐾(1)
𝛼 , 𝔉𝛼′

𝛼 } and 𝑆(2) = {𝐾(2)
𝛼 , 𝔉𝛼′

𝛼 } be two refinements of the spec-
trum 𝑆 = {𝐾𝛼, 𝔉𝛼′

𝛼 }. We shall say that 𝑆(1) is a natural refinement of the
spectrum 𝑆(2) if, for all 𝛼, we have 𝐾(2)

𝛼 ⊆ 𝐾(1)
𝛼 .

Remark 2. The set of all correct refinements of the spectrum 𝑆𝑋 is partially
ordered: 𝑆(2) follows 𝑆(1) if 𝑆(1) is a natural refinement of the spectrum 𝑆(2).
The set of all bicompact semiregular extensions of a given 𝑇𝜆-space 𝑋 is partially
ordered in the usual way: set 𝑏2𝑋 ≥ 𝑏1𝑋 if there exists a continuous mapping
of the space 𝑏2𝑋 onto 𝑏1𝑋 with fixed 𝑥 ∈ 𝑋.

* For terminology and notation see (2). We consider only finite (= consisting of
finite complexes) spectra. Every finite spectrum is bounded (= every one of its
threads is contained in a maximal thread) (3), and, consequently, complete (1).

2. Let 𝑆 = {𝐾𝛼, 𝔊𝛼′
𝛼 } be an arbitrary spectrum and let the simplex 𝑡𝛼𝜎

∈
𝐾𝛼𝜎

. Recall that by 𝑂𝑡𝛼𝜎
, respectively Φ𝑡𝛼𝜎

, we denote the set of all
maximal threads 𝜉′ = {𝑡′

𝛼} satisfying the condition 𝑡′
𝛼 ≤ 𝑡𝛼𝜎

, respectively
𝑡′
𝛼 ≥ 𝑡𝛼𝜎

. By the definition of the topology in the inverse-limit space ̃𝑆
of the spectrum 𝑆, the sets 𝑂𝑡𝛼 form an open base of the space ̃𝑆. We
shall call the spectrum 𝑆 symmetric if the sets Φ𝑡𝛼 form a closed base
of the space; here it is enough to restrict oneself to the zero-dimensional
simplexes 𝑡𝛼 = 𝑒𝛼.

Remark 3. If the spectrum 𝑆𝑋 for a given space 𝑋 exists, then it is symmetric
(([^2], Theorem 1).

Definition 3. A spectrum 𝑆 is called a 𝜆-strengthening of the spectrum 𝑆𝑋
of a given 𝑇𝜆-space 𝑋 if it is symmetric and is a correct strengthening of the
spectrum 𝑆𝑋.

Theorem 1. Let 𝑋 be an arbitrary 𝑇𝜆-space. For every bicompact semiregular
extension 𝑋̄ = 𝑏𝑋 of the space 𝑋, the spectrum 𝑆𝑋̄ is a 𝜆-strengthening of the
spectrum 𝑆𝑋. Conversely, the limit of every 𝜆-strengthening 𝑆 of the spectrum
𝑆𝑋 is a bicompact semiregular extension of the space 𝑋.

The correspondence 𝑏𝑋 → 𝑆𝑏𝑋 between all bicompact semiregular extensions
𝑏𝑋 of the space 𝑋 and all 𝜆-strengthenings of the spectrum 𝑆𝑋 of this space,
obtained by virtue of what has just been said, is one-to-one and preserves the
order in the sense that from 𝑏2𝑋 ≥ 𝑏1𝑋 it follows that 𝑆𝑏2𝑋 ≥ 𝑆𝑏1𝑋.

We prove the first assertion of Theorem 1; we take the following proposition as
known:

(A) Let 𝑋̄ be an arbitrary extension of the space 𝑋. Then, denoting by 𝐴 any
canonical closed (we write briefly 𝜘𝑎) set of the space 𝑋, and by ̄𝐴 its closure
in 𝑋̄, we have 𝑋 ∩ ̄𝐴 = 𝐴, and the correspondence 𝐴 → ̄𝐴 is a one-to-one
correspondence between all 𝜘𝑎-sets in 𝑋 and all 𝜘𝑎-sets in 𝑋̄, and hence also a
one-to-one correspondence between all decompositions 𝛼 = {𝐴1

𝛼, … , 𝐴𝑠𝛼𝛼 } of the
space 𝑋 and all decompositions ̄𝛼 = { ̄𝐴1

𝛼, … , ̄𝐴𝑠𝛼𝛼 } of the space 𝑋̄, which is an
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order isomorphism (the relations 𝛼′ > 𝛼 and ̄𝛼′ > ̄𝛼 are equivalent). Hence it
follows at once that

Lemma 1. If the spectrum 𝑆𝑋 exists, then the spectrum 𝑆𝑋̄ also exists, and it
is a strengthening of the spectrum 𝑆𝑋.

Lemma 2. If 𝑋̄ is a 𝑇𝜆-extension of the space 𝑋, then 𝑆𝑋̄ is a correct strength-
ening of the spectrum 𝑆𝑋.

This lemma follows easily from the following assertion:

(B) Suppose that, among the elements of a decomposition 𝛼 = {𝐴1
𝛼, … , 𝐴𝑠𝛼𝛼 } of

the space 𝑋, a given point 𝑥 ∈ 𝑋 is contained in the elements 𝐴𝑖0𝛼 , … , 𝐴𝑖𝑟𝛼 , and
only in them. Then, among the elements ̄𝐴𝑖 of the corresponding decomposition

̄𝛼, only ̄𝐴𝑖0𝛼 , … , ̄𝐴𝑖𝑟𝛼 contain the point 𝑥.

Indeed, from 𝑥 ∈ ̄𝐴𝑖
𝛼 it follows that 𝑥 ∈ 𝑋 ∩ ̄𝐴𝑖

𝛼 = 𝐴𝑖
𝛼.

Let 𝑋̄ be a bicompact 𝑇𝜉 (hence 𝑇𝜆)-extension of the space 𝑋. Relying on
Lemma 2 and Remark 3, we conclude that the spectrum 𝑆𝑋̄ is a 𝜆-strengthening
of the spectrum 𝑆𝑋.

The correspondence 𝑏𝑋 → 𝑆𝑏𝑋 is one-to-one. Indeed, let the spectra 𝑆𝑏1𝑋 and
𝑆𝑏2𝑋 be naturally isomorphic. Since ̃𝑆𝑏1𝑋 = 𝑏1𝑋, ̃𝑆𝑏2𝑋 = 𝑏2𝑋 (see [^2]), it
follows that 𝑏1𝑋 = 𝑏2𝑋.

We pass to the second part of Theorem 1.

Lemma 3. Let 𝑋 be an arbitrary 𝑇𝜆-space and let 𝑆 = {𝑁𝛼, 𝔊𝛼′
𝛼 } be a correct

strengthening of the spectrum 𝑆𝑋. Then the limit space ̃𝑆 is a bicompact (𝑇1)-
extension of the space 𝑋, semiregular if 𝑆 is a 𝜆-strengthening.

By Theorems 1 and 4 of [2], the space ̂𝑆𝑋 is a bicompact 𝑇𝜁-extension of the
space 𝑋. Denoting by ̂𝑆 the full limiting space of the (arbitrary) spectrum 𝑆
(consisting of all, and not only maximal, threads of the spectrum 𝑆, with the
same topology as in ̂𝑆), we have the natural mapping 𝑓 ∶ ̂𝑆𝑋 → ̂𝑆. From the
correctness of the refinement 𝑆 it follows easily that under the mapping 𝑓 the
set 𝑋 ⊆ ̃𝑆𝑋 ⊆ ̂𝑆𝑋 is mapped topologically onto the set 𝑓𝑋 ⊆ ̃𝑆 ⊆ ̂𝑆. It remains
to show that 𝑓𝑋 is dense in ̃𝑆.
Let 𝑂𝑠𝑡𝛼 be an arbitrary element of the open base of the space ̃𝑆. Take some
vertex 𝑒𝛼 of the simplex 𝑡𝛼 ∈ 𝑁 ′

𝛼. Since 𝑋 is dense in ̃𝑆𝑋, there exists a point
𝑥 ≡ 𝜉(𝑥) ∈ 𝑂𝑒𝛼 ⊆ ̃𝑆𝑋. Then 𝑡𝛼(𝑥) = 𝑒𝛼 ≤ 𝑡𝛼, so that (in view of the correctness
of the refinement 𝑆) we have ̃𝑆 ∋ 𝑥 ≡ 𝜉(𝑥) ∈ 𝑂 ̂𝑆𝑡𝛼, and 𝑓𝑋 is dense in ̃𝑆. Let 𝑆
be a 𝜆-refinement of the spectrum 𝑆𝑋. We shall prove that then the extension

̃𝑆 is semiregular. For this it is enough to prove that all Φ𝑆𝑒𝛼 are 𝛼-sets. This
in turn follows from the equality

Φ𝑆𝑒𝑖
𝛼 = [𝐴𝑖

𝛼] ̃𝑆, (1)
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valid for every correct refinement 𝑆 of the spectrum 𝑆𝑋 (by 𝑒𝑖
𝛼 one always

denotes the vertex of the nerve 𝑁𝛼 corresponding to the element 𝐴𝑖
𝛼 of the cover

𝛼). Fix 𝛼 = 𝛼0. The inclusion [𝐴𝑖
𝛼0

] ̃𝑆 ⊆ Φ𝑆𝑒𝛼𝑖 is checked directly. We prove
the reverse inclusion. Let 𝜉 = {𝑡𝛼} ∈ Φ𝑆𝑒𝑖

𝛼0
⊆ ̃𝑆. It is required, for arbitrary

𝛼 = 𝛼1, to find a point 𝑥 ≡ 𝜉(𝑥) ≡ {𝑡𝛼(𝑥)} ∈ 𝐴𝑖
𝛼0

satisfying the condition
𝑡𝛼1

(𝑥) ≤ 𝑡𝛼1
∈ 𝜉. For this we take 𝛼′, 𝛼′ ≥ 𝛼0, 𝛼1. Then 𝔇𝛼′

𝛼 ⋅ 𝑡𝛼′ = 𝑡𝛼0
,

𝔇𝛼′
𝛼1

𝑡𝛼′ = 𝑡𝛼1
.

Let 𝑒𝑘
𝛼′ ≤ 𝑡𝛼′ be such a vertex that 𝔇𝛼′

𝛼 𝑒𝑘
𝛼′ = 𝑒𝑖

𝛼0
≤ 𝑡𝛼0

; then 𝔇𝛼′
𝛼1

𝑒𝑘
𝛼′ = 𝑒𝑗

𝛼1 ≤
𝑡𝛼1

, and, consequently,

𝐴𝑘
𝛼′ ⊆ 𝐴𝑖

𝛼0
, 𝐴𝑘

𝛼′ ⊆ 𝐴𝑗
𝛼1 , 𝐴𝑖

𝛼0
∩ 𝐼𝐴𝑗

𝛼1 ≠ Λ.

Take 𝑥 ∈ 𝐴𝑖
𝛼0

∩𝐼𝐴𝑗
𝛼1 , 𝜉(𝑥) = {𝑡𝛼(𝑥)}. Then 𝜉(𝑥) ≡ 𝑥 ∈ 𝐴𝑖

𝛼0
and 𝑡𝛼1

(𝑥) = 𝑒𝑗
𝛼1 ≤

𝑡𝛼1
, and the point 𝑥 ≡ 𝜉(𝑥) we need has been found.

We shall show that the one-to-one mapping 𝑏𝑋 → 𝑆𝑏𝑋 is a mapping “onto.”
For this we prove the formula

𝑆 ̃𝑆 = 𝑆, (2)

valid for every 𝜆-refinement 𝑆 = {𝑁 ′
𝛼, 𝔇𝛼′

𝛼 } of the spectrum 𝑆𝑋 = {𝑁𝛼, 𝔇𝛼′
𝛼 } of

the given 𝑇𝜆-space 𝑋. Since, by Lemma 3, ̃𝑆 is a bicompact 𝑇𝜁-extension of the
space 𝑋, the spectrum 𝑆 ̃𝑆 = {𝑁″

𝛼 , 𝔇𝛼′
𝛼 } is a 𝜆-refinement of the spectrum 𝑆𝑋.

It remains to prove that the spectrum 𝑆 ̃𝑆 = {𝑁″
𝛼 , 𝔇𝛼′

𝛼 } is naturally isomorphic
to 𝑆, which follows from the assertion

(B) The vertices 𝑒𝑖0𝛼 , … , 𝑒𝑖𝑟𝛼 of the nerve 𝑁𝛼 then and only then are the vertices
of some simplex 𝑡𝛼 in the complex 𝑁 ′

𝛼, when [𝐴𝑖0𝛼 ] ̃𝑆 ∩ ⋯ ∩ [𝐴𝑖𝑟𝛼 ] ̃𝑆 ≠ Λ.

Indeed, let |𝑒𝑖0𝛼 , … , 𝑒𝑖𝑟𝛼 | = 𝑡𝛼 ∈ 𝑁 ′
𝛼. Since the spectrum 𝑆 is complete [4],

Λ ≠ Φ𝑆𝑡𝛼 = Φ𝑆𝑒𝑖0𝛼 ∩ ⋯ ∩ Φ𝑆𝑒𝑖𝑟𝛼 and [𝐴𝑖0𝛼 ] ̃𝑆 ∩ ⋯ ∩ [𝐴𝑖𝑟𝛼 ] ̃𝑆 ≠ Λ by virtue of
formula (1).

Conversely, let Λ ≠ [𝐴𝑖0𝛼 ] ̃𝑆 ∩⋯∩[𝐴𝑖𝑟𝛼 ] ̃𝑆 = Φ𝑆𝑒𝑖0𝛼 ∩⋯∩Φ𝑆𝑒𝑖𝑟𝛼 ∋ 𝜉 = {𝑡𝛼}. Then the
vertices 𝑒𝑖0𝛼 , … , 𝑒𝑖𝑟𝛼 are vertices of the simplex 𝑡𝛼, and the simplex |𝑒𝑖0𝛼 … 𝑒𝑖𝑟𝛼 | ∈ 𝑁 ′

𝛼
exists.

We prove that from 𝑏2𝑋 ≥ 𝑏1𝑋 it follows that 𝑆𝑏2𝑋 ≥ 𝑆𝑏1𝑋. But if 𝑏2𝑋 ≥ 𝑏1𝑋,
then from [𝐴𝑖0𝛼 ]𝑏2𝑋 ∩⋯∩[𝐴𝑖𝑟𝛼 ]𝑏2𝑋 ≠ Λ it follows that [𝐴𝑖0𝛼 ]𝑏1𝑋 ∩⋯∩[𝐴𝑖𝑟𝛼 ]𝑏1𝑋 ≠ Λ,
and hence 𝑆𝑏1𝑋 is a natural refinement of the spectrum 𝑆𝑏2𝑋.

Definition 4*. A thread 𝜉 = {𝑡𝛼} of a spectrum 𝑆 = {𝐾𝛼, 𝔇𝛼′
𝛼 } is called

regular if for every 𝛼 there exist 𝛼′, 𝛼′ ≥ 𝛼, such that
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* In [4], V. I. Ponomarev gave another definition of regularity, equivalent to ours
for all complete spectra.

that every simplex 𝑡′
𝛼′ ∈ 𝐾𝛼′ having a common face with the simplex 𝑡𝛼 ∈ 𝜉 is

projected into a face of the simplex 𝑡𝛼 ∈ 𝜉: 𝛿𝛼′
𝛼 𝑡𝛼′ ≤ 𝑡𝛼.

A spectrum all of whose maximal threads are regular is called regular; its limit
space is regular (Ponomarev).

A regular spectrum 𝑆 = {𝑁𝛼, 𝛿𝛼′
𝛼 } which is a correct strengthening of the spec-

trum 𝑆𝑋 of a (Tychonoff) space 𝑋 will be called an 𝐻-strengthening of the
spectrum 𝑆𝑋. Its limit space ̃𝑆 is a bicompact 𝑇2-extension of the space 𝑋.
Conversely, the spectrum of every bicompact 𝑇2-extension 𝑏𝑋 is regular (4);
hence, being, by the preceding results, a correct strengthening of the spectrum
𝑆𝑋, it is an 𝐻-strengthening. Just as in the case of bicompact 𝑇𝜉-extensions, one
proves the mutual one-to-one character of the mapping 𝑏𝑋 → 𝑆𝑏𝑋 from the set
of all bicompact 𝑇2-extensions of the space 𝑋 to the set of all 𝐻-strengthenings
of the spectrum 𝑆𝑋.

This mapping is a “mapping onto,”which follows from equality (2), proved for
𝐻-strengthenings in the same way as for 𝜆-strengthenings (formula (2) is valid
even for any correct strengthening).

Let us prove that the mapping under consideration is an order isomorphism.
We shall call a thread of a spectrum proper if there exists a unique maximal
thread containing it. A spectrum is proper if all its threads are proper.

Lemma 4. Every 𝐻-strengthening 𝑆 = {𝑁 ′
𝛼, 𝛿𝛼′

𝛼 } of the spectrum 𝑆𝑋 of a
Tychonoff space 𝑋 is proper.

Indeed, ̃𝑆 is a 𝑇2-space; hence, for any two distinct points 𝜉1 = {𝑡1
𝛼} ∈ ̃𝑆 and

𝜉2 = {𝑡2
𝛼} ∈ ̃𝑆 there is an 𝛼 = 𝛼0 such that 𝑂𝛼0

𝜉1 ∩ 𝑂𝛼0
𝜉2 = Λ. Lemma 4

follows from the fact that 𝑡1
𝛼0

∈ 𝜉1 and 𝑡2
𝛼0

∈ 𝜉2 do not have a single common
vertex 𝑒𝑖

𝛼0
(if 𝑒𝑖

𝛼0
were such a vertex, then 𝑂𝑆𝑒𝑖𝛼0

⊆ 𝑂𝛼0
𝜉1 ∩ 𝑂𝛼0

𝜉2). But 𝑆
is a correct strengthening of the spectrum 𝑆𝑋, and therefore 𝑂𝑆𝑒𝑖𝛼0

≠ Λ. A
contradiction.

Lemma 5. Let a proper spectrum 𝑆𝑖 = {𝐶𝛼, 𝛿𝛼′
𝛼 } be a strengthening of a

(bounded) spectrum 𝑆 = {𝐾𝛼, 𝛿𝛼′
𝛼 }. Then, assigning to each maximal thread

𝜉 = {𝑡𝛼} ∈ ̃𝑆 the unique maximal thread containing it, 𝑓𝜉 = {𝑡(𝑐)
𝛼 }, we obtain a

natural mapping 𝑓 ∶ ̃𝑆 → ̃𝑆𝑐 onto ̃𝑆𝑐. If the spectrum 𝑆𝑐 is regular, then 𝑓 is
continuous.

Let us prove that 𝑓 ∶ ̃𝑆 → ̃𝑆𝑐 is a mapping “onto.”Take arbitrarily 𝜂 =
{𝑡(𝑐)

𝛼 } ∈ ̃𝑆𝑐 and in the spectrum [𝜂] = {[𝑡(𝑐)
𝛼 ], 𝛿𝛼′

𝛼 }, where by [𝑡(𝑐)
𝛼 ] is denoted

the combinatorial closure of the simplex 𝑡(𝑐)
𝛼 , take some zero-dimensional thread

𝜂0 = {𝑒𝛼}. This thread is also a thread of the spectrum 𝑆, and it is contained
in it in the maximal thread 𝜉 = {𝑡𝛼}. Then 𝑓𝜉 = 𝜂 (otherwise the thread 𝜂0 of
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the proper spectrum 𝑆𝑐 would have two maximal threads containing it: 𝜂 and
𝑓𝜉). We leave the proof of the continuity of the mapping 𝑓 to the reader. Thus,
we have

Theorem 2. Let 𝑋 be an arbitrary Tychonoff space. To every bicompact
Hausdorff extension 𝑏𝑋 of the space 𝑋 there corresponds an 𝐻-strengthening 𝑆𝑏𝑋
of the spectrum 𝑆𝑋. Moreover, every 𝐻-strengthening 𝑆𝑏𝑋 of the spectrum 𝑆𝑋
is put in correspondence with a unique Hausdorff bicompact extension ̃𝑆 = 𝑏𝑋
of the space 𝑋.

The one-to-one correspondence 𝑏𝑋 → 𝑆𝑏𝑋 thus obtained between the two par-
tially ordered sets—the set of all Hausdorff bicompact extensions of the Tychonoff
space 𝑋 and the set of all 𝐻-strengthenings of its spectrum 𝑆𝑋—is an order iso-
morphism.
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express my sincere gratitude.
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