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1. One of the most interesting problems of geometry leading to boundary-
value problems for quasilinear elliptic equations is the problem of constructing
a surface from its mean curvature.

We give the formulation of this problem. Let E™! be (n + 1)-dimensional
Euclidean space with Cartesian coordinate system x,,z,, ..., z,;2. We denote
the plane z = 0 by E". Points of E""! will be denoted briefly by (z,z), and
points of E™ by x. Let Q2 be a bounded domain in E™, homeomorphic to an n-
dimensional closed ball, and let I' = 9. Suppose a function H(z) is prescribed
in Q, and a continuous function h(z) on I'. The problem of constructing a
hypersurface from its mean curvature is reduced to constructing in €2 a function
z(z) such that z|p = h(z) and the mean curvature of the surface ®,—the graph
of the function z(x,y)—coincides with the function H(x). Since for the mean
curvature H of the surface @, the formula

n n 3/2
H = Z Gix(Dz)zip /1 (1 +ZZZQ> ) (1)

ik=1
holds, where
G,=1+ Zz?, G = —z2 2, = 02/0x;, 2y = 0%2/0x,01,,
JFi

the geometric problem formulated above is reduced to the solution of the fol-
lowing boundary-value problem:
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n n 3/2
Zsz k_nH()< +Z%2> ) (2)

i,k=1

2|p = h(x). 3)

Denote by P the n-dimensional Euclidean space with Cartesian coordinates
D1sDay - s Dy A point (vector) of this space will be denoted by p. As usual, |p|
denotes the length of the vector p, i.e.

. 1/2
pl = (ZP?> :
=1

It is easily verified that for all p € P and all real numbers &;,&,, ..., £, the exact
inequalities

5?<ZG PI&E < (L+ )D& (4)
i=1

hold.

It follows from inequalities (4) that equation (2) is elliptic, but not uniformly el-
liptic. Furthermore, the right-hand side of equation (2), with respect to Z 1 22,

as Z?Zl 2?2 — 400, has a higher order of growth than the expres-

> Gu(D2)§&5, >0 Giz2,- These circumstances exclude equation (2) from the
classes of quasilinear elliptic equations for which, in (2,*), various boundary-
value problems have been thoroughly studied. Let us note that the above-
indicated properties of the functions G,;(p) lead to adjoining necessary and suf-
ficient conditions for solvability of the boundary-value problem (2)—(3), which
are expressed by inequalities between the geometric characteristics of the do-
main Q and the properties of the function H(x) (see §§ 3, 4, 5, 6 of the present
paper). These circumstances lead to the separation of a certain rather broad
class of quasilinear elliptic equations, including both the equations studied in
the above-cited works and equation (2). We shall denote this class of equations
by H.

2. On the class of quasilinear elliptic equations H. Let, in the cylinder
Q+ T x J x P with Cartesian coordinates =, Zq,...,2,; 2; Di,-..,Py, Where
J = (=00, 4+00), the functions a,,(x,z,p) (i,k = 1,...,n), b(z, z,p) satisfy the
following conditions: 1) for arbitrary &;,&,, ..., &, in Q4T x J x P the inequality

zn:a (x,2,p)§;&, > 0;

i,k=1
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2) forallz € Q+1T', z € J, p € P the inequalities

—¢_(2)/R_(z) < b(x, z,p) [det |ay,(z, 2, p) |/ < ¢, (2)/R (), (5)

hold, where R, (p) > 0 are locally summable to degree n in P, and ¢, (x) >
0 belong to L,,(€2).

In this paper we shall restrict ourselves to the case where the function
bldet |la;,|]] /™ satisfies inequalities (5). However, with minor changes the
results of the present paper carry over to the case where the function
b[det ||a;.|]~Y/™ increases with respect to z for fixed values of the remaining
variables.

Quasilinear equations of the form

n

Z aik(xaza DZ)sz = b(.]?,Z, DZ) (6)
i k=1

will be called equations of class H if the functions a,;, and b satisfy conditions
1), 2).

3. Necessary conditions for solvability of the first boundary-value
problem. Let z(x) € C?(2) be a solution of the boundary-value problem

aik(x7Z7Dz)Zik = b(l‘,Z,DZ), Z’F = h(l‘), (7)
ik=1
where in (7) the equation belongs to the class H, and h(zx) € C(T"). Denote by
u(z) and v(z) the convex functions stretched respectively from below and from
above over the function z(x). (By this term, according to (1), one means

u(x) = sup{w(x)},
W+
where W™ is the totality of convex functions satisfying in © the inequality
w(z) < z(z) and directed by convexity downward. The function v(x) is defined
analogously.) Let M, and M, be, respectively, the sets of interior points of §2
at which u(z) = z(x) and v(x) = z(z). Then the following is valid.

Theorem 1. For any solution z(x) € C?(Q) of the boundary-value problem
(7), the relations

n L o)) do n 1 S
[, mowsg [ ora [ epws [ e eps
®)

necessarily hold, where v, is the mapping of 2 into P given by the formulas

p, = 0z/0x4,...,p, = 0z/0x,,

4. Two-sided estimates of the solution of the boundary-value problem

(7).
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Let f(p) > 0 be a locally summable function in the space P. Put

so)= [ fwrdp, A= [ )
Ipl<p P

Since g(p) is a strictly increasing continuous function of p on [0,+00], g(p)

has an inverse function p = F(f,7), strictly increasing and continuous on the

interval [0, A(f)), and

lim F(f,7)= 4o0.
T—=A(f) (f )

Theorem 2. Let z(z) € C%(Q) be a solution of the boundary-value problem
(7). Then, if for the functions ¢_ (), ¢_(x), R (p), R_(p) the inequalities

1 n x n
%=4M@ﬂd<ﬂm% (9)

nn
hold, then for z(z) in @ + T the estimates

hy — F(R?, w,)d < z(x) < hy + F(R",w_)d, (10)
are valid, where

hy, = sup h(z), hy = illlfh(x), d
r

is the diameter of €.

For the problem with mean curvature (equation (2)) these conditions and esti-
mates take the form

w, = /Hﬁ(sc) dx < oy, (11)
Q

2/m 1/2
W’

o/n 1/2
w
hz—{+2/n1 d<z(z) <h + 2
o on —weln

2/n
n T Wy

where o,, is the volume of the n-dimensional ball of radius one. If Q is a ball,
H(z) = Hy = const > 0 in © and z|p = 0, then inequality (11) takes the form

rHy <1,

where r is the radius of the ball . It is easy to show that inequality (11) in
this special case is a necessary condition for solvability of the boundary-value
problem (7) in the class of functions C?(Q +T).

5. Estimates of the normal derivative on I' for a solution of problem
(7.
Let 2 be a domain in £™, bounded by a continuously differentiable closed surface
I. Let S be an (n — 1)-dimensional surface in E™*!, constructed from the
boundary condition

z|p = h(z) € CYT).
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Let X be any point of S, and @ a hyperplane in E™*! passing through the
tangent plane T to S at the point X and leaving S above itself. Let

where the exact lower bound is taken over all planes @) passing through 7" and
leaving S above themselves, will be called the lower bending of the surface S.
Similarly one introduces the upper bending M_(S). If S and T' = 99 belong to
C?, and at each point = € T all normal curvatures of this surface are bounded
below by one and the same number x, > 0, then the numbers M _(S) are
finite. Here and below we shall assume that the functions R_(p), occurring in
inequalities (5), depend on the length of the vector p and are continuous on P.
Then the functions

N (Ipl, RE(pl)) = inf RE(|p)),

where the exact lower bounds are taken respectively in balls of radii /M, and
v/ M_ with center at the point p, are also continuous functions of |p|.

* By H_(x) > 0 are denoted, respectively, the positive and negative parts of the function H(x).

Theorem 3. If z(z) € C*(Q +7T) is a solution of the boundary-value problem
(7) and the surfaces S and I' € C?#, and if the normal curvatures at each point
of I' are bounded below by one and the same number x,, then, provided the
inequalities

1

o= sl ()" < [ N (pl, RE(pl) dp (13

hold, the following estimates hold on I':

0z
> =

> —V/M(S) - F(N_v).  (14)

T

M, (S) + F(Ny,9,)

6. The problem of constructing a hypersurface with prescribed mean
curvature. For lack of space, in this article we shall confine ourselves only
to formulations of existence theorems for the solution of the first boundary-
value problem for equation (2), i.e. the case of constructing a hypersurface with
prescribed mean curvature.
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Theorem 4. Let the domain Q and the function h(x) prescribed on its bound-
ary belong to C™# (m >3, 0 < 3 < 1), and suppose, moreover, that the normal
curvatures at the boundary points of 2 are bounded below by a constant x, > 0.
Suppose further that H(x) € C™~2% and that the conditions

H:t < Xo 71,( Mi(‘g))v (15)

are satisfied, where

H, = max{sup H(x),0}, H = max{—ing(m), 0};
Q

+o00 l/n
T,(Q) = ln/ p" M1+ (p+ Q)Q]f(nm/2 dp] .
0

Then the boundary-value problem of constructing a surface with prescribed
mean curvature equal to H(z) in Q has in C%(Q) a unique solution which,
moreover, belongs to the space C™°(Q +T) (0 < 6 < ).

Condition (15) is a necessary solvability condition for the problem under consid-
eration if Q is a ball, H(z) = const, and z|5q = const (in this case M _(S) = 0).
If one imposes on the boundary of the domain €2 restrictions that are, in a cer-
tain sense, stronger, then one can obtain conditions under which the problem
under consideration is solvable for arbitrary regular boundary conditions.

Theorem 5. Let the domain 2 and the function h(z) prescribed on its bound-
ary belong to C™# (m >3, 0 < 8 < 1). Suppose further that H(x) € C™ 28
and that at all points of I' = 99 the inequality

L= " sup |H(x)

n—1=1o4r

holds, where L is the mean curvature of I" in the direction of the inward normal
to I'. Then the boundary-value problem of constructing a surface whose mean
curvature coincides with H(x) and whose boundary is 2|5 = h has in C? a
unique solution which, moreover, belongs to C™(Q +T") (0 < § < ).
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