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MATHEMATICS

Academician of the Academy of Sciences of the Armenian SSR M. M.
DZHRBASHYAN

EXTENSION OF THE QUASIANALYTIC
CLASSES OF DENJOY—CARLEMAN
The solution of J. Hadamard’s problem on the quasianalyticity of the class
𝐶{𝑀𝑛} of functions 𝜑(𝑥), infinitely differentiable on a certain interval 𝐼 = (𝑎, 𝑏),
subject to conditions of the form

∣𝜑(𝑛)(𝑥)∣ ≤ 𝐴 ⋅ 𝐵𝑛𝑀𝑛 (𝑛 = 1, 2, …), (1)

where 𝐴 = 𝐴(𝜑) > 0 and 𝐵 = 𝐵(𝜑) > 0 are constants, was given partially by
Denjoy (1) and in final form by Carleman (2).
In A. Ostrowski’s formulation (3), Carleman’s theorem states:

In order that the class 𝐶{𝑀𝑛} be quasianalytic, i.e., in order that for every
function 𝜑(𝑥) ∈ 𝐶{𝑀𝑛}, from the equalities 𝜑(𝑛)(𝑥0) = 0, 𝑥0 ∈ 𝐼 (𝑛 = 0, 1, 2, …)
there should follow the identity 𝜑(𝑥) ≡ 0, 𝑥 ∈ 𝐼 , it is necessary and sufficient
that the integral

∫
∞

1

log 𝑇 (𝑟)
𝑟2 𝑑𝑟 = +∞, 𝑇 (𝑟) = sup

𝑛≥1

𝑟𝑛

𝑀𝑛
. (2)

diverge.

In connection with this theorem it is natural to pose the following question:

If the integral (2) converges and, therefore, the class 𝐶{𝑀𝑛} is non-quasianalytic
on [0, +∞] or on [0, 𝑙], then what data, instead of the sequence of values 𝜑(𝑛)(0)
(𝑛 = 0, 1, 2, …), determine the functions of this class uniquely?

In the present note we introduce the concept of 𝛼-quasianalyticity, which in-
cludes, in particular, the concept of classical quasianalyticity, and give formula-
tions of certain basic theorems that provide a complete solution of the problem
posed.

1∘. Let the function 𝜑(𝑥) be defined and measurable on (0, +∞). Then on
(0, +∞) one may introduce for consideration the following operators:
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𝐷−𝛼
∞ 𝜑(𝑥) ≡ 1

Γ(𝛼) ∫
+∞

𝑥
(𝑡 − 𝑥)𝛼−1𝜑(𝑡) 𝑑𝑡 (0 < 𝛼 < +∞),

𝐷𝛼
∞𝜑(𝑥) ≡ 𝑑

𝑑𝑥𝐷−(1−𝛼)𝜑(𝑥) (0 < 𝛼 ≤ 1), (3)

known under the name of the integral and, respectively, derivative in Weyl’s
sense of order 𝛼. It is then natural to identify the integral or derivative of zero
order with the function itself, i.e., to set

𝐷−0
∞ 𝜑(𝑥) = 𝐷0

∞𝜑(𝑥) = 𝜑(𝑥). (3’)

Consider the set 𝐶(∞)
𝛼 (0 ≤ 𝛼 < 1) of functions 𝜑(𝑥), infinitely differentiable on

[0, +∞), subject to the conditions

sup
0≤𝑥<+∞

∣(1 + 𝑥𝛼𝑚)𝜑(𝑛)(𝑥)∣ < +∞ (𝑛, 𝑚 = 0, 1, 2, …). (4)

Further, under the assumption that 𝜑(𝑥) ∈ 𝐶∞
𝛼 (0 ≤ 𝛼 < 1), putting 1/𝜌 = 1−𝛼

(𝜌 ≥ 1), we consider the operators of sequential differenti-

of orders 𝑛/𝜌 (𝑛 = 0, 1, 2, …) in the Weyl sense

𝐷0/𝜌
∞ 𝜑(𝑥) ≡ 𝜑(𝑥), 𝐷1/𝜌

∞ 𝜑(𝑥) ≡ 𝑑
𝑑𝑥𝐷−𝛼

∞ 𝜑(𝑥),

𝐷𝑛/𝜌
∞ 𝜑(𝑥) ≡ 𝐷1/𝜌

∞ 𝐷(𝑛−1)/𝜌
∞ 𝜑(𝑥) (𝑛 = 2, 3, …). (5)

Finally, for an arbitrary sequence of positive numbers {𝑀𝑛}∞
1 we introduce the

following two classes of infinitely differentiable functions:

Class 𝐶∗
𝛼{[0, +∞); 𝑀𝑛}—the set of functions in 𝐶(∞)

𝛼 satisfying the conditions

sup
0≤𝑥<+∞

∣𝐷𝑛/𝜌
∞ 𝜑(𝑥)∣ ≤ 𝐴 ⋅ 𝐵𝑛𝑀

𝑛 (𝑛 = 1, 2, …). (6)

Class 𝐶𝛼{[0, +∞); 𝑀𝑛}—the set of functions 𝜑(𝑥) in 𝐶(∞)
𝛼 satisfying the condi-

tions

sup
0≤𝑥<+∞

∣(1 + 𝛼𝑥2)𝜑(𝑛)(𝑥)∣ ≤ 𝐴 ⋅ 𝐵𝑛𝑀
𝑛 (𝑛 = 1, 2, 3, …), (7)

where 𝐴 = 𝐴(𝜑) > 0 and 𝐵 = 𝐵(𝜑) > 0 are constants depending, generally
speaking, on the particular function of the given class.
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For both of these classes we pose a question analogous to Adamar’s problem
and reducing to that same problem when the value of the parameter 𝛼 = 0.

What must the sequence of numbers {𝑀𝑛}∞
1 be like in order that for every func-

tion 𝜑(𝑥) from the corresponding class 𝐶∗
𝛼{[0, +∞); 𝑀𝑛} or 𝐶𝛼{[0, +∞); 𝑀𝑛},

from the equalities

𝐷𝑛/𝜌
∞ 𝜑(0) = 1

Γ(𝑛𝛼) ∫
+∞

0
𝑥𝑛𝛼−1𝜑(𝑛)(𝑥) 𝑑𝑥 = 0 (𝑛 = 0, 1, 2, …) (8)

there would follow the identity 𝜑(𝑥) ≡ 0, 0 ≤ 𝑥 < +∞?

Classes of this kind 𝐶∗
𝛼{[0, +∞); 𝑀𝑛} or 𝐶𝛼{[0, +∞); 𝑀𝑛} will henceforth

be called 𝛼-quasianalytic. Let us add that the 0-quasianalytic classes
𝐶∗

0{[0, +∞); 𝑀𝑛} and 𝐶0{[0, +∞); 𝑀𝑛} are nothing other than the quasiana-
lytic class 𝐶{𝑀𝑛} on [0, +∞) in the usual classical sense.

The following basic theorems have been established, giving an answer to the
question of 𝛼-quasianalyticity for both of the classes introduced above, in terms
of the same function

𝑇 (𝑟) = sup
𝑛≥1

𝑟𝑛/𝑀𝑛. (9)

Theorem 1. In order that the class 𝐶∗
𝛼{[0, +∞); 𝑀𝑛} (0 ≤ 𝛼 < 1) be 𝛼-

quasianalytic, it is necessary and sufficient that the condition

∫
+∞

1

log 𝑇 (𝑟)
𝑟1+1/(1+𝛼) 𝑑𝑟 = +∞ (10)

be satisfied.

Theorem 2. In order that the class 𝐶𝛼{[0, +∞); 𝑀𝑛} (0 ≤ 𝛼 < 1) be 𝛼-
quasianalytic, it is necessary and sufficient that the condition

∫
+∞

1

log 𝑇 (𝑟)
𝑟1+(1−𝛼)/(1+𝛼) 𝑑𝑟 = +∞. (11)

Let us note that each of these theorems, in the case when the value of the
parameter 𝛼 = 0, reduces to the classical Denjoy–Carleman theorem for the
half-line [0, +∞).
We note that elementary estimates show that if

𝑀𝑛 = (𝑛(1+𝛼)/(1−𝛼) log 𝑛 … log𝑝 𝑛)𝑛, 𝑛 ≥ 𝑁𝑝, (12)

where 𝑝 ≥ 1 is any integer, then condition (11) is satisfied.
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Thus, in this case the 𝛼-quasianalytic class 𝐶𝛼{[0, +∞); 𝑀𝑛} (0 < 𝛼 < 1) is
essentially broader than the ordinary quasianalytic class 𝐶∞

0 {[0, +∞); 𝑀𝑛} ≡
𝐶{𝑀𝑛}, since in the first case the successive derivatives of functions of the
class may grow considerably faster ((1 + 𝛼)/(1 − 𝛼) > 1, for 0 < 𝛼 < 1) than
is permissible for classes quasianalytic in the ordinary sense, as is seen, for
example, from the original result of Denjoy, when

𝑀𝑛 = (𝑛 log 𝑛 … log𝑝 𝑛)𝑛, 𝑛 ≥ 𝑁𝑝. (12’)

Let us also note that the main difficulty in proving these theorems falls on
theorem 1, by means of which theorem 2 is then established comparatively
easily.

As for the proof of theorem 1, like the original proof of the Denjoy—Carleman
theorem, it is also carried out by the method of reducing the problem of 𝛼-
quasianalyticity to the known Watson problem, but now for an angular domain
of opening 𝜋(1 + 𝛼), and it relies essentially also on the existence of a nonzero
analytic function that decreases extremely rapidly in this angle.

However here, as in the analogous problem for the finite interval [0, 𝜎], which
will be discussed below, such a reduction of the problem can be effected only
with the aid of the apparatus of integral transformations and representations
with the Mittag—Leffler kernel

𝐸𝜌(𝑧; 𝜇) =
∞

∑
𝑘=0

𝑧𝑘

Γ(𝜇 + 𝑘/𝜌) , (13)

developed in the investigations of the author of article (4), with the simultaneous
use of differentiation operators 𝐷 (𝑛 = 0, 1, 2, …) in the sense of Weyl.

In doing so we have to rely essentially on the following two auxiliary theorems
on integral representation, close in spirit to certain earlier results of the author
concerning generalizations of the Wiener—Paley theorem (4).
Theorem 3. Let the function 𝑓(𝑧) be analytic inside and continuous in the
closed domain

Δ ∗
𝜌 = {𝑧; 𝜋/2𝜌 ≤ | arg 𝑧| ≤ 𝜋, 0 < |𝑧| < +∞} (𝜌 > 1/2), (14)

and, in a neighborhood of the point 𝑧 = ∞,

max
𝜋/2𝜌≤|𝜑|≤𝜋

{|𝑓(𝑟𝑒𝑖𝜑)|} = 𝑂(𝑟−𝜔) (𝜔 > 1). (15)

Then the representation
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𝑓(𝑧) = ∫
+∞

0
𝐸𝜌(𝑧𝑡1/𝜌; 1/𝜌)𝑡1/𝜌−1𝜑(𝑡) 𝑑𝑡, 𝑧 ∈ Δ∗

𝜌, (16)

holds, where

𝜑(𝑡) = 1
2𝜋𝑖 ∫

𝐿𝜌

𝑒−𝑡𝜉𝜌𝑓(𝜉) 𝑑𝜉, 𝑡 ∈ [0, +∞), (17)

and 𝐿𝜌 is the boundary of the domain Δ∗
𝜌, traversed in the positive direction.

Theorem 4. If 𝑓(𝑧) is an entire function of order 𝜌 > 1/2 and type 𝜎 (0 < 𝜎 <
+∞), satisfying condition (15) of theorem 3 for

𝜔 > max{1, 1/𝜌}, then the representation

𝑓(𝑧) = ∫
𝜎

0
𝐸𝜌(𝑧𝑡1/𝜌; 1/𝜌)𝑡1/𝜌−1𝜑(𝑡) 𝑑𝑡, (18)

holds, where

1
2𝜋𝑖 ∫

𝐿𝜌

𝑒−𝑡𝜁𝜌𝑓(𝜁) 𝑑𝜁 = {𝜑(𝑡), 𝑡 ∈ [0, 𝜎],
0, 𝑡 ∈ [𝜎, +∞) (19)

In addition, in order to reduce the problem of 𝛼-quasianalyticity to Wat-
son’s problem, we also rely on the properties of the functions 𝑒−𝑥𝜆𝜌 and
𝐸𝜌(𝜆𝑥1/𝜌; 1/𝜌)𝑥1/𝜌−1, which are solutions of certain special problems of the
Cauchy type for fractional-order differential operators.

2∘. The concept of 𝛼-quasianalyticity can also be introduced for classes of
functions infinitely differentiable on a finite interval.

Let the function 𝜑(𝑥) be defined and measurable on [0, 𝑙] (0 < 𝑙 < +∞). Then
on (0, 𝑙) one may also consider the following operators

𝐷−𝛼
𝑙 𝜑(𝑥) ≡ 1

Γ(𝛼) ∫
𝑙

𝑥
(𝑥 − 𝑡)𝛼−1𝜑(𝑡) 𝑑𝑡 (0 < 𝛼 < +∞),

𝐷𝛼
𝑙 𝜑(𝑥) ≡ 𝑑

𝑑𝑥𝐷−(1−𝛼)
𝑙 𝜑(𝑥) (0 < 𝛼 ≤ 1), (20)

known as the integral and, respectively, the derivative in the Riemann–Liouville
sense of order 𝛼 with terminal point at 𝑥 = 𝑙, setting again

𝐷−0
𝑙 𝜑(𝑥) = 𝐷0

𝑙 𝜑(𝑥) = 𝜑(𝑥). (20’)
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Further, for a fixed value of the parameter 𝛼 (0 ≤ 𝛼 < 1), set again 1/𝜌 = 1 − 𝛼
(𝜌 ≥ 1), and on the interval [0, 𝑙] consider the operators

𝐷0
𝑙 𝜑(𝑥) ≡ 𝜑(𝑥), 𝐷1/𝜌

𝑙 𝜑(𝑥) ≡ 𝑑
𝑑𝑥𝐷−𝛼

𝑙 𝜑(𝑥),

𝐷𝑛/𝜌
𝑙 𝜑(𝑥) ≡ 𝐷1/𝜌

𝑙 𝐷(𝑛−1)/𝜌
𝑙 𝜑(𝑥) (𝑛 = 2, 3, …). (21)

We now define the following two classes of infinitely differentiable functions on
[0, 𝑙] (0 < 𝑙 < +∞), associated with the given sequence of positive numbers
{𝑀𝑛}∞

1 .

The class 𝐶∗
𝛼{[0, 𝑙]; 𝑀𝑛} (0 ≤ 𝛼 < 1) consists of functions 𝜑(𝑥) possessing on

[0, 𝑙] all successive derivatives in the Riemann–Liouville sense 𝐷𝑛/𝜌
𝑙 𝜑(𝑥) (𝑛 =

0, 1, 2, 3, …), continuous on [0, 𝑙], for which

∣𝐷𝑛/𝜌
𝑙 𝜑(𝑥)∣ ≤ 𝐴 ⋅ 𝐵𝑛𝑀𝑛; 𝑥 ∈ [0, 𝑙] (𝑛 = 1, 2, 3, …) (22)

and the class 𝐶{[0, 𝑙]; 𝑀𝑛} consists of functions 𝜑(𝑥), infinitely differentiable on
[0, 𝑙], for which

∣𝜑(𝑛)(𝑥)∣ ≤ 𝐴 ⋅ 𝐵𝑛𝑀𝑛 (𝑛 = 1, 2, …). (23)

Each of these classes will be called 𝛼-quasianalytic if, for any function 𝜑(𝑥) from
the corresponding class, the equalities

𝜑(𝑛)(𝑙) = 𝐷𝑛/𝜌
𝑙 𝜑(0) = 1

Γ(𝑛𝛼) ∫
𝑙

0
𝑥𝑛𝛼−1𝜑(𝑥) 𝑑𝑥 = 0 (𝑛 = 0, 1, 2, …) (24)

imply that 𝜑(𝑥) ≡ 0, 𝑥 ∈ [0, 𝑙].
Theorems on the 𝛼-quasianalyticity of these classes have been established; we
do not give their formulations here, since in essence they are the same as in the
corresponding Theorems 1 and 2.
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