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COMPACTS

(Presented by Academician P. S. Aleksandrov on 30 III 1967)

In this note a sufficient condition is given under which a zero-dimensional bi-
compact R is mapped onto the generalized Cantor discontinuum D7.

A system B = {U,}, consisting of canonically closed sets, will be called a 6-
system of a closed set F' of a topological space R, if the following two conditions
are satisfied: 1) for any finite collection Ual, ey Uas belonging to the system ‘B,
we have

int U, N--NintU, # 0;

2) F=,U, forall U, € B.

We shall call a system B small if for any open V' D F there exists ﬁao € ‘B such

that Fy, C Uao C V. The minima of the cardinalities of (small) d-systems will
be called the d-pseudocharacter (§-character) of the set F' and will be denoted
respectively by &, (F, R) or §(F,R). We note that if R is bicompact, then
0y(F,R) = 6(F,R) for any closed set F' C R. Further, if the character of
a closed set F' C R is denoted by x(F,R), then always 6(F,R) < x(F,R).
However, since F' need not belong to int Ua for any Ua € B, even for bicompacts
a strict inequality J(F, R) < x(F,R) is possible. Nevertheless the following
proposition is valid:

If R =] X, is the topological product of compact metrizable spaces X, then
for any closed F' C R we have 6(F, R) = x(F, R).

A limiting cardinal number m = lim_ n_, n, < m, will be called singular. If m =
N., then ¢ is a limiting ordinal number. The cardinal number m™T, immediately
following the singular number m, will be called metasingular. Thus, m™ = Neyq-
Every cardinal number n of the form R, will be called simple. By logm we shall
denote the least cardinal number n such that 2" = expn > m. The cardinality
of a set A is denoted by |A]. If £ is an ordinal number, then |¢| denotes the
cardinality of the set of all ordinal numbers < £. By wR, sR, and cR are
denoted respectively the weight, the density, and the cellularity of R. Theorems
proved with the aid of the generalized continuum hypothesis are marked by the
letters g.c.h.
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Theorem 1 (g.c.h.). If for every point x of a zero-dimensional bicompact R
the inequality 6(x, R) > 7 > R, holds, then R is continuously mapped onto D7,
if T is not a metasingular number, or onto D87 if T is a metasingular number.

The proof of this theorem is based on the following two lemmas.

Lemma 1. Let R be a bicompact and let for every point x € R we have
0(x,R) > 1 > N,. Let F be a closed subset of R and §(F,R) <m < 7. Then
|F| > expT.

Proof. We shall first show that for every point * € F we have x(x, F) > 7.
Indeed, if for some point z, € F' we had x(zy, F)) < n < 7, then

g = ﬂOaﬂF,

acA

where O, are open sets in R. For each o € A consider such a U, that z, €
intU, C

C O,. In this case

ro= () T..

acA

Since §(F, R) < m, there exists a §-system B = {V_} such that

F=(1V, [Bl<m

aeB
Thus we obtain - -
2= [1TUsN [ Va
acA aeB

and |A| + |B| = n +m < 7, while the family {U,} U {V} is a §-system, since
zy € intU, for all a € A. Hence §(zy, R) < 7, contrary to the assumption.
Thus, for every point € F we have x(z,F) > 7. From the Cech-Pospisil
theorem (1) it follows that |F| > exp 7. The lemma is proved.

Lemma 2. Let R be a zero-dimensional bicompactum, and suppose that for
each point of it we have §(x, R) > 7 > R,. Let ® be a closed subset of R and
|®| < 7. Further, let f : R — D™ be a continuous mapping onto the generalized
Cantor discontinuum of weight m, with m™ < 7. Then there exists a clopen
neighborhood U’ = U(®) of the set ® such that U” = R — U’ has the property

U'nfly+0
for all y € D™.

Proof. Denote F, = f~ly. Suppose the contrary. This means that for every
clopen neighborhood U, (®) = U, there is an F, C U,. Denote by V,, the set
of all F, lying in U,,. Since the mapping f is continuous and closed, V,, is open.
Further, for every a we have V, N ® = (), for otherwise we would find an F, C
U, \V,, contradicting the definition of V,,. We now note that the number of sets
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of the form f1G, =V, is equal to the number of all canonically closed sets
G, in D™, i.e. m™o (see (2)). Consider the set of all such V,, and let {V} = B.
By what has just been said, |B| < m™ < 7. We show that the system B is a d-

system. Consider an arbitrary finite number of elements Val ;s Vi belonging
to 9B; for each of them consider the corresponding Uy s s Uy - Let
Ual...as = Ual AREN Uas

be a clopen set. Consequently, by the assumption, there exists F, C Ua,.oaps

and hence also an entire neighborhood of the form f~'G, where G is an open
set in D™, but f~'G belongs to VoV

o, e

int(V,, NNV, )#0.

Thus the system B is a d-system; consequently, for
L=V,
«@

we have
0p(L,R) =90(L,R) =|B| <.

Applying Lemma 1, we obtain |L| > exp 7. This contradicts the fact that L C @,
and consequently |L| < |®| < 7. The lemma is proved.

Proof of Theorem 1. We shall carry out the proof of this theorem by trans-
finite induction. Namely, we construct a system of binary coverings w, =
{AV AL} o € A, of the bicompactum R, such that |A| = 7 in the first case, or
|A] = log 7 in the second case, and: 1) AS UAL = R; 2) AN AL = 0; 3) for any
set of indices a, ..., @, and the corresponding set of zeros and ones iy, ..., i, we
have 4 .

Ad NN Ag #0.

In that case the system of characteristic functions {¢,}: ©,(A%) = 0 and
0, (AL) = 1, defines a natural mapping f : R — D4l by the rule

f(z) = {pq(2)} € DA

(the fact that the mapping is “onto” follows from the centeredness of {Afl(a)} for
distinct ). We shall construct such a system of coverings {w,} by transfinite
induction. For (A, A}) we choose an arbitrary clopen disjoint pair covering R.
Suppose that the pairs

(A?5A%)7"'7(A2’A(i)7"'7 a<§<w(7->7

have been constructed, for all ordinal numbers « less than some £ < w(7), so
that for all @ < ¢ we have: 1) A% U AL = R; 2) A% n AL = ; 3) for all
Q... 0, < & and any set iq,...,7, of zeros or ones we have

AR NN AL # 0.
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Using the distributivity of intersection with respect to union of sets, we obtain

R=()Aual =44 = JF,. =eD¥, (1)

a<é i(a) a<g

where F, = ﬂa< ¢ Aé(o‘), and x is an arbitrary sequence of zeros and ones on the
set of all ordinal numbers < £. Moreover, the decomposition R by formula (1)
is a continuous partition generated by the continuous mapping ¢, : R — D¢l
according to the rule ¢ (F,) = {i,} = « € DIl. Consequently, F, = ¢ !(x).
Consider the cardinal number |£]. Since & < w(7), we have |¢| < 7. We shall
prove that, in the case where 7 is singular or regular, the induction step is
possible for every £ < w(7), while if 7 is metasingular, the induction step is
possible only for £ < w(log ).

Case 1 (7 singular). Consider in DIl a dense subset S of cardinality |S| = |¢| =
Ry < 7. Choose, for each point z, € ' (s), s € S, and put M = |J__,7,. Then
|M| < expexpRg =Ny, 5 <7 (7 is singular!) and M NF, # () for every x € DIl
which follows from the closedness of the mapping ¢, and the bicompactness of

R.

Case 2 (1 = g, regular). Since [{| < 7, we have [{| < Ny, ;. Since
expRz = Ng.,, the space DIl contains a dense subset S of cardinality Ng
(see (3)). Constructing, as in the first case, the set M, we obtain that |M| <
expexp Rz =Rg 5 =T

Case 3 (7 = Ng,; and 3 = lim « is metasingular). In this case [{| < logT = Ry,
where N4 is a singular cardinal. Thus, as in the first case, we choose the set S
and construct the closed set M C R.

Thus, in all three cases there exists in R a closed set M of cardinality < 7 (or
log 7), and moreover M N F, # ) for all z € DIEl. We use Lemma 2. For this,
note that [£[Yo < 7, since |¢| < 7 (or log7), and T is a singular or regular (or
metasingular) cardinal. From Lemma 2 it follows that there exists a clopen
neighborhood U%(M) = U such that R\ U° = U! has the property that
U'NFE, # 0 for all z € DIl At the same time note that F, N U # § for all
z € DBl since UY 5 M. Next, it is obvious that U°N U = () and U°UU' = R.
We take the pair (U°,U") as the required pair (Ag7 A%) The induction step is
completed.

We shall prove that property 3) is fulfilled. Let ay, ..., a, & be an arbitrary set
of indices o; < &, and 4,...,1,,%,,; an arbitrary set of zeros and ones. Note
that _ _
i iy
Ad, N-NAg, DF, ,

where z, is the point in DKl having, in the places Qq, ..., 0, the values i, ...,%
But, by construction,

s*

F, N(Ag" =U") #0,

X
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if ¢ is equal to zero or one. Consequently,
Ad NN Ag. N A’g*l £ 0.

Property 3) is proved. Thus, using the principle of transfinite induction, for ev-
ery £ < 7 (or log T) we construct the system of binary open coverings mentioned
above. Hence, as was already noted, there follows the existence of a continuous
mapping f : R — D7 (or onto D'°87). Theorem 1 is completely proved.

Theorem 2. If a bicompactum R is mapped continuously onto the generalized
Cantor discontinuum D7, 7 > R, then R contains no fewer than exp T points
x, at each of which x(z,R) > 7.

The proof of this theorem follows from the following Lemma 3, which is a special
case of a more general theorem proved by 1. Juhdsz (%).

Lemma 3. Let f: R — D" be a continuous mapping of a bicompactum R onto
D7. Then for every x € D7 there exists a point y € f~ 'z such that x(y, R) > 7.

I do not know whether in Theorem 2 one can replace x(z, R) by d(z, R). In
any case, in Lemma 3 this cannot be done. Let us further note that in the
formulation of Theorem 1 one cannot replace the inequality 6(z, R) > 7 by the
inequality x(z, R) > 7. This follows from the fact that for every 7 > X, there
exist

there exists a zero-dimensional ordered bicompactum X, and moreover
Xx(z,X) > 7 for all z € X. If it were possible to map X onto D7, then, by the
theorem of S. Mardesi¢ and P. Papi¢ (°), it would follow that D™ is metrizable,
ie. 7 <N,

Theorem 3 (GCH). Let R be a zero-dimensional bicompactum. If for every
point x € R the inequality d(x, R) > 7 holds, then R topologically contains all
extremally disconnected spaces of weight < 7 (7 nonmeasurable) or of weight
<log7 (7 measurable).

The proof of this theorem is based on Theorem 1 and on a theorem of V. I.
Ponomarev (%) stating that every irreducible perfect preimage of an extremally
disconnected space X is homeomorphic to X.

Theorem 4 (GCH). Let R be an extremally disconnected bicompactum.
Then:
1) If wR = X, 4, then R maps continuously onto DNe.
2) If wR = 7 or 7 or 7", where 7 is a singular cardinal, then R maps
continuously onto D™ for every m < 7.

3) If R is a bicompactum homogeneous with respect to character of weight
7, then R maps continuously onto D'°87 for every 7.

The proof of this theorem is based on Theorem 1 and on the following two
lemmas.
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Lemma 4 (A. Hajnal, I. Juhész (7)). Let R be a Hausdorff space and
m an infinite cardinal number. If the set of those points x € R for which
x(z, R) < m has cardinality greater than expm, then R contains more than m
pairwise disjoint open subsets.

Lemma 5. Let R be an extremally disconnected bicompactum containing
m > N, pairwise disjoint open sets. Then R maps continuously onto D&P¥,

Corollary 1. Every extremally disconnected bicompactum homogeneous with
respect to character, of weight 7, if 7 is singular, has cardinality exp 7.

Corollary 2. Every complete Boolean algebra of large cardinality contains a
free subalgebra of sufficiently large cardinality. The estimates of this cardinality
are the same as in Theorem 4.

The author does not know whether the estimates of the weight of D" in Theorem
4 can be improved.
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