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Consider a homogeneous chain with number of states s + 1; p; are the initial
probabilities; p;; are the transition probabilities.

In a chain of n trial outcomes, let m,; denote the number of occurrences of the
i-th state, and let m,; denote the number of transitions from the i-th to the j-th
state, i, =1,2,...,s + 1. Then

§ = m; —my (1)

is the number of runs of the i-th state in the chain.

Since, according to (1), the joint distribution law of m, and m,; is asymptotically
normal, the joint distribution law of &, is also asymptotically normal.

Exact distribution laws for the numbers of runs can be found by means of
combinatorial formulas given in (1, 2); however, in the general case these expres-
sions, as well as the expressions for the parameters of the normal law, are very
cumbersome.

In this paper we consider a number of cases in which the exact laws and their
parameters have a simple form.

1. Let s =1 (a two-state chain), and let

(a 1— a>

g 1-p

be the matrix of transition probabilities; then the exact distribution law
of the number of runs £; has the form

P& =1) = Py(LQ)(l) _ Z Cfnifl1crl;lmf1amil<1 _ Oé)lflﬂlfl(l —B) n—m—l—1

sovietrxiv.org/items/ru-196801.69236 Machine Translation


https://sovietrxiv.org/items/ru-196801.69236

x |p(1—a)(1—=8)+ (1 —p)B(1—p) +p1w

n—m-—I1+1
+1—py A=, ®)
1=0,1,..., [”;1]
and the mean and variance are equal to
ME = (n—1)(1—a)P+ P+ (p— P)[Q+Pla— 8],  (3)
D¢, = PQ{(n— Dlaf — (1—a)(P~ Q)] +Q — P(P— Q)
+2P2(a— B)" 1} + (py — P){~2(n— DPQA(L + o — B)(a — )"
+P[30Q — (1+2a— f)Pl(a— B)" + QP — Q)*}
—(p1 — PP [Q+ Pla—p)" ], (4)
where
P:ﬁ, Q=1- :%. (5)

If 3 =1—« (we shall call such a chain factorizable), then the sum (2) contracts
and

Pff)(l) _ Cgljllanle(l - a)Ql*l erlcrzlljlzan—mﬂ(l _ a)2l72

+ (1 —p)C2 a2 (1 — )2l (27)

2. Let us dwell in more detail on the general case of a factorizable chain, in
which the transition probabilities have the form

Py = &, p”:(l—a)/s, 7/7&.77 0<a<l. (6)
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We shall derive the distribution law of the total number of runs

The number of ways in which v runs can be arranged among s + 1 states, so
that a chain of length n begins with a run of any fixed state and two runs of
the same kind are not adjacent, is s77!; since 7 runs from n trial results can be
formed in CZ:% ways, the number of all chains of length n, beginning with one
fixed state and containing exactly v runs, is ng s7 L

The probability of obtaining a particular chain containing exactly v runs, under
the condition that the first trial has the i-th outcome, is

NN
pian77 (1 a) ’

S

therefore

s+1 v—1
1 . .
P(n=7)=) pa"" ( s a) G =0 jam (1=t (7)
i=1

vy=12,...,n.

Thus, 7 — 1 has a binomial distribution.

In a chain with transition probabilities (6), the parameters of the exact distri-
bution laws of the numbers of runs &, have the form

Mg = — (-0 +1+ (- ) s+ ], ©

B 1 s(s—1) 2s 2s n—
Déi—w{(n—l)(l—a) <a+5+1+5_ G2 sri2” 1)

(= ) [0 =) (1 25 e SR DR | (- )

)
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1 s—1 2 2 n—1
covfiszw{(n—l)(l—a) (a—s+1> + TERIE —-1- <S+1)2a

n—1

2—(s+1Da , o, s(s—1) 143s
an—? — —
s s+1 s+1

#(potn - 2) [o-na-a)

_(pi_si1> (pj—sil)(s+an71>2}7 (10)

where

a=1I[(s+Da—1]/s.

From (9) and (10) it follows that the correlation coefficient between §; and §; is
equal to

_a—(s—1)/(s+1) 1 o _
)+0( ) P44 s=1,2.. (11

R(&, &) = a+s(s—1)/(s+1

Remark 1. For s = 1, R(&;,&) ~ 1, since the numbers of runs of successes
and failures differ by no more than one. For s > 1 and « = (s —1)/(s+ 1), the
numbers of runs §; and ¢;, as (11) shows, are asymptotically independent.

Remark 2. If p, =a=1/(s+1),i=1,2,...,s+ 1, then the factorizable chain
turns into a polynomial scheme with equal probabilities of all outcomes.

We indicate the exact joint distribution law of the numbers of runs &, &, &5 for
a three-valued (s = 2) factorizable Markov chain:

1 — o atlatls—1
7) x

P(fl _ l17 €2 _ lz, 63 _ l3) _ C,rltlitlZJrlSilan_ll_lQ_lS ( 5

I+ +lg—1 I+l —1 li+Hla—lg+17 ~B—1 ~B—1
X zﬁ: { [(1 —p3)Cop 7 + (1 +p3)Cop 7 2 +2p3C55 7 ] G, 0,5+

Iy +ly—ly—1 Iyl b +ly—ly+17 ~f—1
+ [pzc’z% T+ (L=py)Cop P 4 psChy ]05710£71+

(12)
lly—ly—1 T U ly—lyt1 _
+ [Plczl/; P41 *P2>Czlﬁ+ o Jrp:s‘o21ﬁ+ et ] le—lclﬁz—ll'
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From (12) one obtains the following one-dimensional distribution law for the
number of runs &;:

1—a\""
= > am (7> Coo [<1 —p)2PCY g+ (L4 )25 1 ONT + 2p, 282057

Y

(13)

i=1,2,3, k:(),l,...,{n+1].

2

3. Let us also consider the polynomial scheme, i.e., put

Pii = Di» Pbij = Py

In this case the parameters of the exact distribution laws for the numbers of
runs take the form

Mg, = (n—1)p,(1 — p;) + p;» (14)
D¢, = (n—1)p;(1 — p;)(1 — 3p; + 3p?) + p;(1 — p;) (1 — 2p?), (15)
cov &€& = (n—)p;p;(2p; + 2p; — 1 = 3p;p;) + 20705 — ppj, (16)

i # J, i,j=1,2,...,s+ 1.

The correlation coefficient is equal to

2p; +2p; — 1 —3p;p; DiP;
\/(1 —3p; +3p2)(1 —3p, + 3p2) || (1= P)(1=py)

R(fiagj) =

We also give the expression for the parameters of the distribution law of the
total number of runs
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My = (n—1)(1 —s3) +1,

D= (n—1)(sy + 283 — 3s3) + 2(s3 — s3),
where

s+1 s+1

$p= pl.  sy=) p.
=1

i=1
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