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UDC 517.947
MATHEMATICS
V. 1. CHEKHLOV

A MIXED PROBLEM WITH DISCONTINU-
OUS BOUNDARY CONDITIONS FOR THE
WAVE EQUATION

(Presented by Academician S. L. Sobolev on 26 IIT 1968)

The paper considers a mixed problem with discontinuous boundary conditions
for the wave equation

9%v ", 9%v

w_ W:f(t,l’), t>07 .’171>O, x:(‘rl""’xn)
i=1 i

with initial conditions

0
l(+071‘):@1(w>7 Ty >0

U(+O’x) = 900(1‘)? ot

and boundary conditions
v(t,+0,2") = go(t,x"), x5 >0, t>0, 2’ =(xg,...,2,),

0
8—U(t,+0,x’) =g,(t,2"), x,<0,t>0, wherez = (ry,...,2,).
Ty

Solving the auxiliary Cauchy problem and making the substitution v(z,t) =
u(z,t)e?, a > 0, we reduce this problem to the form

A(id/0t, i0/0x) = (0/0t + a)*u — Au = 0, t>0, z; > 0; (1)

w00 =0, 102) =0, @ >0 )

u(t,+0,2") = hy(t,z’), zy >0, t >0,
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ou

(t,+0,2") = hy(t,2’), e <0, t>0. (3)
Oxy

Two questions are investigated: 1) the precise formulation of the boundary-value
problem (1)—(3); 2) the smoothness of the solution.

The first question arises in connection with the fact that we cannot expect the
existence of a classical solution of this problem for smooth h, and h, satisfying
local compatibility conditions (of finite number) on the manifold of discontinuity.

In formulating the problem, the projection operators in Ly, It and II™, de-
scribed in (1), are used.

We introduce the necessary function spaces. Let u(t,x) € Lo(R™"1). Its Fourier
transform is

Fu=u(r,§) = /eit”i(‘”@u(t,x) dtdz.

To the operator A(i0/0t, i0/0x) from (1) there corresponds, in Fourier images,
the operator of multiplication by

A(7,8) = (=it +a)” + [¢]* = (& — (& + ).

Here

A= A7) = V(T +ia)? —[¢] = \/(T +ia)? =[P =&, &= (&, 80),

with the condition

A0,¢8") = iva® +[¢'],
The function A(s,¢’) is analytic in the complex plane s = 7+ i0 with a cut from
the point s; = |£’| —ia to the point s, = —|¢’| —ia in the lower half-plane. Let

w(1,£") = A(7,0,£").
Then

M7, &) = V(= &)+ &)
The function A(7, z5,£”) is analytic in the complex plane

planes z, = &5 + i1y with cuts from the points £ to oo, respectively, in the
upper and lower half-planes. In the same plane with such cuts we consider the
functions 7, (7,2,,§”) = /% £ 25, choosing the branches with the conditions

Ny — V& as & — 400, - — iy/& as & — 4oo. We have A\(7,¢) =
V4 €/ — & =n.n_. Let us also note that if A\(7,£") = ReA+iIm A, then
ImA(7,&') > a, Im A — a as |7] = o0, and Im A = O(y/a? + [¢’|?) as || — oo.

Definition 1.

V(R = {u(t, ) € Ly(R™) : ul}, poir) =
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Az Im w257V

Alm A

oy |A(r, ) 2] /2 (Im ) /2

7, T\ fu(r, &)[2 drde < oo},
N

s > 1 an integer.

It can be proved that

V"S(RTH-l) C Wz(l’l’s’(g>(fx1,wz,m”‘tﬁ (Rn+1) —

— {uttx) € Lo(R 1) [(W+16 + Il + 16717 + ) u(r P drdg < oo
Definition 2.

X2(R") = {v(t, z) € Ly(R") :

|U|§(Q<R )= / 12232 (Im %) V2|5 Tm 5| 2~V (7, €)|? drd€’ < oo}.

It can be proved that

(1/2, s—1/4, s—1/4)

X9(R™) c W, w2 (R,

Definition 3.
XY(R™) = {o(t,2') e Wi P (R

|2¢|%/2 (Tm %) /2 o , ,
|U|§Q(Rn) = Tmlmm2< Div(r, &) |2drde < oo .
It can be proved that

n —1/2),(s—3/4, s—3/4 n
XHRr) € Wy VBT L (R =

_ 1 2 72\s—3/4
= {v(t,w’) € W2< 1/2>(R") : / (1+ Z—l j—!é)l/g [o(r,&)|? drd¢’ < oo}.
2
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Let us note that X?(R™) and X!(R™) are the natural spaces of traces of the

0
functions u(t, z,, ") and 8—u(t7 xq,2") for x; = const, where u(t,z) € V,(R"™1).
1

Let R = {(t,x) : 2, > 0}.
Definition 4.

VE(REY) = {ult,2) € Ly(Ry™)

Ju and u(t,z) € V,(R™M) : w(t,z) = a(t,z), v, > 0;

|Mwm?5:%fm@memﬂ}'

We now proceed to the formulation of the problem in terms of the spaces intro-
duced. Let hy(t,2’), hy(t,z") from (3) admit extensions hy(¢,2") and hq(t,z")
for all z, and ¢ in the classes X(R™) and X!(R"), respectively. We shall
assume that these functions are extended by zero for ¢ < 0 (this imposes on
them certain compatibility conditions with zero at ¢ = 0). Then the Fourier
transforms hy (7, &) and hy (7, ¢’) will have analytic continuations H,(s,¢’) and
H(s,¢)inIms >0, s =7+ 40, and

[Ho(s, &) <€), [Hi(s,&)| < e(€). (4)

Extend the functions from V;"(R7™) by zero for z; < 0, denoting these
extensions by u'(t,z). We denote by V; the class of their Fourier trans-
forms u*(7,£). These functions admit a bounded analytic continuation into
the half-plane Imz, > 0, where 2, = & +in,. Let v_(t,2') € XJ(R"),
w, (t,z') € X}(R™), and be equal to zero for x, < 0 and z, > 0, respectively.
Then their Fourier transforms v_(7,¢"), w,(7,§) admit analytic continua-
tions V_(7, 29,&"), W, (7,2,,£”) into the complex half-planes Imz, < 0 and
Im 2z, > 0, respectively, and

‘V7(73z2a§”)| S C(Taé-”>a Im Z2 < 07 (5)

(W (7, 20,€") < e(7,€")[2] 2, Imzy > 0. (6)
For the classes of Fourier transforms of functions from XY(R"), X!(R") we
retain the same notation.
Formulation of the problem: find " (7,&), v_(7,§"), w,(7,§") such that:
1. ut(r,¢) e Vi
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2°. ut(7,€) admits an analytic continuation into the complex half-plane Im s > 0,
s=7+1io,and |[ut(s,&)| < c(§), Ims > 0.

3°. Hg—lA(T, Hut(r,€) = 0.
4°.
% /u+<T7 5) d€1 = ’iLO<T7 f/) + ’Ui(T,E/),

5°.
1

% Hgl (_igl)u+(77 €17 5/) d€1 = 77‘1<Ta §/> + ’U)+<T7 €/>
6°. v_(7,&') € X°(R") and satisfies (5).
7. w, (1,&) € XI(R™) and satisfies (6).

8. v_(1,£), wy(r,&) admit analytic continuations V_(s,&"), W, (s,¢’) into the
complex half-plane Im s > 0, with

Vo(s,8) <€), [Wi(s,8)] < e(§).
Definition. By a generalized solution of problem (1)—(3) we shall mean a
function u(t, z) € V7 (RTH) satisfying 1°—5°.

The functions v_(¢,2"), w,(t,2") appear in the formulation of the problem be-
cause of the arbitrariness in the continuation of hy(t,z"), hy(t,2") for x, < 0,
x5 > 0, respectively.

Theorem. The solution of problem 1°—8 exists and is unique in V" x X? x X!
for arbitrary hy(t,2’) € XY(R"™) and h,(t,2") € X}(R™), and the estimate holds

3/4 1/4 s—177+ 7 ’
\u|V;<Rf+1)§c{H% (Tm 2)/* (5 Tm w) HEQU*hO(T’g)H%(Rn)

} . )
Ly(R™)

We note that the norms on the right do not depend on the continuations of
ho(t,2’) and hy(t,z’) in the classes XO(R") and X!(R™), but depend only on
the functions themselves.

by (1,€)

3/4 1/4 s—177—
%374 (Tm 2¢) /4 (% Tm 5) HEQT
+

+

It is proved that the function u (¢, z) from 1°—8° has the form

2 [ (7, € )ho (7€) + illg b (7,€) /1, (7€)

ut(r,€) =
(r.4) in (r &) (& + AT E))

(®)
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Formula (8) shows that, as the domain of definition of the operator 2 described
in items 1°—8°, one cannot take a space of the type W5 (Ri“) and the spaces
of traces of functions from W3 (R™*1). The natural domain of definition of this
operator is

Vi (R x XO(R™) x XL(R™),

s > 1, with nonsmoothness in z; and x5 that cannot be improved. Finally, using
the finiteness of the domain of dependence for the solution u* (¢, z) from 1°—8°,
one can prove that it will have smoothness of type V, inside the characteristic
“cone,” whose “axis” is the manifold of discontinuity of the boundary

conditions z; = 0, 5 = 0, and will have the smoothness corresponding to an
ordinary mixed problem outside it.

As for the “interior smoothness” of the solution, it has been proved that in the re-
gion Riél = {(t,x) : ; > 0 > 0} the solution has the smoothness of the solution
of an ordinary mixed problem. In particular, from the partial hypoellipticity
of the hyperbolic equation with respect to x and the proved smoothness prop-
erties up to the boundary, it follows that if hy(¢,2”) and hy(t,2") € C§°(R"),
then u™(t,x) € C°(R"1) (see (3), p. 146, Theorem 4.2.4.). This fact is a conse-
quence of the discontinuity of the boundary conditions occurring on a “time-like”
manifold which nowhere intersects the characteristic surfaces.

Moscow Institute of Physics and Technology

Received
11 IIT 1968

REFERENCES
1. M. L. Vishik, G. I. Eskin, UMN, 23, no. 1 (133), 15 (1967).
2. N. Wiener, R. Paley, Fourier Transforms in the Complex Domain,
“Nauka,” 1964.
3. L. Hormander, Linear Partial Differential Operators, Moscow, 1965.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196801.68686 Machine Translation


https://sovietrxiv.org/items/ru-196801.68686

	Abstract
	Full Text
	A MIXED PROBLEM WITH DISCONTINUOUS BOUNDARY CONDITIONS FOR THE WAVE EQUATION
	REFERENCES


