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MATHEMATICS
V. 1. LADOHIN

CRAMER’ S, LINDEBERG’ S, AND CHEBY-
SHEV’'S THEOREMS FOR COMPLEX DISTRI-
BUTIONS

(Presented by Academician A. N. Kolmogorov on 19 XI 1967)

A complex continuous function of bounded variation satisfying the conditions
F(—o00) =0, F(+00) =1 is called the distribution function F(x) of a random
variable £ taking values in R = (—o0, +00). Denote by V(F, z) the variation of
F(z) on (—oo, z). Many properties of classical (real, nondecreasing) distribution
functions and of the corresponding characteristic functions

ft) = /(exp itx) dF(x)

are preserved, in particular the theorem on the one-to-one correspondence be-
tween distribution functions and characteristic functions. A sequence of char-
acteristic functions f,,(t) is called convergent to the characteristic function f(t)
(f,, = f),if f,, converges to f in the sense of weak convergence over the space K.
A sequence of distribution functions F,, converges to the distribution function
F' in the sense of weak convergence over the space Z if and only if the sequence
of the corresponding characteristic functions f,, = f. For the definition of the
spaces K and Z, see (1).

A random variable £ is called normally distributed, or normal with parameter
ah, = (ay,...,a94,---,0a,) (g and 7 are integers, 2¢ < r), if its characteristic

y Y

function has the form

o(t) = exp Z a,tP.
p=1

The function ¢(t) will be characteristic if and only if the equation
u & AN
E = Zl (lp (Za) u
=

is parabolic in the sense of G. E. Shilov (?), or hyperbolic (when r = 1).
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Addition theorem. The sum of independent normal variables is normal. The
parameter of the sum is the sum of the parameters.

The proof is obvious.

Converse theorem (Cramér). Let the random variables £, and &, be inde-
pendent, and let their distribution functions Fy and F, satisfy the conditions
(i=1,2):

Kl. V(F,,R)—V(F;,z) < Aexp(—ex™).

K2. V(F;,,—z) < Aexp(—ex")

for x >0 and somee > 0, v, > 1. If the sum & = &, +&, is normal with param-
eter ay,, then & and & are also normal with parameters a;}h, agflz, respectively,

where ry <71, Ty < 5, max(qq,qs) = q, where 1/y;, + 1/, = 1.

Proof. Elementary estimates show that f;(t) are entire analytic functions of
the complex variable ¢ of growth order

< ;. Obviously, the f;(t) have no zeros. By Hadamard’ s theorem,

i) = exp Py(t),

where P,(t) is a polynomial of degree r; < ;.

Remark. For real symmetric distributions Fj, F, and the ordinary normal
distribution with parameter a2 = (0, 1), the corresponding converse theorem
was proved in (3). There, too, an example is constructed showing that the
converse theorem becomes false even if, in conditions K1, K2, 7 is replaced by

zlnz.

Central limit theorem (Lindeberg). Let &, ..., &, ... be a sequence of inde-
pendent random variables; Fi,..., Fy,... and fi,..., fs,... the sequence of the
corresponding distribution functions and characteristic functions. Suppose that
the following conditions are satisfied:

L1. For every k = 1,2, ... and some integer ¢ > 1,

/xdFk(ac):--~:/x2‘1_1dFk(x):0; /x2‘1dFk(x):(—1)q+1(ak+ibk).

L2. There exists a constant C' < oo such that, for every n,

1 Z/;ﬁq dV(F,,z) < C.
gyt

sovietrxiv.org/items/ru-196801.68639 Machine Translation


https://sovietrxiv.org/items/ru-196801.68639

L3. Uniformly in ¢ on every finite interval,

max
1<k<n

fk(ﬁ)—l‘—m (n — 0).

L4. For every A > 0, the limit

n
lim — / 221dV (Fy,z) = 0.
n—oo n ; ||>Anl/2e F

L5. There exists the limit

1 n
lim — E (aj, +ibg,) = a + ib.
k=1

Then the distributions of the sums

1 n
M = mszk
=1

have a limit if and only if @ > 0. This limit is the normal distribution with
parameter

a3l = (0,...,0,—(a+ib)/(2q)).
Corollary 1. The preceding theorem remains true if condition L3 is replaced
by the condition
L6. As n — oo,

1
max f/xzqu(Fk,x) -0

1<k<n N

or by the condition
L7. The limit
. 1 9
lim max — x*1dV (Fy,z) = 0.
|z|<enl/2e

e—0 1<ks<n N
1<n<oo

The theorem is true if, instead of condition L4, the following condition is satis-
fied:

L8. There is a § > 0 such that, as n — oo,

sovietrxiv.org/items/ru-196801.68639 Machine Translation


https://sovietrxiv.org/items/ru-196801.68639

1 n
s 2 [ e av(Fa) =0
=1

Corollary 2. Suppose the following condition of uniform boundedness of the
variations is satisfied:

L9. There exists a constant B < oo such that, for every k= 1,2, ..

)

/dV(Fk,x) < B.

Then the preceding theorem remains true even without condition L3.

Remark. For the case when &;,...,&, ... have real densities and conditions
L1, L2, L7, L4 are satisfied, the central limit theorem for normalized sums was
proved in [4].

Proof. First of all, it is quite easily verified that

L1,16 - L3;  L1,L4,L7—>L3;  L8—L7; L9L4—L3.

These relations prove the corollaries. In proving the theorem it is convenient to
introduce the random variables ¢,,;, = £, /n'/?9 with characteristic functions f,
(1< k< n). Let p,(t) be the characteristic function of the variable

Np = Z gnk'
k=1

It follows from L3 that Inp,, (t) exists and

I, (t) = Y (farlt) = 1) + R, (8),

k=1

n
where

R0 < o V() =11 D018 = 1
From conditions L1, L2 it follows that

t2a

(29)"

Sl =1/ <C
k=1
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Thus, if conditions L1, L2, L3 are satisfied, then |R,,(¢)| — 0 uniformly in ¢ on
every finite interval. From condition L1,

S klt) = 1) = 2 LS o+ i) + 1)

n
k=1 k=1

where

0 o1

From conditions L2, L4, |p,,(t)] — 0 uniformly on every finite interval. Using
also condition L5, we obtain that

t24

0, (t) — exp {— G ib)]

(20)!

uniformly on every finite interval, and therefore also in the weak sense over K.
The theorem is proved.

A sequence of random variables &, ..., &, ... is called convergent to O if the se-

quence of the corresponding characteristic functions f,, (t) = 1, or, equivalently,
if F,(z) = e(x).

Law of large numbers. Chebyshev’ s theorem. Let ¢ ,..., &, ... be a se-
quence of independent random variables, and let F},..., Fy, ... be the sequence

of the corresponding distribution functions. If the following conditions are sat-
isfied:

T1. For k= 1,2, ... and some integer p > 1,

/xdFk(x) - /xp—l dF,(z) = 0; /xp AP, () =y + idy.

T2. For some o > 0, as n — o0,

nap2/|x|pdv Fy,z) — 0,

then the sequence of random variables

1 n
ﬁn:njgfk

tends to 0 as n — oo.
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Proof. Let ¢, (t) be the characteristic function of 7,,. Introduce the quantities
&k = &x/n”. From conditions T1, T2,

1<k<n

max |f,,(t) — < — max /|x|p dV (F,.,z) — (n — 0).

Consequently, there exists and is finite

(1) = n [ ] fun(®)
k=1

When

1
mmax |fo(f) 1] < 3,

the inequality

(0= (14 mpx 10 = 1) 1) =1

is valid. From conditions T1, T2,

Solhu®) =1 <5 Y [lapdviF,e) 0.
=1 b3

Thus, ¢,,(t) — 1 uniformly in ¢ on every finite interval. The theorem is proved.

Remark. For p =2, a =1, and real nondecreasing F, ..., ..., F}, ..., we obtain
the classical Chebyshev theorem.
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