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Abstract
Full Text
UDC 517.512.2

MATHEMATICS

G. I. NATANSON

SOME CASES IN WHICH FOURIER SUMS
GIVE AN APPROXIMATION OF THE OR-
DER OF THE BEST
(Presented by Academician V. I. Smirnov on 15 IV 1968)

It is known that for functions of the class 𝑊 𝑟𝐻
𝜔 (i.e., 2𝜋-periodic functions having

𝑟-th derivatives, whose modulus of continuity 𝜔(𝑓 (𝑟), 𝛿) does not exceed the true
majorant of moduli of continuity ∗ 𝜔(𝛿)), the deviation of the partial sums of the
trigonometric Fourier series has order 𝑛−𝑟𝜔(𝑛−1) ln𝑛, and for the whole class
𝑊 𝑟𝐻

𝜔 this order is definitive.

In the present note it is shown that for certain rather broad subclasses of the
class 𝑊 𝑟𝐻

𝜔 the factor ln𝑛 can be omitted. In other words, for functions from
such subclasses the order of the deviation of Fourier sums coincides with the
order of the quantity sup

𝑓∈𝑊 𝑟𝐻𝜔

𝐸𝑛(𝑓), where 𝐸𝑛(𝑓) is the best approximation of

the function 𝑓 by polynomials

𝐴0 +
𝑛

∑
𝑘=1

(𝐴𝑘 cos 𝑘𝑥 + 𝐵𝑘 sin 𝑘𝑥).

Lemma 1 (see (1,2)). If 𝑓 ∈ 𝑊 𝑟𝐻
𝜔 and 𝑆𝑛[𝑓; 𝑥] is the 𝑛-th partial sum of the

trigonometric Fourier series of 𝑓, then

𝑆𝑛[𝑓; 𝑥]−𝑓(𝑥) = 𝑛1−𝑟

2𝜋2

𝑚
∑
𝑘=1

1
𝑘 ∫

𝑦𝑘+1

𝑦𝑘

[𝑓 (𝑟) (𝑥 + 𝑟′𝜋
2𝑛 + 𝑡) + 𝑓 (𝑟) (𝑥 + 𝑟′𝜋

2𝑛 − 𝑡)] ×

× sin𝑛𝑡 𝑑𝑡 + (𝑟 + 1)𝑂(𝑛−𝑟𝜔(𝑛−1)),

where 𝑚 = (𝑛 − 3)/2, 𝑦𝑘 = (4𝑘 + 1)𝜋/2𝑛, 𝑟′ ∈ (−2, 2], 𝑟′ ≡ 𝑟 (mod 4); the
constant entering the 𝑂-term is absolute.

Lemma 2 (3). If the majorant 𝜔 satisfies the condition
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𝛿 ∫
𝜋

𝛿

𝜔(𝑡)
𝑡2 𝑑𝑡 = 𝑂(𝜔(𝛿)), (*)

then there exist constants 𝐴 and 𝜇 ∈ (0, 1) such that 𝛿𝜇
1 𝜔(𝛿2) ≤ 𝐴𝛿𝜇

2 𝜔(𝛿1) for
0 < 𝛿1 < 𝛿2 ≤ 𝜋.

Theorem 1. Let 𝑓 ∈ 𝐻𝜔 = 𝑊 0𝐻𝜔 and be monotone on the intervals [𝑐𝑖, 𝑐𝑖+1],
where 𝑐0 < 𝑐1 < ⋯ < 𝑐𝑁 = 𝑐0 + 2𝜋. If 𝜔 satisfies condition (∗), then

𝑆𝑛[𝑓; 𝑥] − 𝑓(𝑥) = 𝑂(𝜔(𝑛−1) ln(𝑁 + 1)),

where the constant entering the 𝑂-term depends only on 𝜔.

Proof. On the basis of Lemma 1 we have

𝑆𝑛[𝑓; 𝑥] − 𝑓(𝑥) = 𝑛
2𝜋2 {

𝑚
∑
𝑘=1

1
𝑘 ∫

𝑦𝑘+1

𝑦𝑘

𝑓(𝑥 + 𝑡) sin𝑛𝑡 𝑑𝑡+

+
𝑚

∑
𝑘=1

1
𝑘 ∫

𝑦𝑘+1

𝑦𝑘

𝑓(𝑥 − 𝑡) sin𝑛𝑡 𝑑𝑡} + 𝑂 (𝜔 ( 1
𝑛)) .

∗ 𝜔(𝛿) is a true majorant of moduli of continuity if: 1) 𝜔 is defined on [0, +∞);

2) lim
𝛿→0

𝜔(𝛿) = 𝜔(0) = 0; 3) for 0 ≤ 𝛿1 < 𝛿2 one has 0 ≤ 𝜔(𝛿2)−𝜔(𝛿1) ≤ 𝜔(𝛿2−𝛿1).

Let 𝑘0, 𝑘1, … , 𝑘𝑝+1 be the numbers of those intervals [𝑦𝑘, 𝑦𝑘+1] into which at
least one of the points 𝑦1, 𝑦𝑚, 𝑐𝑖 − 𝑥 falls (or a point differing from 𝑐𝑖 − 𝑥 by
an integral multiple of 2𝜋). Obviously, 𝑝 ≤ 𝑁 . Then (as usual, ∑𝜈

𝑘=𝜇 𝑎𝑘 = 0 if
𝜇 > 𝜈)

Σ1 =
𝑚

∑
𝑘=1

1
𝑘 ∫

𝑦𝑘+1

𝑦𝑘

𝑓(𝑥 + 𝑡) sin𝑛𝑡 𝑑𝑡 =
𝑝

∑
𝑖=0

𝑘𝑖+1−1
∑

𝑘=𝑘𝑖+1

1
𝑘 ∫

𝑦𝑘+1

𝑦𝑘

𝑓(𝑥 + 𝑡) sin𝑛𝑡 𝑑𝑡+

+
𝑝+1
∑
𝑖=0

1
𝑘𝑖

∫
𝑦𝑘𝑖+1

𝑦𝑘𝑖

𝑓(𝑥 + 𝑡) sin𝑛𝑡 𝑑𝑡 = Σ′
1 + Σ″

1 .

Since

∫
𝑦𝑘+1

𝑦𝑘

𝑓(𝑥 + 𝑡) sin𝑛𝑡 𝑑𝑡 = 𝑂(𝑛−1𝜔(𝑛−1)),
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we have

Σ″
1 = 𝑂( 1

𝑛 𝜔( 1
𝑛))

𝑝+1
∑
𝑖=0

1
𝑘𝑖

= 𝑂( 1
𝑛 𝜔( 1

𝑛))
𝑁+2
∑
𝑖=1

1
𝑖 = 𝑂( ln(𝑁 + 1)

𝑛 𝜔( 1
𝑛)) .

Since 𝑓(𝑥 + ⋅) is monotone on [𝑦𝑘𝑖+1, 𝑦𝑘𝑖+1
], for 𝑘𝑖 < 𝑘 < 𝑘𝑖+1 we have

∣∫
𝑦𝑘+1

𝑦𝑘

𝑓(𝑥 + 𝑡) sin𝑛𝑡 𝑑𝑡∣ ≤ 2𝜋
𝑛 ∣Δ2𝜋/𝑛𝑓(𝑥 + 𝑦𝑘)∣ ,

whence

|Σ′
1| ≤ 2𝜋

𝑛
𝑝

∑
𝑖=0

∣
𝑘𝑖+1−1
∑

𝑘=𝑘𝑖+1

1
𝑘Δ2𝜋/𝑛𝑓(𝑥 + 𝑦𝑘)∣ .

But

𝑘𝑖+1−1
∑

𝑘=𝑘𝑖+1

1
𝑘Δ2𝜋/𝑛𝑓(𝑥 + 𝑦𝑘) =

𝑘𝑖+1−1
∑

𝑘=𝑘𝑖+1

𝑓(𝑥 + 𝑦𝑘) − 𝑓(𝑥 + 𝑦𝑘𝑖+1)
(𝑘 − 1)𝑘 +

+
𝑓(𝑥 + 𝑦𝑘𝑖+1) − 𝑓(𝑥 + 𝑦𝑘𝑖+1

)
𝑘𝑖+1 − 1 ,

|𝑓(𝑥 + 𝑦𝑘) − 𝑓(𝑥 + 𝑦𝑘𝑖+1)| ≤ 𝜔(2(𝑘 − 1)
𝑛 𝜋) ,

|𝑓(𝑥 + 𝑦𝑘𝑖+1) − 𝑓(𝑥 + 𝑦𝑘𝑖+1
)| ≤ 𝜔(2(𝑘𝑖+1 − 1 − 𝑘𝑖)

𝑛 𝜋) .

Thus,

|Σ′
1| ≤ 4𝜋

𝑛
𝑝

∑
𝑖=1

⎡⎢
⎣

𝑘𝑖+1−1
∑

𝑘=𝑘𝑖+1

𝜔((𝑘 − 1)𝜋𝑛−1)
(𝑘 − 1)𝑘 + 𝜔((𝑘𝑖+1 − 1 − 𝑘𝑖)𝜋𝑛−1)

𝑘𝑖+1 − 1
⎤⎥
⎦

≤

≤ 8𝜋
𝑛

𝑚
∑
𝑘=2

𝜔((𝑘 − 1)𝜋𝑛−1)
𝑘2 + 4𝜋

𝑛
𝑝

∑
𝑖=0

𝜔((𝑘𝑖+1 − 1 − 𝑘𝑖)𝜋𝑛−1)
𝑘𝑖+1 − 1 .

The first of the resulting sums, by virtue of (∗), is 𝑂(𝑛−1𝜔(𝑛−1)).
To estimate the second sum we apply Lemma 2:
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4𝜋
𝑛

𝑝
∑
𝑖=0

𝜔((𝑘𝑖+1 − 1 − 𝑘𝑖)𝜋𝑛−1)
𝑘𝑖+1 − 1 = 𝑂( 1

𝑛 𝜔( 1
𝑛))

𝑝
∑
𝑖=0

(𝑘𝑖+1 − 1 − 𝑘𝑖)𝜇

𝑘𝑖+1 − 1 .

Denote by 𝑙 such a number that 𝑘𝑙 ≤ (𝑝+1)1/(1−𝜇) +1 < 𝑘𝑙+1 (if all the numbers
𝑘1, 𝑘2, … , 𝑘𝑝+1 lie on one side of (𝑝 + 1)1/(1−𝜇) + 1, then
below one of the sums vanishes). Then

𝑝
∑
𝑖=0

(𝑘𝑖+1 − 1 − 𝑘𝑖)𝜇

𝑘𝑖+1 − 1 ≪
𝑙−1
∑
𝑖=0

𝑘𝑖+1 − 1 − 𝑘𝑖
𝑘𝑖+1 − 1 +

𝑝
∑
𝑖=𝑙

(𝑘𝑖+1 − 1)𝜇−1 <

<
𝑙−1
∑
𝑖=0

𝑘𝑖+1−1
∑
𝑘=𝑘𝑖

1
𝑘 +

𝑝
∑
𝑖=0

[(𝑝 + 1)1/(1−𝜇)]𝜇−1 ≪ 1
1 − 𝜇 ln(𝑝 + 1) + 2.

Thus,

Σ′
1 = 𝑂 ( 1

𝑛𝜔 ( 1
𝑛)) (1 + 1

1 − 𝜇 ln(𝑝 + 1) + 2) = 𝑂 ( ln(𝑁 + 1)
𝑛 𝜔 ( 1

𝑛)) .

Consequently,

Σ1 = 𝑂 (ln(𝑁 + 1)𝜔𝑛−1/𝑛) .

Similarly,

Σ2 =
𝑚

∑
𝑘=1

1
𝑘 ∫

𝑦𝑘+1

𝑦𝑘

𝑓(𝑥 − 𝑡) sin𝑛𝑡 𝑑𝑡 = 𝑂 ( ln(𝑁 + 1)
𝑛 𝜔 ( 1

𝑛)) .

The theorem is proved.

Remark 1. If 𝜔(𝛿) = 𝛿𝜇, where 0 < 𝜇 < 1, then

𝑆𝑛[𝑓; 𝑥] − 𝑓(𝑥) = 𝑂 ( ln(𝑁 + 1)
(1 − 𝜇)𝑛𝜇 ) ,

and the constant entering the 𝑂-term is absolute.

Remark 2. The condition of piecewise monotonicity of 𝑓 cannot be replaced
by the condition of bounded variation.

Remark 3. The condition (∗) imposed on the majorant 𝜔 is essential.

Lemma 3. If 𝑓 is convex upward on [𝑦𝑘, 𝑦𝑘+1], then
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4
𝜋𝑛Δ2

𝜋/𝑛𝑓(𝑦𝑘) ≪ ∫
𝑦𝑘+1

𝑦𝑘

𝑓(𝑡) sin𝑛𝑡 𝑑𝑡 ≪ 0.

Proof. We shall show that

− 8
𝜋 𝑔(𝜋) ≪ ∫

2𝜋

0
𝑔(𝑧) cos 𝑧 𝑑𝑧 ≪ 0,

if 𝑔 is convex upward on [0, 2𝜋], 𝑔(0) = 𝑔(2𝜋) = 0. Let

ℎ(𝑧) = [𝑔(𝑧) + 𝑔(2𝜋 − 𝑧)]/2, 𝑙(𝑧) = 2ℎ(𝜋/2)𝑧/𝜋.

Then

∫
2𝜋

0
𝑔(𝑧) cos 𝑧 𝑑𝑧 = 2 ∫

𝜋

0
ℎ(𝑧) cos 𝑧 𝑑𝑧 ≫

≫ 2 ∫
𝜋

0
𝑙(𝑧) cos 𝑧 𝑑𝑧 = − 8

𝜋 ℎ (𝜋
2 ) ≫ − 8

𝜋 𝑔(𝜋).

The inequality

∫
2𝜋

0
𝑔(𝑧) cos 𝑧 𝑑𝑧 ≪ 0

is obvious. To complete the proof it is enough to put

𝑓 ( 𝑧
𝑛 + 𝑦𝑘) − 𝑧

2𝜋 [𝑓(𝑦𝑘+1) − 𝑓(𝑦𝑘)] − 𝑓(𝑦𝑘) = 𝑔(𝑧)

and to note that

𝑔(𝜋) = −1
2Δ2

𝜋/𝑛𝑓(𝑦𝑘).

Theorem 2. If 𝑓 ∈ 𝐻𝜔 and is convex (upward or downward) on each of the
intervals [𝑐𝑖, 𝑐𝑖+1], where 𝑐0 < 𝑐1 < ⋯ < 𝑐𝑁 = 𝑐0 + 2𝜋, then

𝑆𝑛[𝑓; 𝑥] − 𝑓(𝑥) = 𝑂(𝜔(𝑛−1) ln(𝑁 + 1)),

where the constant entering the 𝑂-term is absolute.

Proof. With the preceding notation it is enough to show that
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Σ′
1 = 𝑂 (ln(𝑁 + 1)𝜔𝑛−1/𝑛) .

The function 𝑓(𝑥 + ⋅) preserves the direction of convexity on

[𝑦𝑘𝑖+1, 𝑦𝑘𝑖+1
].

Hence, by Lemma 3,

|Σ′
1| ≪

𝑝
∑
𝑖=0

∣
𝑘𝑖+1−1
∑

𝑘=𝑘𝑖+1

1
𝑘 ∫

𝑦𝑘+1

𝑦𝑘

𝑓(𝑥 + 𝑡) sin𝑛𝑡 𝑑𝑡∣ ≪ 4
𝜋𝑛

𝑝
∑
𝑖=0

∣
𝑘𝑖+1−1
∑

𝑘=𝑘𝑖+1

1
𝑘Δ2

𝜋/𝑛𝑓(𝑦𝑘)∣ .

Moreover, 𝑦𝑘+1/2 = (4𝑘 + 3)𝜋/2𝑛,

|Σ′
1| ≤ 8

𝜋𝑛
𝑝

∑
𝑖=0

∣
2𝑘𝑖+1−2

∑
𝜈=2𝑘𝑖+2

1
𝜈 Δ2

𝜋/𝑛𝑓(𝑦𝜈/2)∣ .

Next

2𝑘𝑖+1−2
∑

𝜈=2𝑘𝑖+2

1
𝜈 Δ2

𝜋/𝑛𝑓(𝑦𝜈/2) =
2𝑘𝑖+1−2

∑
𝜈=2𝑘𝑖+2

Δ𝜋/𝑛𝑓(𝑦𝜈/2)
(𝜈 − 1)𝜈 −

Δ𝜋/𝑛𝑓(𝑦𝑘𝑖+1)
2𝑘𝑖 + 1 +

Δ𝜋/𝑛𝑓(𝑦𝑘𝑖+1−1/2)
2𝑘𝑖+1 − 2

and |Δ𝜋/𝑛𝑓(𝑥)| ≤ 𝜔(𝜋/𝑛). Therefore

∣
2𝑘𝑖+1−2

∑
𝜈=2𝑘𝑖+2

1
𝜈 Δ2

𝜋/𝑛𝑓(𝑦𝜈/2)∣ ≤ 𝜔 (𝜋
𝑛) ⎡⎢

⎣

2𝑘𝑖+1

∑
𝜈=2𝑘𝑖+1

1
(𝜈 − 1)𝜈 + 1

𝑘𝑖
⎤⎥
⎦

.

Thus,

|Σ′
1| ≤ 8

𝜋𝑛𝜔 (𝜋
𝑛) ⎡⎢

⎣

𝑝
∑
𝑖=0

2𝑘𝑖+1

∑
𝜈=2𝑘𝑖+1

1
(𝜈 − 1)𝜈 +

𝑝
∑
𝑖=0

1
𝑘𝑖

⎤⎥
⎦

= 𝑂 ( ln(𝑁 + 1)
𝑛 𝜔 ( 1

𝑛)) ,

which was required to be proved.

We shall call a function 𝑓 𝑞-monotone on [𝑎, 𝑏] if, for all 𝑥 and ℎ > 0 such that
𝑥, 𝑥 + 𝑞ℎ ∈ [𝑎, 𝑏],
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Δ𝑞
ℎ𝑓(𝑥) =

𝑞
∑
𝜈=0

(−1)𝑞+𝜈𝐶𝜈
𝑞 𝑓(𝑥 + 𝜈ℎ) ≥ 0 (≤ 0).

It is not difficult to verify that: a) if 𝑓 is 𝑞-monotone on [𝑎, 𝑏] and 𝑓 ′ exists,
then 𝑓 ′ is (𝑞 −1)-monotone on [𝑎, 𝑏]; b) if a continuous 𝑓 is 𝑞-monotone on [𝑎, 𝑏],
then either 𝑓 is (𝑞 − 1)-monotone on [𝑎, 𝑏], or there exists a 𝑐 ∈ (𝑎, 𝑏) such that
𝑓 is (𝑞 − 1)-monotone on [𝑎, 𝑐] and [𝑐, 𝑏].
Theorem 3. Let 𝑓 ∈ 𝑊𝑟𝐻𝜔 and let 𝑓 be 𝑞-monotone on the intervals [𝑐𝑖, 𝑐𝑖+1],
where 𝑐0 < 𝑐1 < ⋯ < 𝑐𝑁 = 𝑐0 + 2𝜋. Suppose, further, that 𝑟 ≤ 𝑞 − 1, and for
𝑟 = 𝑞 − 1 condition (∗) is satisfied for 𝜔. Then

𝑆𝑛[𝑓; 𝑥] − 𝑓(𝑥) = 𝑂((𝑞 + ln(𝑁 + 1))𝜔(𝑛−1)𝑛−𝑟),

where the constant entering the 𝑂-term is absolute for 𝑟 < 𝑞 − 1 and depends
only on 𝜔 for 𝑟 = 𝑞 − 1.
Proof. For 𝑟 = 𝑞 − 1 the function 𝑓 (𝑟) is monotone on the intervals [𝑐𝑖, 𝑐𝑖+1].
The proof of Theorem 1 (with insignificant modifications) gives the required
result. If 𝑟 < 𝑞 − 1, then 𝑓 (𝑟), being (𝑞 − 𝑟)-monotone on [𝑐𝑖, 𝑐𝑖+1], is convex on
the intervals [𝑑𝑖, 𝑑𝑖+1], where 𝑑0 < 𝑑1 < ⋯ < 𝑑𝑀 = 𝑑0 + 2𝜋 and 𝑀 ≤ 2𝑞−𝑟−2𝑁 .
Slightly modifying the proof of Theorem 2, here also we obtain the needed
estimate.

Assertions analogous to those proved are apparently also valid for Fourier se-
ries in Jacobi polynomials 𝑃 (𝛼,𝛽)

𝑛 (𝑥). We confine ourselves to formulating the
following result obtained by us.

Let 0 < 𝜇 ≤ 1, −1/2 < 𝛼, 𝛽 < 1/2, and let 𝑆(𝛼,𝛽)
𝑛 [𝑓; 𝑥] be the 𝑛-th partial sum

of the Fourier–Jacobi series of a function 𝑓 defined on [−1, 1]. Then, as shown
in (4),

sup
𝑓∈Lip 1𝜇

∣𝑆(𝛼,𝛽)
𝑛 [𝑓; 1] − 𝑓(1)∣ ≍ 𝑛𝛼+1/2−𝜇.

If, however, 𝑓 ∈ Lip1 𝜇 and the function 𝑓(cos ⋅) is convex on the intervals
[𝑐𝑖, 𝑐𝑖+1], where 0 = 𝑐0 < 𝑐1 < ⋯ < 𝑐𝑁 = 𝜋, then

𝑆(𝛼,𝛽)
𝑛 [𝑓; 1] − 𝑓(1) = 𝑂 (𝑁𝑛𝛼−1/2−𝜇 + 𝑁𝛼+1/2+𝜇𝑛−2𝜇 + 𝑛−𝜇) .
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