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MATHEMATICS

A. V. STRAUS

ON EXTENSIONS, CHARACTERISTIC FUNC-
TIONS, AND GENERALIZED RESOLVENTS
OF SYMMETRIC OPERATORS
(Presented by Academician I. M. Vinogradov, 7 IV 1967)

1. Let 𝐴 be a closed symmetric operator in a Hilbert space 𝐻. The domain 𝐷𝐴
of the operator 𝐴 is not assumed to be dense in 𝐻. For an arbitrary nonreal 𝑧 set
𝔑𝑧 = 𝐻 ⊖ (𝐴 − 𝑧𝐸)𝐷𝐴. As is known (1), 𝐷𝐴 and 𝔑𝑧 are linearly independent,
and 𝐷𝐴, 𝔑𝑧, and 𝔑 ̄𝑧 are linearly independent if and only if 𝐷𝐴 = 𝐻. Put
𝔓𝑧 = 𝔑𝑧 ∩ (𝐷𝐴 + 𝔑 ̄𝑧). 𝔓𝑧 = {0} if and only if 𝐷𝐴 = 𝐻. In the Cartesian
product 𝔑𝑧 × 𝔑 ̄𝑧 we distinguish the linear manifold

𝔊𝑧 = {[𝜓, 𝜑] ∶ 𝜑 − 𝜓 ∈ 𝐷𝐴}.

𝔊𝑧 is the graph of an isometric operator 𝑋𝑧, with domain 𝔓𝑧 and range 𝔓 ̄𝑧 ((1),
Theorem 9). It is clear that 𝑋−1

𝑧 = 𝑋 ̄𝑧. In a somewhat different way the operator
𝑋𝑧 was defined in (2), where it plays an essential role in the construction of
symmetric extensions of the operator 𝐴.

In the present paper the operator 𝑋𝑧 is used in describing dissipative and other
extensions of the operator 𝐴. A formula is established connecting 𝑋𝑧 with the
characteristic function of the operator 𝐴. Using these terms, we describe the
totality of all generalized resolvents of the operator 𝐴.

2. A linear operator 𝐵 in 𝐻 is called dissipative if, for every 𝑓 ∈ 𝐷𝐵,
Im(𝐵𝑓, 𝑓) ≥ 0 (cf. (3)). Such an operator 𝐵 is called maximal dissipative if
it has no proper dissipative extensions in 𝐻. We shall call a linear operator 𝐵
in 𝐻 accumulative if Im(𝐵𝑓, 𝑓) ≤ 0 (𝑓 ∈ 𝐷𝐵); analogously to the preceding,
we define the notion of a maximal accumulative operator. The domain 𝐷𝐵
of any closed maximal dissipative or accumulative operator 𝐵 is dense in 𝐻 (3).
Denote by 𝔎𝑧 (Im 𝑧 ≠ 0) the class of all linear nonexpanding operators 𝐹 from
𝔑𝑧 into 𝔑 ̄𝑧 (𝐷𝐹 ⊂ 𝔑𝑧), and by 𝔉𝑧 the totality of all 𝐹 ∈ 𝔎𝑧 for which 𝐷𝐹 = 𝔑𝑧.
We shall call a linear operator 𝐹 from 𝔑𝑧 into 𝔑 ̄𝑧 admissible if 𝐹𝜓 = 𝑋𝑧𝜓
only for 𝜓 = 0. If the operator 𝐹 ∈ 𝔉𝑧 is admissible, then the adjoint operator
𝐹 ∗ ∈ 𝔉 ̄𝑧 is also admissible.
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Theorem 1. For any nonreal 𝑧 in the lower (upper) half-plane, the formulas

𝐷𝐵 = 𝐷𝐴 + (𝐹 − 𝐸)𝐷𝐹 , (1)

𝐵(𝑓 + 𝐹𝜓 − 𝜓) = 𝐴𝑓 + 𝑧𝐹𝜓 − ̄𝑧𝜓 (𝑓 ∈ 𝐷𝐴, 𝜓 ∈ 𝐷𝐹 ) (2)

establish a one-to-one correspondence between the totality of all admissible op-
erators 𝐹 ∈ 𝔎𝑧 and the totality of all dissipative (accumulative) extensions 𝐵
of the operator 𝐴. Moreover,

𝐹 = (𝐵 − ̄𝑧𝐸)(𝐵 − 𝑧𝐸)−1∣𝔑𝑧∩(𝐵−𝑧𝐸)𝐷𝐵
.

The operator 𝐵 is closed and maximal if and only if it corre-

corresponds to the admissible operator 𝐹 ∈ 𝔉𝑧. In this case the operator 𝐵∗,
adjoint to 𝐵, corresponds (with 𝑧 replaced by ̄𝑧) to the operator 𝐹 ∗ ∈ 𝔉 ̄𝑧.

We shall say that the linear operators 𝑆 and 𝑇 in 𝐻 are formally adjoint if, for
all 𝑓 ∈ 𝐷𝑆 and 𝑔 ∈ 𝐷𝑇 ,

(𝑆𝑓, 𝑔) = (𝑓, 𝑇 𝑔).

Theorem 2. For every nonreal 𝑧 there exists a one-to-one correspondence
between the totality of all extensions 𝐵 of the operator 𝐴, formally adjoint to
𝐴, and the totality of all linear manifolds 𝔏 ⊂ 𝔑𝑧 × 𝔑 ̄𝑧 satisfying the condition
[𝜓, 𝑋𝑧𝜓] ∈ 𝔏 only when 𝜓 = 0. This correspondence is defined by the formulas

𝐷𝐵 = 𝐷𝐴 ∔ {𝜑 − 𝜓 ∶ [𝜓, 𝜑] ∈ 𝔏},

𝐵(𝑓 + 𝜑 − 𝜓) = 𝐴𝑓 + 𝑧𝜑 − ̄𝑧𝜓 (𝑓 ∈ 𝐷𝐴, [𝜓, 𝜑] ∈ 𝔏),
which is equivalent to the equality

𝔏 = {[𝜓, 𝜑] ∈ 𝔑𝑧 × 𝔑 ̄𝑧 ∶ 𝜑 − 𝜓 ∈ 𝐷𝐵, 𝐵(𝜑 − 𝜓) = 𝑧𝜑 − ̄𝑧𝜓}.

The operator 𝐵 is closed if and only if the corresponding linear manifold 𝔏 is
closed.**

3. Denote by 𝐴𝜆 (Im𝜆 ≠ 0) the extension of the operator 𝐴, defined on the
linear manifold 𝐷𝐴𝜆

= 𝐷𝐴 ∔ 𝔑𝑧 by the formula

𝐴𝜆(𝑓 + 𝜑) = 𝐴𝑓 + 𝜆𝜑 (𝑓 ∈ 𝐷𝐴, 𝜑 ∈ 𝔑𝜆).

According to Theorem 1, 𝐴𝜆 for Im𝜆 > 0 (Im𝜆 < 0) is a closed maximal
dissipative (accumulative) extension of the operator 𝐴, and 𝐴∗

𝜆 = 𝐴𝜆̄. Fix
an arbitrary nonreal 𝜆0 and denote by Π the open upper or lower half-plane

sovietrxiv.org/items/ru-196801.66014 Machine Translation

https://sovietrxiv.org/items/ru-196801.66014


containing 𝜆0. By the same Theorem 1, for every 𝜆 ∈ Π the operator 𝐴𝜆
corresponds to the admissible operator 𝐶(𝜆) ∈ 𝔉𝜆̄, defined by the formula

𝐶(𝜆) = (𝐴𝜆 − 𝜆0𝐸)(𝐴𝜆 − 𝜆̄0𝐸)−1 ∣𝔑𝜆̄
,

The operator function 𝐶(𝜆) (𝜆 ∈ Π) is called the characteristic function of
the operator 𝐴.*** It depends analytically on 𝜆, and

‖𝐶(𝜆)‖ ≤ ∣𝜆 − 𝜆0
𝜆 − 𝜆̄0

∣ (𝜆 ∈ Π).

Put
Π𝜀 = {𝜆 ∈ Π ∶ 𝜀 < | arg𝜆| < 𝜋 − 𝜀} (0 < 𝜀 < 𝜋/2).

Let Φ(𝜆) (𝜆 ∈ Π) be an arbitrary analytic operator function whose values are
linear nonexpanding operators mapping one Hilbert space 𝔑 into another 𝔑′.
Put, then,

ΩΦ = {ℎ ∈ 𝔑 ∶ lim
𝜆→∞, 𝜆∈Π𝜀

|𝜆|(‖ℎ‖ − ‖Φ(𝜆)ℎ‖) < ∞} ,

and denote by Φ0(∞) the operator with domain of definition ΩΦ, given by the
formula

Φ0(∞)ℎ = lim
𝜆→∞, 𝜆∈Π𝜀

Φ(𝜆)ℎ (ℎ ∈ ΩΦ). (3)

According to the results of the work (9), ΩΦ is a linear manifold and for every
ℎ ∈ ΩΦ the strong limit (3) exists.

* This theorem intersects with some results of the papers (2−5) and, in particular,
with Theorem 1.1.1 of (3).
** Theorem 2 is related to the results of the paper (6).
*** The concept of the characteristic function of a linear operator was first intro-
duced by M. S. Livšic (7) for isometric and densely defined symmetric operators
with defect index (1, 1) and their extensions. Subsequently this concept was gen-
eralized and modified in various ways. In the sense of the definition proposed
in (8), the operator function 𝐶(𝜆) (𝜆 ∈ Π) considered here is the characteristic
function of the operator 𝐴𝜆0

.

Theorem 3. The formulas

Φ𝜆0
= Ω𝐶 , 𝑋𝜆0

= 𝐶0(∞)
hold.

From this, in particular, it follows that

Theorem 4*. The domain of definition of the operator 𝐴 is dense in 𝐻 if and
only if, for every nonzero 𝜑 ∈ 𝔑,

lim
𝜆→∞, 𝜆∈Π𝜀

[|𝜆|(‖𝜑‖ − ‖𝐶(𝜆)𝜑‖)] = ∞.
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4. We shall agree to denote by 𝐴𝐹 the operator 𝐵 ⊃ 𝐴 corresponding to the
admissible operator 𝐹 ′ ∈ 𝔉𝜆0

according to formulas (1), (2) for 𝑧 = 𝜆0. In
an analogous sense the notation 𝐴𝐹 ∗ will be used, so that (𝐴𝐹 )∗ = 𝐴𝐹 ∗ .

Recall that the operator-valued function 𝑅𝜆 (Im𝜆 ≠ 0) is a generalized resolvent
of the operator 𝐴 if and only if it can be represented in the form 𝑅𝜆 = 𝑃(𝐴 −
𝜆𝐸)−1|𝐻, where 𝐴 is some self-adjoint extension of the operator 𝐴 with exit
into a Hilbert space 𝐻 ⊃ 𝐻, and 𝑃 is the orthoprojector in 𝐻 onto 𝐻.**

Theorem 5. The formula

𝑅𝜆 = {(𝐴𝐹(𝜆) − 𝜆𝐸)−1 (𝜆 ∈ Π),
(𝐴𝐹 ∗(𝜆̄) − 𝜆𝐸)−1 (𝜆̄ ∈ Π) (4)

establishes a one-to-one correspondence between the set of all generalized resol-
vents 𝑅𝜆 (Im𝜆 ≠ 0) of the operator 𝐴 and the set of all analytic operator-valued
functions 𝐹(𝜆) (𝜆 ∈ Π) with values in 𝔉𝜆0

, satisfying the condition

𝐹0(∞)𝜓 = 𝑋𝜆0
𝜓 only for 𝜓 = 0. (5)

This condition is equivalent to the following:

lim
𝜆→∞, 𝜆∈Π𝜀

∣ 1
𝜆([𝐸 − 𝐶(𝜆)𝐹(𝜆)]−1𝜓, 𝜓)∣ = 0 for every 𝜓 ∈ 𝔑𝜆0

. ∗ ∗∗ (6)

Theorem 6. If 𝐹(𝜆) (𝜆 ∈ Π) is an analytic operator-valued function with
values in 𝔉𝜆0

satisfying condition (5) or (6), then

lim
𝜆→∞, 𝜆∈Π𝜀

{ 1
𝜆[𝐸 − 𝐶(𝜆)𝐹(𝜆)]−1} = 0

in the sense of strong convergence.
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* Cf. (10), Theorem 5. In the case of an operator with defect index (1, 1), the
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15).
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its basis, B. I. Lomkarev (5) extended formula (4) to the case of an operator 𝐴
with non-dense domain of definition; however, the additional condition imposed
on 𝐹(𝜆) had a rather complicated form.
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