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MATHEMATICS

V. Z. BELEN’KII

ON PROBLEMS OF MATHEMATICAL PRO-
GRAMMING HAVING A MINIMAL POINT
(Presented by Academician L. V. Kantorovich, 12 III 1968)

In this note it is shown that certain problems of mathematical (linear and non-
linear) programming in a partially ordered Banach space are equivalent to the
problem of fixed points of operators leaving invariant a nonnegative cone. Ques-
tions concerning the existence of such points are set forth in detail in the mono-
graph of M. A. Krasnosel’skii (1), from which we borrow the notation and
terminology. In the problems considered here, the solution can always be ob-
tained by the method of successive approximations.

Let 𝐸 be a Banach space partially ordered by the relation ⩾ with the aid of a
cone 𝐾. We shall assume the cone 𝐾 to be regular and minihedral. Typical
examples may be taken to be the spaces 𝐿𝑝 and finite-dimensional Euclidean
space with their natural nonnegative cones.

Let 𝑓 ∶ 𝐾 → 𝐸 be a continuous monotone operator (if 𝑥1 ⩾ 𝑥2, then 𝑓(𝑥1) ⩾
𝑓(𝑥2)) and

𝐷 = {𝑥 ∣ 𝑥 ⩾ 𝑓(𝑥), 𝑥 ⩾ 𝜃}, (1)

Consider the problem of mathematical programming

𝜑(𝑥) = min, 𝑥 ∈ 𝐷, (2)

where 𝜑 is a monotone functional defined on 𝐾. For the finite-dimensional case,
as early as 1962 E. B. Ershov (2) observed that if the set 𝐷 is nonempty, then
it contains a minimal point

𝑧 = inf 𝐷,

which, naturally, will be a solution of problem (2), independently of the specific
choice of the monotone functional 𝜑. But Ershov did not know an algorithm
for finding this point.
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Let

𝐹(𝑥) = sup(𝜃, 𝑓(𝑥)), 𝑥 ∈ 𝐾; (3)

𝑁 = {𝑥 ∣ 𝑥 = 𝐹(𝑥)}.

The operator 𝐹 ∶ 𝐾 → 𝐾 thus defined is continuous and monotone together
with 𝑓 . The continuity of 𝐹 follows from the regularity of the cone 𝐾.

Theorem 1. The following assertions are equivalent:

1) 𝐷 is nonempty;

2) 𝑁 is nonempty;

3) there exists the limit 𝑧 of the sequence

𝑧0 = 𝜃, 𝑧𝑘+1 = 𝐹(𝑧𝑘), (4)

and 𝑧 ∈ 𝑁 ⊂ 𝐷 and 𝑧 = inf 𝐷(= inf 𝑁).
Proof. From 2) follows 1), since 𝑁 ⊂ 𝐷. From 3) follows 2) by the continuity
of 𝐹 . It remains to show that from 1) follows 3). Let

𝑦 ∈ 𝐷. Then for the operator 𝐹 we have

𝐹(𝜃) ≥ 𝜃, 𝜃 ≤ 𝐹(𝑦) ≤ 𝑦,

and, by virtue of the known theorem on the convergence of successive approxi-
mations (see (1,3 )), the limit 𝑧 of the sequence (4) exists, with 𝑧 ∈ 𝑁 ⊂ 𝐷 and
𝑧 ≤ 𝑦. Since 𝑦 is an arbitrary element of 𝐷, it follows that 𝑧 = inf 𝐷. The proof
is complete.

Thus, the convergence of the sequence (4) is a necessary and sufficient condition
for the solvability of problem (2), and the limit of this sequence gives the minimal
point. This aspect is most important from the computational point of view in
solving practical finite-dimensional problems. In some applications (for example
in economics, see (4)) the operator 𝑓 and the functional 𝜑 depend increasingly
on a numerical parameter 𝜆, and it is necessary to find the maximum value of
𝜆 for which problem (2) is solvable. Theorem 1 makes it possible to solve this
problem as well, again using the sequence (4). In this sense the sequence (4)
provides a decision algorithm for problem (2).

It turns out that this algorithm can also be used in the case when the operator 𝑓
is not monotone. We shall demonstrate this by the example of a linear operator,
although the same can also be done in nonlinear cases.

Let
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𝑓(𝑥) ∶= 𝐴𝑥 + 𝑏, 𝐴 = 𝑃 − 𝑆, (5)

where 𝑃 and 𝑆 are linear positive operators and the spectral radius of the
operator 𝑃 is less than one. Then on the whole space 𝐸 one can define the
operator

𝑇 (𝑦) = inf{𝑥 ∣ 𝑥 ≥ 𝑃𝑥 − 𝑆𝑦 + 𝑏, 𝑥 ≥ 𝜃}, (6)

and the image of the cone 𝐾 is bounded,

𝜃 ≤ 𝑇 (𝐾) ≤ 𝑇 (𝜃).

The estimate holds

|𝑇 (𝑦1) − 𝑇 (𝑦2)| ≤ 𝐵|𝑦1 − 𝑦2|, 𝐵 = (𝐸 − 𝑃)−1𝑆, (7)

where

|𝑥| = sup(𝜃, 𝑥) + sup(𝜃, −𝑥).

We now define a monotone operator 𝐺 ∶ 𝐾 → 𝐾

𝐺 = 𝑇 2. (8)

Since

𝑇 (𝜃) ≥ 𝐺𝑇 (𝜃),

then, on the basis of Theorem 1, 𝐺 has a nonempty set of fixed points, the
least of which 𝑧 can be obtained as the limit of the sequence (4) (with 𝐹 = 𝐺),
and the greatest 𝑤 (which also exists) is determined as 𝑤 = 𝑇 (𝑧) (note that
𝑧 = 𝑇 (𝑤)). Using this construction, the following can be proved.

Theorem 2. Let 𝑃 and 𝑆 be positive linear operators; let the operators
𝐴, 𝑓, 𝐹 , 𝑇 , 𝐵, and 𝐺 be defined by equalities (5), (3), (6), (7), and (8), and
let the domain 𝐷 be defined by equality (1). Then, if the spectral radius of the
matrix (𝑃 + 𝑆) is less than one, then:

1) the operators 𝐹, 𝑇 , and 𝐺 have a unique fixed point 𝑧, common to them,
which can be obtained as the (common) limit of the sequences 𝑧𝑘+1 =
𝐹(𝑧𝑘) and 𝑦𝑘+1 = 𝑇 (𝑦𝑘) for arbitrary initial points 𝑧0 and 𝑦0;

2) the cone
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𝑀 = {𝑐 ∣ (𝑐, 𝑥) ≥ 0, (𝑐, (𝐸 − 𝐵)𝑥) ≥ 0, for all 𝑥 ∈ 𝐾}

in the conjugate space of linear functionals on 𝐸 is nonempty;

5) the point 𝑧 minimizes on the set 𝐷 any linear functional 𝑐 ∈ 𝑀 .

Property 3) of the point 𝑧 allows us to call it quasiminimal. If we consider the
spectrum of problems with the matrix

𝐴𝜆 = 𝑃 − 𝜆𝑆, 0 ≤ 𝜆 ≤ 1,

then for all 𝜆 Theorem 2 remains valid, and the point 𝑧𝜆, which for 𝜆 = 0 is
simply a minimal point (in this case 𝐵 = 0), for 𝜆 = 1 passes into the point 𝑧.
The cone of minimized functionals under this homotopy narrows.

Let us also note that if the operator 𝐴 is given, then its representation in the
form

𝐴 = 𝑃 − 𝑆

is not unique. In cases where 𝐴 is a regular operator (see (4)), the best decom-
position will be

𝑃 = 𝐴+ = (|𝐴| + 𝐴)/2, 𝑆 = 𝐴− = (|𝐴| − 𝐴)/2.

In this case

𝑃 + 𝑆 = |𝐴|.
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