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GENERALIZED BOGOLIUBOV FUNCTIONS
AND ELEMENTS OF THE CAUSAL GS-
MATRIX

(Presented by Academician N. N. Bogoliubov on 16 II 1968)

In all investigations carried out within the framework of the axiomatic S-matrix
approach to quantum field theory by N. N. Bogoliubov, B. V. Medvedev, M. K.
Polivanov (%?) and others (), the principal quantities determining the theory
are taken to be the class of so-called chronological operators
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are arbitrary timelike operators possessing the properties of Poincaré invariance,
locality, symmetry, and local commutativity. In addition to these linear prop-
erties they must satisfy the equation of motion (see (1)).

However, from the mathematical point of view the most convenient quantities for

constructing the theory are not the chronological operators T, (xq, ..., x,), n =
1,2, ..., defined according to (1), but the infinite set of their vacuum averages,
ie.

B, (xq,...,x,) = (0T (21, ...,x,)]), n=12 .., (3)
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which serve as coefficient functions in the functional expansion of the S-matrix
in asymptotic fields, i.e.

S = 2 (_T;)n // (ﬁd4xj> Bn<x17"'7xn) : (pout(x1>"'<pout(xn) P (4)

The content of the BMP axioms (*°) can be completely translated into the
language of the vacuum averages B,,(zq,...,, ), n = 1,2, ..., defined according
to (3), characterized by linear and nonlinear relations.

A. Linear properties.

1°. Functional structures. The vacuum averages B,, (1, ..., 2, ), n = 1,2, ...,
are generalized functions: a) belonging to the space S’(R*"); b) extendable
to the space SXG(R*") of sufficiently smooth solutions of the Klein-Gordon
(KG) equation with positive energies, i.e. to the space SK¢(R4") of functions
f(xq,...,x,) representable in the form f(zy,...,z,) = fi(z;)...

.. fn(z,,), where

~

fiw;) = ﬁ /d“pj 0(p9) 6(pF — 1?) f;(p;) eP=? € SET(RY),  (5)

~ . ‘
fi(p;) € S(Q,), ji=12,...,n.
By S (ﬁ:) is denoted the space of test functions with
supp f;(p;) € Q. where

o _ B. (0)2 2 _ 2 0
Q,={p;eR: (j)°—(py))°=p°, pj>0}
j=12 .., n.

Condition b), in other words, means the existence of generalized functions
B, (zy,...,z,) € SET(R'™), n = 1,2, ..., such that

B, (f)=B,(f) forany fe SKT(R™). (6)

Property b) requires the extendability (preextendability) of the generalized func-
tions

B, (z1,...,x,) € S'(R*), n = 1,2, ..., to the mass surface, i.e. the existence of
generalized M-functions defined by

~

Mn(pla apn> = Ha(pS) 6(])]2 - p“2) n(p17 7pn) € Sl(ﬁ::)v (7)

n
Jj=1
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where

B, (zq,...,x,).

En(pl,...,pn) = W// (Hd4xj) exp linjIj
j=1 j=1

—+
By S(,,) is denoted the space of test functions

f(plv'”vpn) Wlth N
supp f(py, -+ Py,) € €2, where

—t n —t
Q(pys - spn) = R, (p)-
=1

The existence of the generalized functions M, (z,...,z,), n = 1,2, ..., defined
according to (7), follows from the existence of the generalized functions
B, (z1,...,z,) € SET(R'™) and the definition

= (271,)771/2/35”(.}01,”. 7fn) (9)

for arbitrary fj(pj) €S (ﬁ:), where
fi(x;) € SKT(RY), j =1,2,...,n, are determined according to (5).

2°. Symmetry property.

B, (F) =0, (10)
where
F(zy,..,z,) = f(q,...,2,) — f(xal, s xan) (11)
for any f(zq,...,x,) € S(R*").
3°. Poincaré invariance
Bn(f>:Bn(f(a,A))v (12)

where
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f(a,A)(xD ,.Z‘n) = f(A_1<x1 - a)v aA_l(xn - a)) (13)

for any f(zy,...,,) € S(R*") and (a, A) € Pl, where a is a 4-translation vector,
and A is an arbitrary element of the proper Lorentz group LL

B. Nonlinear properties.

4°. Generalized unitarity relations

’LZP(ff17..-7 f )Z Z s+l fl,..., P ‘l1 ey a[)x
stlsrdn ) &

aq...a;

XB:Lferl(ferl?"'7fnaha17~--7hal):(5n0, n:1,2,..., (14)

for arbitrary f;(z;) € S(R'), j =1,...,n, {h,(2)} is a complete set of normalized
functions of the space SX'(R*™"), representable in the form

1 —
ha,(2)) = CoEE /d“pj@(p?)é(p? — u?)ePs=Ih, (p;), (15)

where 7zaj( ) e S( +), and (h,,,hg) < oo,

(ho hg) = i / @2, (2)8o f5(x). (16)

The Lorentz-invariant scalar product is
> hy(2)h,(2') = —iDT (@' — ). (17)

By P (fliff) is denoted the symmetrization operator, meaning n!/sl(n—s)!

fs+17-<-7 n

partitions of the set of n functions into two groups of s and (n — s) functions in
each.

5°. Generalized causality relations

n—1
(=0)" B, 1 (for s fr) + ()" P ( Jirs fs ) y

s=0 fs+17"‘7fn
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<1
X;ﬁ Z Bs+l+1(f07""f57h711""’hzl)x

aj..a;

Xszferl(hal’""halvferla--')fn) :Oa (18)

By=DB{=1
for arbitrary functions f;(z;) € S(R*) with causally independent supports,
i.e. satisfying the condition
fO(x0>fj(xj> =0 (19)

when

(z§ — x?) <0 and (zq—z;)* >0, j=1,2,..,n, (20)
for at least one function f;(z;) € S(R*), 7 =1,2,...,n, and for arbitrary func-
tions hq(2y), ..., hy(2) € S(QI’:), defined according to (15)—(17).

Restoration theorem. From an infinite set of numerical generalized B-
functions satisfying conditions 1°—5°, one can construct the S-matrix according
to

S = ’;) (_nl')n // (E d4m]> Bn<m17 ’$n> : (pout(xl) "'@out(xn) D (21)

which will:
a) commute with the unitary representation of the proper Poincaré group

PI, ie.

[U(a,A),S] =0, (22)

where a is a vector of 4-translations, and A is an arbitrary proper transformation
of the Lorentz group Ll,
b) unitary, i.e.
SSt =8t =1, (23)

c) satisfy the causality condition in the Bogoliubov form.
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The generalized B-functions defined according to (3), and their linear and non-
linear properties 1°—5°, may henceforth be adopted as the basic mathematical
conditions defining the axiomatic S-matrix BMP approach in quantum field
theory, free of the original BMP formalism.

Now the elements of the S-matrix can be represented through generalized B-
functions as follows:

Smn(p17 oy Py =415 -0 _qn) =
(=)™ // ([T, d*=,) (IT:Z, d'v,)
[T, (a2 T, (208)1/2
n m
X exp {—i (Z Qry” — Zpsys>1 Biin (@1, s Yty o Urn),s

m,n=20,1,2,..., (24)

where

qu Vq’l2"+/’1/27 r:1’27"'7n7 pgz Vpg—"_/’[’Q’ 821727"'7m7

]
|
tﬁ 3

r=1 s=1

for all noncoincident momenta p, ..., p,, and gy, ..., q,.

From the functional structure of the generalized B-functions it follows that

Smn(plv ooy Pmy — 415 -4y —qn) c S’([R3(m+n))

Taking this opportunity, I express my sincere gratitude to N. N. Bogoliubov, A.
N. Tavkhelidze, B. V. Medvedev, A. D. Sukhanov, A. V. Efremov, and G. V.
Efimov for their interest and valuable comments.
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