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Abstract
Full Text
UDC 530.145

MATHEMATICAL PHYSICS
L. Sh. Khodjaev

GENERALIZED BOGOLIUBOV FUNCTIONS
AND ELEMENTS OF THE CAUSAL 𝑆-
MATRIX
(Presented by Academician N. N. Bogoliubov on 16 II 1968)

In all investigations carried out within the framework of the axiomatic 𝑆-matrix
approach to quantum field theory by N. N. Bogoliubov, B. V. Medvedev, M. K.
Polivanov (1,2) and others (3), the principal quantities determining the theory
are taken to be the class of so-called chronological operators

𝑇 𝑐
𝑛(𝑥1, … , 𝑥𝑛) = 𝑇 ′(𝐽(𝑥1) … 𝐽(𝑥𝑛))+

+ ∑
2≤𝑚≤𝑛−1

(∑𝑚
𝑗=1 𝜈𝑗=𝑛, 𝜈𝑗≥1)

(−𝑖)𝑛−𝑚

𝑚! 𝑃(𝑥1, … , 𝑥𝜈1
∣ 𝑥𝜈1+1, … , 𝑥𝜈1+𝜈2

∣ … 𝑥𝑛)×

× 𝑇 (Λ𝜈1
(𝑥1, … , 𝑥𝜈1

)Λ𝜈2
(𝑥𝜈1+1, … , 𝑥𝜈1+𝜈2

) … Λ𝜈𝑚
(… 𝑥𝑛))+

+ 𝑖𝑛−1Λ𝑛(𝑥1, … , 𝑥𝑛), 𝑛 = 1, 2, … ;
(1)

Λ1(𝑥1) = 𝐽(𝑥1) = 𝑖 𝛿𝑆
𝛿𝜑(𝑥) 𝑆+; (2)

Λ𝜈(𝑥1, … , 𝑥𝜈), 𝜈 = 2, 3, … ,

are arbitrary timelike operators possessing the properties of Poincaré invariance,
locality, symmetry, and local commutativity. In addition to these linear prop-
erties they must satisfy the equation of motion (see (1)).
However, from the mathematical point of view the most convenient quantities for
constructing the theory are not the chronological operators 𝑇 𝑐

𝑛(𝑥1, … , 𝑥𝑛), 𝑛 =
1, 2, …, defined according to (1), but the infinite set of their vacuum averages,
i.e.

𝐵𝑛(𝑥1, … , 𝑥𝑛) = ⟨0|𝑇 𝑐
𝑛(𝑥1, … , 𝑥𝑛)|⟩, 𝑛 = 1, 2, … , (3)
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which serve as coefficient functions in the functional expansion of the 𝑆-matrix
in asymptotic fields, i.e.

𝑆 =
∞

∑
𝑛=0

(−𝑖)𝑛

𝑛! ∫ … ∫ (
𝑛

∏
𝑗=1

𝑑4𝑥𝑗) 𝐵𝑛(𝑥1, … , 𝑥𝑛) ∶ 𝜑out(𝑥1) … 𝜑out(𝑥𝑛) ∶ . (4)

The content of the BMP axioms (4,5) can be completely translated into the
language of the vacuum averages 𝐵𝑛(𝑥1, … , 𝑥𝑛), 𝑛 = 1, 2, …, defined according
to (3), characterized by linear and nonlinear relations.

A. Linear properties.
1°. Functional structures. The vacuum averages 𝐵𝑛(𝑥1, … , 𝑥𝑛), 𝑛 = 1, 2, …,
are generalized functions: a) belonging to the space 𝑆′(𝑅4𝑛); b) extendable
to the space 𝑆KG

+ (𝑅4𝑛) of sufficiently smooth solutions of the Klein–Gordon
(KG) equation with positive energies, i.e. to the space 𝑆KG

+ (𝑅4𝑛) of functions
𝑓(𝑥1, … , 𝑥𝑛) representable in the form 𝑓(𝑥1, … , 𝑥𝑛) = 𝑓1(𝑥1) …
… 𝑓𝑛(𝑥𝑛), where

𝑓𝑗(𝑥𝑗) = 1
(2𝜋)3/2 ∫ 𝑑4𝑝𝑗 𝜃(𝑝0

𝑗 ) 𝛿(𝑝2
𝑗 − 𝜇2) ̃𝑓𝑗(𝑝𝑗) 𝑒𝑖𝑝𝑗𝑥𝑗 ∈ 𝑆KT

+ (𝑅4), (5)

̃𝑓𝑗(𝑝𝑗) ∈ 𝑆(Ω+
𝜇), 𝑗 = 1, 2, … , 𝑛.

By 𝑆(Ω+
𝜇) is denoted the space of test functions with

supp ̃𝑓𝑗(𝑝𝑗) ∈ Ω+
𝜇 , where

Ω+
𝜇 = {𝑝𝑗 ∈ 𝑅 ∶ (𝑝0

𝑗 )2 − (p𝑗)2 = 𝜇2, 𝑝0
𝑗 > 0},

𝑗 = 1, 2, … , 𝑛.

Condition b), in other words, means the existence of generalized functions
𝐵𝑛(𝑥1, … , 𝑥𝑛) ∈ 𝑆′KT

+ (𝑅4𝑛), 𝑛 = 1, 2, …, such that

𝐵𝑛(𝑓) = 𝐵𝑛(𝑓) for any 𝑓 ∈ 𝑆KT
+ (𝑅4𝑛). (6)

Property b) requires the extendability (preextendability) of the generalized func-
tions
𝐵𝑛(𝑥1, … , 𝑥𝑛) ∈ 𝑆′(𝑅4𝑛), 𝑛 = 1, 2, …, to the mass surface, i.e. the existence of
generalized 𝑀 -functions defined by

𝑀𝑛(𝑝1, … , 𝑝𝑛) =
𝑛

∏
𝑗=1

𝜃(𝑝0
𝑗 ) 𝛿(𝑝2

𝑗 − 𝜇2) 𝐵𝑛(𝑝1, … , 𝑝𝑛) ∈ 𝑆′(Ω+
𝑛), (7)
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where

𝐵𝑛(𝑝1, … , 𝑝𝑛) = 1
(2𝜋)2𝑛 ∫ ⋯ ∫ (

𝑛
∏
𝑗=1

𝑑4𝑥𝑗) exp [𝑖
𝑛

∑
𝑗=1

𝑝𝑗𝑥𝑗] 𝐵𝑛(𝑥1, … , 𝑥𝑛).

(8)

By 𝑆(Ω+
𝑛) is denoted the space of test functions

̃𝑓(𝑝1, … , 𝑝𝑛) with
supp ̃𝑓(𝑝1, … , 𝑝𝑛) ∈ Ω+

𝑛 , where

Ω+
𝑛(𝑝1, … , 𝑝𝑛) =

𝑛
⨂
𝑗=1

Ω+
𝜇(𝑝𝑗).

The existence of the generalized functions 𝑀𝑛(𝑥1, … , 𝑥𝑛), 𝑛 = 1, 2, …, defined
according to (7), follows from the existence of the generalized functions
𝐵𝑛(𝑥1, … , 𝑥𝑛) ∈ 𝑆′KT

+ (𝑅4𝑛) and the definition

𝑀𝑛( ̃𝑓1, … , ̃𝑓𝑛) = ∫ ⋯ ∫ (
𝑛

∏
𝑗=1

𝑑4𝑝𝑗 ̃𝑓𝑗(𝑝𝑗)) 𝑀𝑛(𝑝1, … , 𝑝𝑛) =

= (2𝜋)−𝑛/2𝐵𝑛(𝑓1, … , 𝑓𝑛) (9)

for arbitrary ̃𝑓𝑗(𝑝𝑗) ∈ 𝑆(Ω+
𝜇), where

𝑓𝑗(𝑥𝑗) ∈ 𝑆KT
+ (𝑅4), 𝑗 = 1, 2, … , 𝑛, are determined according to (5).

2∘. Symmetry property.

𝐵𝑛(𝐹) = 0, (10)

where

𝐹(𝑥1, … , 𝑥𝑛) = 𝑓(𝑥1, … , 𝑥𝑛) − 𝑓(𝑥𝛼1
, … , 𝑥𝛼𝑛

) (11)

for any 𝑓(𝑥1, … , 𝑥𝑛) ∈ 𝑆(𝑅4𝑛).
3∘. Poincaré invariance

𝐵𝑛(𝑓) = 𝐵𝑛(𝑓(𝑎,Λ)), (12)

where
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𝑓(𝑎,Λ)(𝑥1, … , 𝑥𝑛) = 𝑓(Λ−1(𝑥1 − 𝑎), … , Λ−1(𝑥𝑛 − 𝑎)) (13)

for any 𝑓(𝑥1, … , 𝑥𝑛) ∈ 𝑆(𝑅4𝑛) and (𝑎, Λ) ∈ 𝑃 ↑
+, where 𝑎 is a 4-translation vector,

and Λ is an arbitrary element of the proper Lorentz group 𝐿↑
+.

B. Nonlinear properties.

4°. Generalized unitarity relations

𝑖
𝑛

∑
𝑠=0

𝑃 ( 𝑓1, … , 𝑓𝑠
𝑓𝑠+1, … , 𝑓𝑛

)
∞

∑
𝑙=0

1
𝑙! ∑

𝑎1…𝑎𝑙

𝐵𝑠+𝑙(𝑓1, … , 𝑓𝑠, ℎ∗
𝑎1

, … , ℎ∗
𝑎𝑙

)×

×𝐵∗
𝑛−𝑠+𝑙(𝑓𝑠+1, … , 𝑓𝑛, ℎ𝑎1

, … , ℎ𝑎𝑙
) = 𝛿𝑛0, 𝑛 = 1, 2, … , (14)

𝐵0 = 𝐵∗
0 = 1

for arbitrary 𝑓𝑗(𝑥𝑗) ∈ 𝑆(𝑅4), 𝑗 = 1, … , 𝑛, {ℎ𝛼(𝑧)} is a complete set of normalized
functions of the space 𝑆kr

+ (𝑅4𝑛), representable in the form

ℎ𝑎𝑗
(𝑧𝑗) = 1

(2𝜋)3/2 ∫ 𝑑4𝑝𝑗 𝜃(𝑝0
𝑗 )𝛿(𝑝2

𝑗 − 𝜇2)𝑒𝑖𝑝𝑗𝑧𝑗ℎ̃𝑎𝑗
(𝑝𝑗), (15)

where ℎ̃𝑎𝑗
(𝑝𝑗) ∈ 𝑆(Ω̄+

𝜇), and (ℎ𝛼, ℎ𝛽) < ∞,

(ℎ𝛼, ℎ𝛽) = 𝑖 ∫ 𝑑3𝑥 𝑓𝛼(𝑥)
↔
𝜕0𝑓𝛽(𝑥). (16)

The Lorentz-invariant scalar product is

∑
𝑎

ℎ𝑎(𝑥)ℎ𝑎(𝑥′) = −𝑖𝐷(−)(𝑥′ − 𝑥). (17)

By 𝑃 ( 𝑓1,…,𝑓𝑠
𝑓𝑠+1,…,𝑓𝑛

) is denoted the symmetrization operator, meaning 𝑛!/𝑠!(𝑛−𝑠)!
partitions of the set of 𝑛 functions into two groups of 𝑠 and (𝑛 − 𝑠) functions in
each.

5°. Generalized causality relations

(−𝑖)𝑛𝐵𝑛+1(𝑓0, … , 𝑓𝑛) + (𝑖)𝑛
𝑛−1
∑
𝑠=0

𝑃 ( 𝑓1, … , 𝑓𝑠
𝑓𝑠+1, … , 𝑓𝑛

) ×
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×
∞

∑
𝑙=0

1
𝑙! ∑

𝑎1…𝑎𝑙

𝐵𝑠+𝑙+1(𝑓0, … , 𝑓𝑠, ℎ∗
𝑎1

, … , ℎ∗
𝑎𝑙

)×

×𝐵∗
𝑛−𝑠+𝑙(ℎ𝑎1

, … , ℎ𝑎𝑙
, 𝑓𝑠+1, … , 𝑓𝑛) = 0, (18)

𝐵0 = 𝐵∗
0 = 1

for arbitrary functions 𝑓𝑗(𝑥𝑗) ∈ 𝑆(𝑅4) with causally independent supports,
i.e. satisfying the condition

𝑓0(𝑥0)𝑓𝑗(𝑥𝑗) = 0 (19)

when

(𝑥0
0 − 𝑥0

𝑗 ) ≤ 0 and (𝑥0 − 𝑥𝑗)2 ≥ 0, 𝑗 = 1, 2, … , 𝑛, (20)

for at least one function 𝑓𝑗(𝑥𝑗) ∈ 𝑆(𝑅4), 𝑗 = 1, 2, … , 𝑛, and for arbitrary func-
tions ℎ1(𝑧1), … , ℎ𝑙(𝑧) ∈ 𝑆(Ω̄+

𝜇), defined according to (15)—(17).

Restoration theorem. From an infinite set of numerical generalized 𝐵-
functions satisfying conditions 1°—5°, one can construct the 𝑆-matrix according
to

𝑆 =
∞

∑
𝑛=0

(−𝑖)𝑛

𝑛! ∫ … ∫ (
𝑛

∏
𝑗=1

𝑑4𝑥𝑗) 𝐵𝑛(𝑥1, … , 𝑥𝑛) ∶ 𝜑out(𝑥1) … 𝜑out(𝑥𝑛) ∶, (21)

which will:

a) commute with the unitary representation of the proper Poincaré group
𝑃 ↑

+, i.e.

[𝑈(𝑎, Λ), 𝑆] = 0, (22)

where 𝑎 is a vector of 4-translations, and Λ is an arbitrary proper transformation
of the Lorentz group 𝐿↑

+,

b) unitary, i.e.
𝑆𝑆+ = 𝑆+𝑆 = 𝐼; (23)

c) satisfy the causality condition in the Bogoliubov form.
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The generalized 𝐵-functions defined according to (3), and their linear and non-
linear properties 1∘—5∘, may henceforth be adopted as the basic mathematical
conditions defining the axiomatic 𝑆-matrix BMP approach in quantum field
theory, free of the original BMP formalism.

Now the elements of the 𝑆-matrix can be represented through generalized 𝐵-
functions as follows:

𝑆𝑚𝑛(p1, … , p𝑚, −q1, … , −q𝑛) =

= (−𝑖)𝑚+𝑛

(2𝜋) 3
2 (𝑚+𝑛) ∫ ⋯ ∫ (∏𝑛

𝑟=1 𝑑4𝑥𝑟) (∏𝑚
𝑠=1 𝑑4𝑦𝑠)

∏𝑛
𝑟=1(2𝑞0𝑟)1/2 ∏𝑚

𝑠=1(2𝑝0𝑠)1/2 ×

× exp [−𝑖 (
𝑛

∑
𝑟=1

𝑞𝑟𝑥𝑟 −
𝑚

∑
𝑠=1

𝑝𝑠𝑦𝑠)] 𝐵𝑚+𝑛(𝑥1, … , 𝑥𝑛, 𝑦1, … , 𝑦𝑚),

𝑚, 𝑛 = 0, 1, 2, … , (24)
where

𝑞0
𝑟 = √q2𝑟 + 𝜇2, 𝑟 = 1, 2, … , 𝑛, 𝑝0

𝑠 = √p2𝑠 + 𝜇2, 𝑠 = 1, 2, … , 𝑚,
𝑛

∑
𝑟=1

𝑞𝑟 =
𝑚

∑
𝑠=1

𝑝𝑠

for all noncoincident momenta 𝑝1, … , 𝑝𝑚 and 𝑞1, … , 𝑞𝑛.

From the functional structure of the generalized 𝐵-functions it follows that

𝑆𝑚𝑛(𝑝1, … , 𝑝𝑚, −𝑞1, … , −𝑞𝑛) ∈ 𝑆′(ℝ3(𝑚+𝑛)).

Taking this opportunity, I express my sincere gratitude to N. N. Bogoliubov, A.
N. Tavkhelidze, B. V. Medvedev, A. D. Sukhanov, A. V. Efremov, and G. V.
Efimov for their interest and valuable comments.
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