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(Presented by Academician N. I. Muskhelishvili on 11 VII 1967)

In the present note we investigate the equation

b
U(:v):)\(x—a)a/ (f[x’S’U(s)] ds (1)

s—a)¥(s—x)

in the space H” ; s(a,b), where 0 < a < 1.

Definition. U(x) € Hg;é,é(a, b) if the function U(x) is defined for a < z < b
and satisfies the conditions:

U(2)] < K(z—a)’/(b—2)*",

|U(z + Az) — U(z)| < K|Az]°/(b— 2 — Az)®,

where 0 < 0 < o < 1, 0 < |Az| < min{|z —a|/4, |b—z|/4}, K > 0.
For the exposition of the main result we state, without proof, several lemmas.

Lemma 1. If the function ¢(z,s) is defined for ¢ < z < b, a < s < b and
satisfies the conditions
lp(, )| < Lis — a)® /(b — 5=,
(p(@ + Az, s+ As) — Uz, )| < LAl +]Asl®)/(b— 5 — As)?,

then the function

W(x,s) =(s—a) %p(x,s)
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foralla <z <b, a<s<band0<|As| <min{|s —al/4, |b— s|/4} satisfies
the conditions:

(W (z,s)| < LLy /(s —a)*°(b—5)*~,

W (z+ Az, s+ As) — W (x,s)| <

< LLy(|Az|* + |As]?) /(s — a)*(b— s — As)®,

where 0 < 6 < a <1, 6 < d;, L, is an absolute constant.

Lemma 2. If the function ¢(z,s) is defined for ¢ < z < b, a < s < b and
satisfies the conditions:

(@1, 9)| < B/(s —a)* (b — )",

lple + Az, s + As) — plx, )] <

< B( Al + [Aslf) /(s —a)(b— s — As)°,

then the function

V(z,s)=(s—a)*o(z,s)

foralla <z <b, a<s<band0< |As| <min{|s —al|/4, |b—s|/4}

satisfies the conditions

[V (z,5)| < BB;(s—a)’/(b—s)*"",
|V(z + Az, s+ As) — V(z,s)| < BB, (|Az|® + |As|®)/(b— s — As)®,

where B, = const.

Lemma 3. If the function f(z, s, u) is defined for a < x, s < b, —00 < u < +00,
and satisfies the conditions

[Fla+ A, s+ As, ut-Au)—f(z, 5,0)| < My(|Aals-+]As?) /(b—s—As)2+ My | Au
(2)

and the function
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B o b f(z,s,0)
w(z) = (x —a) /a(s—a)a(s—x)ds

belongs to Hsl_w(a, b), then for all a < z < b and
Al < K/(Ky + MsLy B, L)

the operator

_ o [0 w5 Us)]
Au= Az — a) /a mds (3)

maps the space HfH; s(a,b) into itself, where
My = max{KM,, 2M, + KM,};
L, is a constant independent of Mj, Ly, B;.

Lemma 4. If the function f(xz, s, ) is defined for a < x, s < b, —00 < u < 400,
and satisfies condition (2), and U(x) € HY_; 5(a,b), then for

d, >0+ 2a, p>max{l/(1—a—9),1/(6; —0 —2a)}
the operator (3) is continuous in the sense of the metric L,(p; ), where

pi(s) = (b—s)@top, 0<a+d<1.

We note that the set H 27 s, s(a,b) is a closed, convex, compact subset of the space
Lp(pl) for any p > 1. Consequently, on the basis of the generalized Schauder
principle there exists a fixed point, i.e., the following holds.

Theorem 1. If the function f(z, s, u) satisfies the conditions of Lemmas 3 and
4, then there exists a number

A=K/(Ky+ M;L,B,L,),
such that for |A| < X equation (1) has at least one solution

U(x) e HE 5 5(a,b).

One can also show the uniqueness of the solution of equation (1).

If the function f(z,s,u) satisfies the conditions of Lemma 3 and, in addition,
the function

K(z,s,u) = f(x,s,u) — f(s,s,u)
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satisfies the condition

|K(JI,S,U)—K(ZIJ,S,’U)| §C|ZIJ—S|Q1|U—’U| (4)

foralla <z,s <b, —oo < u <o00,0<1—0a;+a+d <1, then the operator
(3) acts from L,(p;) into L, (p;) and satisfies the Lipschitz condition

40 = Al ) < N(RC + M5 ) = vl 5

where

1<q<qp; 1/p+1/qg=1,; O<(l—a;+a+d)g <1

1/p

b b p/q
R = {/ s(x) [/ s7U/P(s)|z — 5|9l ds] dcc} ; p(x) = (b—a)@tIP(z—a)P,

F is a constant independent of U(s).

Since Hfhm(a, b) is complete in the sense of the metric L, (p; ), the following is
true.

Theorem 2. If the function f(z, s, u) satisfies the conditions of Theorem 1 and
condition (4), then, for

Al < Ag = min{K /(K + M3L; By Ly), 1/(RC + MyF)},

equation (1) has a unique solution U*(z) € H* ; s(a,b). It can be found by the
method of successive Picard approximations. The successive approximations
will converge in the sense of the metric of the space L,(p;); moreover, if

’ f[xv S5, Unfl(s)]

S X k a
(s —a)*(s—x) ds, Uol@) € Hogs(ab)

U,(x) =Xz — a)o‘/

a

then

. Ao
pr(pl)(UnﬂUO) < q%
where v is a constant independent of n, 0 < Ay = |A|[(RC + MyF) < 1.

Moreover, if (2) is taken into account, then the successive approximations also
converge in the sense of the metric ps, and the estimate
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/\nép/(l+5p)

" 1/(1+6p) 0 dp/(1+4p)
ps (Un, Ug) < U(Ky) i (1— )\O>5p/(1+5p)7 P P+

5=51/5( e \rm1rsm) Ao T e
-5 1+6’p)/(1+6p —&")p/(1+dp
+<2l> (KQ) (1 _ AO)(575/)p/(1+5p)7

holds, where K, = Kly; l; = const; [ is a constant independent of K,.

If U(x,A) and U(z, \y) are solutions of equations (1) corresponding to the
parameters A; and Ay (|A;] < Ag, |As] < Ag), and the function f(zx, s, u) satisfies
the conditions of Theorem 2, then it can be proved that the solution depends
continuously on .
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