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MATHEMATICS

A. B. NERSESIAN

ON THE CAUCHY PROBLEM FOR A SECOND-
ORDER HYPERBOLIC EQUATION DEGEN-
ERATING ON THE INITIAL HYPERPLANE
(Presented by Academician I. G. Petrovskii, 27 XI 1967)

The Cauchy problem for a second-order hyperbolic equation with data on a
surface of degeneracy had until recently been studied only in the plane case (see
the bibliography in (1)). The results of (1) make it possible to form a fairly
complete picture of the conditions for the correctness of this problem in the
case when the characteristics of a second-order equation (or system) intersect
the line of parabolicity at a nonzero angle.

In the multidimensional case these questions have been covered with sufficient
completeness only in the work of O. A. Oleinik (2), where the Cauchy problem
and the boundary-value problem for the equation

−𝑢𝑡𝑡 + (𝑎𝑖𝑗(𝑥, 𝑡)𝑢𝑥𝑖
)𝑥𝑗

+ 𝑏𝑖(𝑡, 𝑥)𝑢𝑥𝑖
+ 𝑐(𝑡, 𝑥)𝑢𝑡 + 𝑑(𝑡, 𝑥)𝑢 = 𝑓(𝑡, 𝑥) (𝑡 > 0) (1)

with initial data at 𝑡 = 0 are considered, the form

𝑎𝑖𝑗(𝑡, 𝑥)𝜉𝑖𝜉𝑗 ⩾ 0 (𝑖, 𝑗 = 1, 2, … , 𝑛) (2)

being allowed to degenerate both on the boundary and inside the corresponding
domain of definition of the solution.

The main restriction imposed in (2) on the coefficients of equation (1) is the
following:

𝐴𝑎𝑖𝑗𝜉𝑖𝜉𝑗 + ̇𝑎𝑖𝑗𝜉𝑖𝜉𝑗 − 𝛼(𝑏𝑖𝜉𝑖)2 ⩾ 0, (3)

where 𝐴 > 0 and 𝛼 > 0 are certain constants.

This condition does not allow the form (2) to degenerate on sets of arbitrary
form. For example, the possibility of degeneration only at a single interior point
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of the domain is excluded (if, for fixed 𝑥 and 𝜉, 𝑎𝑖𝑗(𝑡0, 𝑥)𝜉𝑖𝜉𝑗 = 0 for 𝑡0 > 0,
then from condition (3) it follows that 𝑎𝑖𝑗𝜉𝑖𝜉𝑗 ≡ 0 for 0 ⩽ 𝑡 ⩽ 𝑡0).

It remains unclear whether the Cauchy problem for equation (1) will be correct
(at least in a generalized sense, and even in the plane case) if the form (2)
is allowed to degenerate on more or less arbitrary sets inside the domain of
definition of the solution, while certain other restrictions are imposed on the
coefficients 𝑏𝑖 (and even if one assumes that 𝑏𝑖 ≡ 0).

On the other hand, comparison with the corresponding conditions of (1) shows
that, in the case of degeneration only on the hyperplane 𝑡 = 0, condition (3)
is too restrictive. Other results relating to this case (see (3)) are based on still
more restrictive assumptions.

Below, for an equation with coefficients depending only on time, the results of
(1) are extended to the multidimensional case.

1∘. Consider the equation

−𝑢𝑡𝑡+𝑎𝑖(𝑡)𝑢𝑡𝑥𝑖
+𝑎𝑖𝑗(𝑡)𝑢𝑥𝑖𝑥𝑗

+𝑏𝑖(𝑡)𝑢𝑥𝑖
+𝑐(𝑡)𝑢𝑡+𝑑(𝑡)𝑢 = 𝑓(𝑡, 𝑥) (𝑖, 𝑗 = 1, 2, … , 𝑛).

(4)

For 𝑡 > 0 the equation is hyperbolic, and degeneracy is allowed only on the
hyperplane 𝑡 = 0, where the homogeneous initial data of the Cauchy problem
are prescribed:

𝑢(+0, 𝑥) = 0, 𝑢𝑡(+0, 𝑥) = 0, 𝑥 ∈ Ω. (5)

By applying the method of expansion into plane waves (see, for example, (4′)),
this problem is formally reduced to the corresponding problem in the plane case.
Indeed, introduce the Radon transform of the unknown function

𝑉 𝜉(𝑡, 𝑝) = ∫
𝑥⋅𝜉=𝑝

𝑢(𝑡, 𝑥) 𝑑𝑆𝑥 (𝜉 = (𝜉1, … , 𝜉𝑛)). (6)

Let 𝐷 denote the natural domain of definition of the solution of equation (4)
corresponding to the“base”Ω. By hyperbolicity, one may assume that outside
𝐷, 𝑓 ≡ 0 and 𝑢 ≡ 0, while on the boundary of 𝐷 the solution 𝑢, together with
its derivatives up to second order with respect to the spatial variables, vanishes.
It is also obvious that Ω may be assumed to be a convex domain (and even a
ball) on the hyperplane 𝑡 = 0.

Thus equation (4) reduces to the following:

−𝑉 𝜉
𝑡𝑡 + (𝑎𝑖𝜉𝑖)𝑉 𝜉

𝑡𝑝 + (𝑎𝑖𝑗𝜉𝑖𝜉𝑗)𝑉 𝜉
𝑝𝑝 + (𝑏𝑖𝜉𝑖)𝑉 𝜉

𝑝 + 𝑐𝑉 𝜉
𝑡 + 𝑑𝑉 𝜉 = ∫

𝑥⋅𝜉=𝑝
𝑓(𝑡, 𝑥) 𝑑𝑆𝑥. (7)
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This is a hyperbolic equation in the half-plane 𝑡 > 0, whose coefficients and
right-hand side depend on the parameter 𝜉, and it degenerates on the line 𝑡 = 0.
It is obvious that the solution 𝑉 𝜉 satisfies homogeneous Cauchy conditions on
some segment of the axis 𝑡 = 0. If we solve this problem, then the solution 𝑢 of
problem (4)—(5) can formally be recovered by the formula (4′)

2(2𝜋𝑖)𝑛−1𝑢(𝑡, 𝑥) = (Δ𝑥)(𝑛−1)/2 ∫
𝜔𝜉

𝑉 𝜉(𝑡, 𝜉 ⋅ 𝑥) 𝑑𝜎𝜉, (8)

where 𝜔𝜉 is the spherical surface of unit radius in the 𝑛-dimensional 𝜉-space; 𝜎𝜉
is the element of its surface, and Δ𝑥 is the Laplace operator with respect to
𝑥 = (𝑥1, … , 𝑥𝑛). Here and below, 𝑛 is an odd number; however, this restriction
is inessential, since in the case of even 𝑛 the corresponding results are easily
carried over by the method of descent.

2∘. In order to make use of the calculations of the preceding subsection, we
must require that the function 𝑉 𝜉 be at least (𝑛 + 1)/2 times differentiable
with respect to 𝑝 and continuous with respect to 𝜉. It turns out that if the
corresponding integral (10) of paper (1), which in the present case depends on
the parameter 𝜉, converges uniformly in 𝜉, then the existence and uniqueness
of the function 𝑉 𝜉 with the required properties are ensured and, moreover, the
solution 𝑉 𝜉 is stable with respect to changes in 𝑓 , uniformly in 𝜉 (𝜉𝑖𝜉𝑖 = 1).
To formulate the corresponding result, introduce the notation

(Λ𝜉)2 = (𝑎𝑖𝜉𝑖)2 + 𝑎𝑖𝑗𝜉𝑖𝜉𝑗;

𝛼𝜉
1 = Δ𝜉

𝑡 + (𝑏𝑖 − 𝑐𝑎𝑖 + 𝑎𝑖
𝑡)𝜉𝑖;

𝛼𝜉
2 = 𝛼𝜉

1 − 2Δ𝜉
𝑡 ; 2Δ𝜉𝛼𝜉 = |𝛼𝜉

1| + |𝛼𝜉
2|;

(9)

𝑓𝑘
𝑝 (𝑡, 𝜉) = ∫

𝑡

0
|𝛼𝜉

𝑘(𝑡1)|(𝑡 − 𝑡1) … ∫
𝑡𝑝

0
|𝛼𝜉

𝑘(𝑡𝑝+1)|(𝑡𝑝 − 𝑡𝑝+1) 𝑑𝑡𝑝+1 … 𝑑𝑡1

(𝑘 = 1, 2; 𝑝 ⩾ 0). (10)

Theorem. Let the function 𝑓(𝑡, 𝑥) be continuous in 𝒟 together with its deriva-
tives with respect to 𝑥 up to order 2𝑝 + (𝑛 + 5)/2; let the functions 𝑎𝑖(𝑡) and
𝑎𝑖𝑗(𝑡) be continuously differentiable for 𝑡 ⩾ 0, and let the functions 𝑏𝑖(𝑡), 𝑐(𝑡),
and 𝑡𝑑(𝑡) be summable in any neighborhood of zero (𝑡 ⩾ 0). If, in at least one
of the two cases (𝑘 = 1, 2),

∫
ℎ

0
𝑡Δ𝜉(𝑡) 𝑑 {𝑓𝑘

𝑝 (𝑡, 𝜉) exp [∫
ℎ

𝑡
𝛼𝜉(𝜏) 𝑑𝜏]} < +∞ (ℎ > 0), (11)
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and the convergence is uniform with respect to 𝜉 (𝜉𝑖𝜉𝑖 = 1), then problem (4)—
(5) has a unique solution possessing in 𝒟 continuous derivatives

𝜕2

𝜕𝑡2 𝐷𝛼𝑢 (𝛼 = (𝛼1, … , 𝛼𝑛), |𝛼| = 𝑝).

This solution is stable in the following sense: let solutions 𝑢𝑖 correspond to
functions 𝑓 𝑖 (𝑖 = 1, 2). Then for any 𝜀 > 0 there exists a 𝛿 = 𝛿(𝜀) > 0 such that
from the estimate

∑
|𝛼|<(𝑛+5)/2+2𝑝

max
𝒟

∣𝐷𝛼(𝑓1 − 𝑓2)∣ < 𝛿 (12)

it follows that

2
∑
𝑖=0

∑
|𝛼|⩽𝑝+2−𝑖

max
𝒟

∣ 𝜕𝑖

𝜕𝑡𝑖 𝐷𝛼(𝑢1 − 𝑢2)∣ < 𝜀. (12’)

3°. Condition (11) is certainly satisfied for some 𝑝 ⩾ 0 if

∫
ℎ

𝑡

|Δ𝜉
𝑡(𝑡)|

Δ𝜉(𝑡) 𝑑𝑡 ⩽ const ⋅ log 1
Δ𝜉(𝑡) (0 < 𝑡 < ℎ); (13)

∫
𝑡

0
|Δ𝜉

𝑡(𝑡)| 𝑑𝑡 ⩽ const ⋅ Δ𝜉(𝑡) (0 < 𝑡 < ℎ); (13’)

(𝑏𝑘𝜉𝑘)2(𝑎𝑖𝑗𝜉𝑖𝜉𝑗) ⩽ const (𝑎𝑖𝑗
𝑡 𝜉𝑖𝜉𝑗)2 (0 < 𝑡 < ℎ), (14)

where the constants on the right depend only on ℎ.

Let, for example,

𝑎𝑖𝑗(𝑡) = 𝛿𝑖𝑗𝑡2𝛽(2 + cos log 𝑡−𝛼)2 (0 < 2𝛽 < 𝛼), (15)

where 𝛿𝑖𝑗 is the Kronecker symbol. In the present case it is not hard to verify
that conditions (13)—(13′) are satisfied, while condition (3) is violated even
when 𝑏𝑖 ≡ 0. From (14) it follows that the theorem of item 2° is valid, for an
appropriate choice of 𝑝, if as 𝑡 → 0

𝑏𝑖(𝑡) = 𝑂(𝑡𝛽−1)

(i.e., for 𝛽 < 1 the functions 𝑏𝑖(𝑡) may even increase without bound).

On the other hand, even when 𝑎𝑖𝑗
𝑡 𝜉𝑖𝜉𝑗 ⩾ 0 (i.e., when Δ𝜉

𝑡 ⩾ 0), when the esti-
mates (13)—(13′) are trivial, condition (14) means that as 𝑡 → 0 the function
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(𝑏𝑖𝜉𝑖)2 is of order (Δ𝜉
𝑡)2, whereas from condition (3) it follows that this func-

tion must be of order Δ𝜉Δ𝜉
𝑡 . Thus, condition (3) is the more restrictive than

condition (11), the faster Δ𝜉(𝑡) tends to zero as 𝑡 → 0.

We also note the particular case when 𝑎𝑖𝑗
𝑡 𝜉𝑖𝜉𝑗 ≥ 0 (i.e., Δ𝜉

𝑡 ≥ 0) and

𝑎𝑖𝑗𝜉𝑖𝜉𝑗 ≥ 𝑎2(𝑡)𝜉𝑖𝜉𝑖, |𝑏𝑖| ≤ 𝑏𝑖
0𝑎𝑡(𝑡) (𝑡 > 0), (16)

where 𝑎(𝑡) > 0, 𝑎′(𝑡) ≥ 0 for 𝑡 > 0, 𝑎(0) = 0, and 𝑏𝑖
0 = const. Then condition

(11) is satisfied if

∫
ℎ

0
𝑡𝑝+2[𝑎(𝑡)]1+𝑝−𝑞 𝑑𝑎(𝑡) < +∞ (𝑞2 = 𝑏𝑖

0𝑏𝑖
0, ℎ > 0), (17)

whence follows the well-posedness of the corresponding Cauchy problem if 𝑝 ≥
𝑞 − 1.

4∘. By the same method, the results of item 5∘ of the work 1 carry over to the
following Cauchy problem for a model second-order system:

𝑢𝑘
𝑡 + 𝑎𝑖𝑗

𝑘 (𝑡)𝑢𝑖
𝑥𝑗

= 𝑏𝑖
𝑘(𝑡)𝑢𝑖 + 𝑓𝑘(𝑡, 𝑥) (𝑘 = 1, 2; 𝑡 > 0) (18)

𝑢𝑘(+0, 𝑥) = 0, 𝑥 ∈ Ω, (18’)

hyperbolic for 𝑡 > 0 and degenerating at 𝑡 = 0. Denote

(Δ𝜉)2 = [(𝑎1𝑖
1 − 𝑎2𝑖

2 )𝜉𝑖]2 + 4𝑎2𝑖
1 𝑎1𝑗

2 𝜉𝑖𝜉𝑗;

𝜔𝜉(𝑎1𝑖
2 𝜉𝑖) = Δ𝜉, 2(𝑎1𝑖

2 𝜉𝑖)𝑐𝜉 = (𝑎1𝑖
1 − 𝑎2𝑖

2 )𝜉𝑖 + Δ𝜉;

𝛼𝜉
1 = 𝑏1

1 + 𝑐𝜉
𝑡 + 𝑐𝜉(𝑏1

1 − 𝑐𝜉𝑏1
2 − 𝑏2

2); 𝛼𝜉
2 = 𝛼𝜉

1 + 𝜔𝜉
𝑡 ; (19)

𝜔𝜉𝛼𝜉 = |𝛼𝜉
1| + |𝛼𝜉

2|; 𝛽𝜉 = 𝑎1𝑖
2 𝜉𝑖;

𝑓 𝑖
𝑝(𝑡) = ∫

𝑡

0
𝛽𝜉(𝑡1) ∫

𝑡1

0
𝛼𝜉

𝑖 (𝑡2) ⋯ ∫
𝑡2𝑝

0
𝛽𝜉(𝑡2𝑝+1) ∫

𝑡2𝑝+1

0
𝛼𝜉

𝑖 (𝑡2𝑝+2) 𝑑𝑡2𝑝+2 ⋯ 𝑑𝑡1

(𝑖 = 1, 𝑧; 𝑝 ≥ 0). (20)
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The assertions of Theorem item 2∘ remain valid also for the system (18)—(18′), if,
for 𝛽𝜉 > 0 (𝑡 > 0), the functions 𝑓𝑘 possess continuous derivatives with respect
to 𝑥 in 𝐷 up to order (𝑛+5)/2+2𝑝 (𝑝 ≥ 0), the functions 𝑎𝑖𝑗

𝑘 (𝑡) are continuously
differentiable for 𝑡 ≥ 0, the functions 𝑏𝑖

𝑘(𝑡) are summable in a neighborhood of
zero, and, at least in one of the two cases (𝑘 = 1, 2), uniformly with respect to
𝜉,

∫
ℎ

0
𝑡 𝜔𝜉(𝑡) 𝑑 {𝑓𝑘

𝑝 (𝑡) exp [∫
ℎ

𝑡
𝛼𝜉(𝜏) 𝑑𝜏]} < +∞ (ℎ > 0). (21)

5∘. The requirement that the coefficients of equations (4) and (18) be indepen-
dent of the spatial variables is dictated in the present case only by the application
of the Radon transform. Apparently, as in the planar case, the results remain
valid even without this restriction (in any case, this seems quite possible if only
the coefficients at the highest derivatives do not depend on 𝑥).
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