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The Cauchy problem for a second-order hyperbolic equation with data on a
surface of degeneracy had until recently been studied only in the plane case (see
the bibliography in (1)). The results of (!) make it possible to form a fairly
complete picture of the conditions for the correctness of this problem in the
case when the characteristics of a second-order equation (or system) intersect
the line of parabolicity at a nonzero angle.

In the multidimensional case these questions have been covered with sufficient
completeness only in the work of O. A. Oleinik (?), where the Cauchy problem
and the boundary-value problem for the equation

—Uyy + (aij(:mt)uxi)m + bi(t,x)umi +c(t,x)u, + d(t, z)u = f(t,x) (t>0) (1)

J

with initial data at ¢ = 0 are considered, the form

aij(t,ac)gi{j >0 (i,j=1,2,...,n) (2)
being allowed to degenerate both on the boundary and inside the corresponding
domain of definition of the solution.

The main restriction imposed in (?) on the coefficients of equation (1) is the
following:
Aaijfi,fj + dijgifj —a(b’¢;)? >0, (3)

where A > 0 and « > 0 are certain constants.

This condition does not allow the form (2) to degenerate on sets of arbitrary
form. For example, the possibility of degeneration only at a single interior point
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of the domain is excluded (if, for fixed = and &, a"/(ty, )& = 0 for t, > 0,
then from condition (3) it follows that a“/¢;¢; = 0 for 0 <t < tg).

It remains unclear whether the Cauchy problem for equation (1) will be correct
(at least in a generalized sense, and even in the plane case) if the form (2)
is allowed to degenerate on more or less arbitrary sets inside the domain of
definition of the solution, while certain other restrictions are imposed on the
coefficients b (and even if one assumes that b* = 0).

On the other hand, comparison with the corresponding conditions of (!) shows
that, in the case of degeneration only on the hyperplane ¢ = 0, condition (3)
is too restrictive. Other results relating to this case (see (%)) are based on still
more restrictive assumptions.

Below, for an equation with coefficients depending only on time, the results of
(1) are extended to the multidimensional case.

1°. Consider the equation

_utt+a’i (t)uta:l—"_al](t)uxﬂj—‘rbl (t>qu +c(t)ut+d(t)u = f(tv l‘) (Za] = la 27 7”)'
(4)

For t > 0 the equation is hyperbolic, and degeneracy is allowed only on the
hyperplane ¢ = 0, where the homogeneous initial data of the Cauchy problem
are prescribed:

u(+0,z) =0, uy(+0,2) =0, x € Q. (5)

By applying the method of expansion into plane waves (see, for example, (4")),
this problem is formally reduced to the corresponding problem in the plane case.
Indeed, introduce the Radon transform of the unknown function

vf(up>=t/) u(t,x)dS, (€= (&, .E)). (©
&

c-£=p

Let D denote the natural domain of definition of the solution of equation (4)
corresponding to the “base” (2. By hyperbolicity, one may assume that outside
D, f =0 and u = 0, while on the boundary of D the solution u, together with
its derivatives up to second order with respect to the spatial variables, vanishes.
It is also obvious that {2 may be assumed to be a convex domain (and even a
ball) on the hyperplane ¢ = 0.

Thus equation (4) reduces to the following:

—@+W@ﬁ+@%@%ﬁWMﬁ+W$WW=/Ef&@ﬁrm
z-E=p
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This is a hyperbolic equation in the half-plane ¢t > 0, whose coefficients and
right-hand side depend on the parameter £, and it degenerates on the line ¢ = 0.
It is obvious that the solution V¢ satisfies homogeneous Cauchy conditions on
some segment of the axis t = 0. If we solve this problem, then the solution u of
problem (4)—(5) can formally be recovered by the formula (4”)

2(2mi)u(t,z) = (A, )12 / VE(t,€ - 2) do., (8)

where w, is the spherical surface of unit radius in the n-dimensional ¢-space; o
is the element of its surface, and A, is the Laplace operator with respect to
x = (xq,...,z,). Here and below, n is an odd number; however, this restriction
is inessential, since in the case of even n the corresponding results are easily
carried over by the method of descent.

2°. In order to make use of the calculations of the preceding subsection, we
must require that the function V¢ be at least (n + 1)/2 times differentiable
with respect to p and continuous with respect to &. It turns out that if the
corresponding integral (10) of paper (1), which in the present case depends on
the parameter &, converges uniformly in &, then the existence and uniqueness
of the function V¢ with the required properties are ensured and, moreover, the
solution V¢ is stable with respect to changes in f, uniformly in ¢ (&€, = 1).

To formulate the corresponding result, introduce the notation
(A9)? = (a';)? + a€€;

af = Af + (b' — ca’ + al)&;;
af =af —2Af;  2A%f = |of] + |of];

t

75006 = [ 0§t =t [ 0§ tyi0)Ity ~ tyer) iy oy
(k=1,2; p>0). (10)

Theorem. Let the function f(t,z) be continuous in D together with its deriva-
tives with respect to = up to order 2p + (n + 5)/2; let the functions a‘(t) and
a¥(t) be continuously differentiable for ¢ > 0, and let the functions b%(¢), c(t),
and td(t) be summable in any neighborhood of zero (¢t > 0). If, in at least one
of the two cases (k= 1,2),

h h
/ tAS(t)d {f;f(t,f) exp [/ at (1) dT‘| } < 400 (h > 0), (11)
0 t
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and the convergence is uniform with respect to £ (§,€; = 1), then problem (4)—
(5) has a unique solution possessing in 2 continuous derivatives

82

@D"‘u (a=(aq,...,a,), la| =p).
This solution is stable in the following sense: let solutions u® correspond to
functions f* (i = 1,2). Then for any ¢ > 0 there exists a § = §(¢) > 0 such that
from the estimate

max | D*(f' — f?)] <0 (12)

la|<(n+5)/2+2p

it follows that

%D‘)‘(u1 —u?)

max

D

<e. (127)

i=0 |a|<p+2—i

3°. Condition (11) is certainly satisfied for some p > 0 if

h 13
A (1)) 1 .
[ Az(t) dt < const - log D) (0 <t <h) (13)
t
/ IAS(H)] dt < const- AS(E) (0 <t < h): (13"
0
(bFe;,)2(a€€;) < comst (a/€6;)? (0 <t < h), (14)

where the constants on the right depend only on h.

Let, for example,

a¥(t) = 691%8(2 4 coslogt—*)? (0 <28 < ), (15)

where 6% is the Kronecker symbol. In the present case it is not hard to verify
that conditions (13)—(13’) are satisfied, while condition (3) is violated even
when b° = 0. From (14) it follows that the theorem of item 2° is valid, for an
appropriate choice of p, if ast — 0

bi(t) = O(tP™)
(i.e., for 8 < 1 the functions b(t) may even increase without bound).

On the other hand, even when aijfifj > 0 (i.e., when A} > 0), when the esti-
mates (13)—(13") are trivial, condition (14) means that as ¢ — 0 the function

sovietrxiv.org/items/ru-196801.64249 Machine Translation


https://sovietrxiv.org/items/ru-196801.64249

(bi€,)? is of order (A%)2, whereas from condition (3) it follows that this func-
tion must be of order ASA%. Thus, condition (3) is the more restrictive than
condition (11), the faster A%(¢) tends to zero as t — 0.

We also note the particular case when aijfifj >0 (i.e., Af > 0) and

aijfifj > a2(t)€i€i7 ‘bz| < béat(t) (t>0), (16)

where a(t) > 0, a’(t) > 0 for t > 0, a(0) = 0, and b} = const. Then condition
(11) is satisfied if

h
/ tPH2a(t)]1 P9 da(t) < +oo (g% =bibY, h > 0), (17)
0
whence follows the well-posedness of the corresponding Cauchy problem if p >

q—1.

4°. By the same method, the results of item 5° of the work ! carry over to the
following Cauchy problem for a model second-order system:

uf + azj(t)ui.j = bl (t)u' + fE(t, x) (k=1,2; t > 0) (18)

uk(+0,2) = 0, x € Q, (18)

hyperbolic for ¢ > 0 and degenerating at ¢ = 0. Denote
(A9)? = [(a}’ — a3)&]? + da¥iay’¢ ¢
wh(ay’E;) = AL, 2(az'€;)ct = (ai" — a3))§; + AS;
of = bl + ¢ + (0] — cEbh — b2); a5 = o + b (19)

wiaf = af| +lasl; A5 = ahé;

t ty top topi1
;(t) :/0 ﬁg(tl)/o af(tz)"'/ 6§<t2p+1)/ O‘f(t2p+2) dbgygdly

0 0

(i=1,2p>0). (20)
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The assertions of Theorem item 2° remain valid also for the system (18)—(18’), if,
for ¢ > 0 (t > 0), the functions f* possess continuous derivatives with respect
to z in D up to order (n+5)/2+2p (p > 0), the functions a}’ () are continuously
differentiable for ¢ > 0, the functions b} (¢) are summable in a neighborhood of
zero, and, at least in one of the two cases (k = 1,2), uniformly with respect to

13
h h
/ twi(t)d {fg(t) exp [/ as(r) dT‘| } < 400 (h > 0). (21)

5°. The requirement that the coefficients of equations (4) and (18) be indepen-
dent of the spatial variables is dictated in the present case only by the application
of the Radon transform. Apparently, as in the planar case, the results remain
valid even without this restriction (in any case, this seems quite possible if only
the coefficients at the highest derivatives do not depend on z).
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