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MATHEMATICS

G. I. LAPTEV

BOUNDARY-VALUE PROBLEMS FOR SECOND-
ORDER DIFFERENTIAL EQUATIONS IN A
HILBERT SPACE WITH A VARIABLE SELF-
ADJOINT OPERATOR
(Presented by Academician I. N. Vekua on 10 V 1967)

In this note the main results of the works (1,2 ) are carried over to differential
equations with a variable self-adjoint operator in a Hilbert space. In construct-
ing the Green function of one special boundary-value problem, some ideas of
Giraud, set forth in the book (3) (Chap. III, Sec. 20), are developed.

Let the differential equation be given on the interval [0, 𝑇 ]

𝑑2𝑢/𝑑𝑡2 = 𝐴(𝑡)𝑢 − 𝑓(𝑡) (0 ≤ 𝑡 ≤ 𝑇 ), (1)

where 𝑢(𝑡) is the unknown function with values in a certain Hilbert space 𝐻;
𝐴(𝑡), for each 𝑡 ∈ [0, 𝑇 ], is an unbounded linear self-adjoint operator with do-
main of definition dense in 𝐻; 𝑓(𝑡) is a given continuous function with values
in 𝐻.

It is also assumed that the operators 𝐴(𝑡) are uniformly positive:

(𝐴(𝑡)𝑥, 𝑥) ≥ 𝛿(𝑥, 𝑥) (𝑥 ∈ 𝐷(𝐴) and 𝛿 > 0). (2)

For equation (1) we consider a boundary-value problem, i.e., the problem of
finding a solution 𝑢(𝑡) satisfying a system of linear boundary conditions of the
form

𝐿𝑖(𝑢) = 𝛼𝑖1𝑢(0) + 𝛼𝑖2𝑢′(0) + 𝛽𝑖1𝑢(𝑇 ) + 𝛽𝑖2𝑢′(𝑇 ) = 𝑓𝑖 (𝑖 = 1, 2), (3)

where 𝛼𝑖𝑗, 𝛽𝑖𝑗 (𝑖, 𝑗 = 1, 2) are complex numbers; 𝑓𝑖 are certain elements of the
space 𝐻.

For the boundary-value problem (1)—(3) we retain the definition of a solution
𝑢(𝑡) given in (1).
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As usual, by 𝐿2([0, 𝑇 ], 𝐻) we denote the Hilbert space of Bochner-integrable
functions with values in 𝐻, where the scalar product is defined by the formula

(𝑢, 𝑣)𝐿2
= ∫

𝑇

0
(𝑢(𝑡), 𝑣(𝑡)) 𝑑𝑡.

Lemma. Let the solution 𝑢(𝑡) of the differential equation (1) be such that
Re(𝑢″, 𝑢)𝐿2

≤ 0. Then ‖𝑢‖𝐿2
≤ 𝛿−1‖𝑓‖𝐿2

.

For the proof it suffices to multiply equation (1) scalarly in 𝐿2 by 𝑢(𝑡) and apply
inequality (2).

Integrating by parts, we find that

(𝑢″, 𝑢)𝐿2
= (𝑢′, 𝑢)∣𝑇0 − ‖𝑢′‖2

𝐿2
.

Consequently, the condition of the lemma will be fulfilled if

Re(𝑢′, 𝑢)∣𝑇0 ≤ 0.

This last inequality is satisfied by the homogeneous boundary conditions of
many problems, for example, the first and second problems, and the problem
with periodic conditions (see, in particular, (4)).
The lemma ensures the uniqueness of the solution of all such problems.

In what follows, homogeneous boundary conditions of the form

𝑢′(0) = 0, 𝑢′(𝑇 ) = 0. (4)

will play a special role.

It is known how important the Green function is in the theory of boundary-value
problems. In this connection we introduce a definition.

An operator function 𝐺(𝑡, 𝜏) is called the Green function of the problem (1)—
(3) if, for every function 𝑓(𝑡) satisfying the Hölder condition, the integral

𝑔(𝑡) = ∫
𝑇

0
𝐺(𝑡, 𝑠)𝑓(𝑠) 𝑑𝑠 (5)

gives a particular solution of equation (1) which satisfies the homogeneous
boundary conditions 𝐿1(𝑔) = 𝐿2(𝑔) = 0.

We shall now prove the existence of the Green function for the special boundary-
value problem (1)—(4) under the following assumptions:
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𝛼)
the domain of definition 𝐷 of the operator 𝐴(𝑡) does not depend on 𝑡;

𝛽)
for any 𝑡, 𝜏 , 𝑠 ∈ [0, 𝑇 ] and some 𝜀 > 0 the inequality

∥[𝐴(𝑡) − 𝐴(𝜏)]𝐴−1(𝑠)∥ ≤ 𝐶0|𝑡 − 𝜏|𝜀

holds.

In the proof we shall use the following guiding considerations. Let 𝐹(𝑡, 𝜏) be the
Green function for the equation 𝑣″ = 𝐴(𝜏)𝑣 − 𝑔(𝑡), with fixed 𝜏 , under certain
boundary conditions 𝐿1(𝑣) = 𝐿2(𝑣) = 0. If 𝐺(𝑡, 𝜏) is the Green function for
equation (1) under the same boundary conditions, then the difference 𝑊(𝑡, 𝜏) =
𝐺(𝑡, 𝜏) − 𝐹(𝑡, 𝜏) will be a solution of the problem

𝑑2𝑊/𝑑𝑡2 = 𝐴(𝑡)𝑊 − [𝐴(𝜏) − 𝐴(𝑡)]𝐹 ; 𝐿1(𝑊)𝑡 = 𝐿2(𝑊)𝑡 = 0,

and therefore can be represented in the form of the integral (5). In other words,
𝐺(𝑡, 𝜏) serves as a solution of the integral equation (in the variable 𝑡)

𝐺(𝑡, 𝜏) = 𝐹(𝑡, 𝜏) + ∫
𝑇

0
𝐺(𝑡, 𝑠)[𝐴(𝜏) − 𝐴(𝑠)]𝐹 (𝑠, 𝜏) 𝑑𝑠. (6)

Equation (6) will serve as the basis for constructing the function 𝐺(𝑡, 𝜏).
Theorem 1. If the positive number 𝑘 is sufficiently large and conditions 𝛼)
and 𝛽) are fulfilled, then under the boundary conditions (4) there exists a Green
function 𝐺𝑘(𝑡, 𝜏) for the equation 𝑢″ = [𝐴(𝑡) + 𝑘2]𝑢 − 𝑓(𝑡).
The proof is based on the fact that, under the conditions of the theorem, the
kernel of equation (6) admits the estimate

‖[𝐴(𝜏) − 𝐴(𝑠)]𝐹 (𝑠, 𝜏)‖ ≤ 𝐶|𝑠 − 𝜏|𝜀−1𝑒−𝑘|𝑠−𝜏|.

Here 𝑈(𝑡) is the semigroup generated by the operator −[𝑘2 + 𝐴(𝜏)]1/2, and

𝐹(𝑡, 𝜏) = 1
2 [𝑘2 + 𝐴(𝜏)]−1/2{𝑈(|𝑡 − 𝜏|) + [𝐼 − 𝑈(2𝑇 )]−1[𝑈(𝑡 + 𝜏)
+ 𝑈(2𝑇 + 𝑡 − 𝜏) + 𝑈(2𝑇 − 𝑡 + 𝜏) + 𝑈(2𝑇 − 𝑡 − 𝜏)]}.

The resulting Green function has the following symmetry property:
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𝐺𝑘(𝑡, 𝜏) = 𝐺∗
𝑘(𝜏, 𝑡). (7)

Theorem 2. If conditions 𝛼) and 𝛽) are fulfilled, then there exists a Green
function 𝐺(𝑡, 𝜏) of the boundary-value problem (1)—(4).

Proof. The desired function satisfies the resolvent equation

𝐺(𝑡, 𝜏)𝑥 = 𝐺𝑘(𝑡, 𝜏)𝑥 + 𝑘2 ∫
𝑇

0
𝐺𝑘(𝑡, 𝑠)𝐺(𝑠, 𝜏)𝑥 𝑑𝑠 (𝑥 ∈ 𝐻). (8)

The kernel 𝐺𝑘(𝑡, 𝑠), by virtue of property (7), defines a self-adjoint bounded
operator in the Hilbert space 𝐿2([0, 𝑇 ]; 𝐻). Thus the point 𝑘2 may be either
an eigenvalue (point spectrum), or a point of the continuous spectrum, or else
a point of the resolvent set.

Suppose that 𝑘2 is an eigenvalue, i.e., there exists a function 𝑣(𝑡) such that

𝑣(𝑡) = 𝑘2 ∫
𝑇

0
𝐺𝑘(𝑡, 𝑠)𝑣(𝑠) 𝑑𝑠.

But then

𝑑2𝑣
𝑑𝑡2 − 𝐴(𝑡)𝑣 = 𝑘2 [∫

𝑇

0
𝑘2𝐺𝑘(𝑡, 𝑠)𝑣(𝑠) 𝑑𝑠 − 𝑣(𝑡)] = 𝑘2[𝑣(𝑡) − 𝑣(𝑡)] = 0,

i.e., 𝑣(𝑡) satisfies the homogeneous differential equation (1) and the homogeneous
boundary conditions (4). As was already noted, this problem has a unique
solution, and therefore 𝑣(𝑡) ≡ 0, and 𝑘2 cannot be an eigenvalue.

Suppose that 𝑘2 belongs to the continuous spectrum. This means that there
exists a sequence of functions 𝑣𝑛(𝑡) on the unit sphere of the space 𝐿2([0, 𝑇 ]; 𝐻)
for which

𝑣𝑛(𝑡) − 𝑘2 ∫
𝑇

0
𝐺𝑘(𝑡, 𝑠)𝑣𝑛(𝑠) 𝑑𝑠 = 𝜑𝑛(𝑡), (9)

where ‖𝜑𝑛‖𝐿2
→ 0 as 𝑛 → ∞. Denote the integral in (9) by 𝑧𝑛(𝑡) and once

again apply the operator

𝑑2𝑧𝑛
𝑑𝑡2 − 𝐴(𝑡)𝑧𝑛 = ∫

𝑇

0
𝑘2𝐺𝑘(𝑡, 𝑠)𝑣𝑛(𝑠) 𝑑𝑠 − 𝑣𝑛(𝑡) = −𝜑𝑛(𝑡).
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Thus the function 𝑧𝑛(𝑡) satisfies the boundary conditions (4) and the equation
𝑧″

𝑛 = 𝐴(𝑡)𝑧𝑛 − 𝜑𝑛(𝑡).
The condition of the lemma is fulfilled; therefore the inequality ‖𝑧𝑛‖𝐿2

≤
𝛿−1‖𝜑𝑛‖𝐿2

must hold, whence it follows that ‖𝑧𝑛‖𝐿2
→ 0 as 𝑛 → ∞. But

𝑣𝑛(𝑡) = 𝜑𝑛(𝑡) + 𝑘2𝑧𝑛(𝑡), where 𝑘 is a fixed number; consequently, ‖𝑣𝑛‖𝐿2
→ 0

as 𝑛 → ∞, which contradicts the choice of the functions 𝑣𝑛(𝑡).
Thus the number 𝑘2 is a resolvent point of the kernel 𝐺𝑘(𝑡, 𝑠). Equation (8)
is therefore solvable, and a direct verification shows that the function 𝐺(𝑡, 𝜏)
determined by it is the Green’s function of problem (1)—(4). The theorem is
proved.

The constructed function 𝐺(𝑡, 𝜏) has the following property: the functions
𝑈1(𝑡) = 𝐺(𝑡, 0) and 𝑈2(𝑡) = 𝐺(𝑡, 𝑇 ) are particular linearly independent so-
lutions of the homogeneous differential equation (1). On this basis one can
construct the theory of boundary-value problems (1)—(3). Thus, the following
holds.

Theorem 3. Let the function 𝑓(𝑡) satisfy the Hölder condition. If 𝑢(𝑡) is a
solution of equation (1), then it can be represented in the form

𝑢(𝑡) = 𝑈1(𝑡)𝑔1 + 𝑈2(𝑡)𝑔2 + ∫
𝑇

0
𝐺(𝑡, 𝑠)𝑓(𝑠) 𝑑𝑠, (10)

where 𝑔1, 𝑔2 are certain elements of the space 𝐻 and 𝐺(𝑡, 𝜏) is the Green’s
function of problem (1)—(4).

Conversely, if 𝑓(𝑡) satisfies the Hölder condition, then for any elements 𝑔1, 𝑔2 ∈
𝐻 formula (10) defines a solution of equation (1).

Substitution of (10) into the boundary conditions (3) gives a system of equations
for 𝑔1 and 𝑔2 (by 𝑔(𝑡) we denote the integral in (10)):

𝐿𝑖(𝑈1)𝑔1 + 𝐿𝑖(𝑈2)𝑔2 = 𝑓𝑖 − 𝐿𝑖(𝑔) (𝑖 = 1, 2). (11)

It is convenient to regard the resulting system as a single equation in the direct
product 𝐻 × 𝐻. Let the operator matrix of this system be denoted by D. If
there exists a bounded operator D−1, then the system (11), and with it the
original boundary-value problem (1)—(3), is thereby uniquely solvable. Thus
the question of existence and uniqueness of the solution of problem (1)—(3) is
reduced to the question of invertibility of the operator D.

Here we note the following assertions.

Theorem 4. The operator D−1 (possibly unbounded) exists if and only if the
homogeneous boundary-value problem corresponding to problem (1)—(3) has only
the zero solution.
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If the boundary conditions are regular, then the operator D can be represented
in the form 𝐶(𝐼 −R), 𝐴−1/2𝐶(𝐼 −R), and 𝐴−1𝐶(𝐼 −R), where 𝐼 is the identity
operator in 𝐻 × 𝐻 and 𝐶 is bounded and has a bounded inverse. In particu-
lar, if 𝐴−1(𝑡) is completely continuous, then the operator R is also completely
continuous. If unity is not an eigenvalue of the operator R, then the Green’s
function exists and is a bounded function. For nonregular boundary conditions
this is not so. Hence

Theorem 5. Correct formulations of boundary-value problems are possible only
under regular boundary conditions.

Here, as usual, a boundary-value problem is called correct if its solution exists,
is unique, and depends continuously on the initial data.

The most complete analogy with the scalar case is obtained for equations in
which the operators 𝐴−1(𝑡) are completely continuous.

Theorem 6. Let the operators 𝐴−1(𝑡) be completely continuous and let the
boundary conditions be regular. In order that the boundary-value problem (1)—
(3) be correct, it is necessary and sufficient that the corresponding homogeneous
boundary-value problem have only the zero solution.

The author expresses gratitude to S. G. Krein for discussion of the paper.
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