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This article is devoted to the study of the deficiency indices of symmetric opera-
tors generated in a certain Hilbert space $) by infinite Hermitian matrices with
operator coefficients.

1. Let {H,}?2, be a sequence of Hilbert spaces with scalar products (-, ), and

norms | - ||. The Hilbert space $) is defined as the direct sum
o0
5-3 e,
k=0

The elements of this space are written in the form of sequences U =
{ug, uy,...,uy, ...}, where u, € Hy. The scalar product in $) is defined by the
formula

(oo}

[U,V]= Z(Uka%)k-

k=0

Linear operators in §) are specified by infinite matrices

C = (Cj) 550
with operator coefficients, where C, is a linear operator with domain of defini-
tion D(Cjk), dense in the space Hy, and range in H;. Moreover, for all j and
k, D(Cj;) D D(Cyy). The matrices are assumed to be Hermitian and finite.
The Hermitian property of C' means that Cy; = Cj, (where C7; is the opera-
tor adjoint to Cj;). Finiteness means that for each j there exists an integer
m; > 0 such that Cj = 0 for all k satisfying |j — k| > m;. Matrices for which
m; =m < oo and for all j there exist bounded operators C;+1m,j will be called
operator C,,-matrices.
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Defined on the set of finite vectors® with components u;, € D(C},;,), the corre-
spondence U — CU generates a symmetric operator in §). Its closure in $ will
be denoted by C'. The operator C, obviously, is symmetric with a domain of
definition dense in $).

Below we study the deficiency indices of the operator C' depending on the prop-
erties of the operators C;;. The formulated theorems find application in the
consideration of operators in the space of secondary quantization.

2. Known sufficient conditions for self-adjointness of the operator C' ((}), p. 151;
() are a generalization of T. Carleman’ s condition, formulated for ordinary
Jacobi matrices (C,-matrices with numerical coefficients). The theorem given
below is a supplement to the results of (1'?) in the case when the operators
Ch.kv; (7 # 0) are unbounded for every j # 0, or are bounded and for at least
one j # 0 satisfy the condition

o0
Z ICk sl 7" < 0.
k=0

* A vector is called finite if only a finite number of its components are different
from zero.

Let I;, be the identity operator in Hy, and 4, the Kronecker symbol.

Theorem 1. The operator C is self-adjoint if there exists a complex number o
such that the quantities

tik = 1Cx(Crr — al) !

satisfy the estimates
SI;P Z(l — Oy < 1, sup Z(l = Op) iy, <1
=0 J k=0

and, uniformly in k,

oo
g pjp — 0 as N — oo.
j=k+N

The proof of Theorem 1 is based on the well-known lemma of T. Kato (*). It
asserts that, under a perturbation of a self-adjoint operator 7j, by a symmetric
operator V', the property of self-adjointness is preserved if the domains of defini-
tion of the operators T;, and V are related by the inclusion D(T})) C D(V'), and
there exist constants a and b (0 < a < 1, b > 0) such that for every f € D(T})
the inequality

VI < alTo 1 + bl £

holds.
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An illustration of Theorem 1 may be the case when H), = L,(—00, 00) for all k£ >
0 and the operator C' is generated by an operator C,,-matrix: Cy, = —d?/dz?,
while for k< j < k+m

d
Cy + (pkj(‘r)% + ()

and Cj, = Cjy;. All the indicated operators are defined in L,(—o0,00) on
closures of finite functions, and the complex-valued functions ¢;;(z), ¢};(z),
and vy ;(x) belong to Ly(—00,00), and their norms are uniformly bounded with
respect to all k and j.

3. The presence of nonzero deficiency indices of the operator C' is established
for the case when all spaces H), coincide and all operators C';;, are bounded.

Put dim H,, = d < co. The following theorem generalizes the correspond-

ing results of papers (°,%).

Theorem 2. Let the elements of the C,,-matriz be such that:

D Y ICH il < o0
k=0
2) for sufficiently large k. [|Cy %1 Crpomll < 1 —v/E, where v > m;

o0
3) Z ||C,;}€+m0k’k+j|| < oo for |j| < m.
k=0

Then the operator C' has deficiency indices (dm, dm).

4. Let now C belong to the class of C|-matrices with matrix coeflicients
(m x m-matrices), i.e. have the form

AO B2
Ba Al Bl
Cy = SR I (1)
B -

where the unspecified elements are zero, and det B, # 0 (k=0,1,...). For
such matrices, called by M. G. Krein () J,,-matrices, it is possible to
supplement the results formulated in Theorems 1 and 2.

Let us introduce into consideration the equation with respect to w(k)
det [By_; + (A, — ADw(k) + Byw? (k)] = 0, (2)

where ) is a complex number, and I is the identity matrix of order m. Number
the roots of equation (2) in the order of increase of their moduli:

w1 (k)] < Jwa (R)] < - < fwy, (K))-
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Denote by n, (n_) the number of solutions w(k) of equation (2) for A = ¢
(A = —i) satisfying, for all sufficiently large k, the estimate |w(k)| < 1 — v/k,
and by p, (p_) —

the number of solutions with the estimate |w(k)| > 1 — 1/2k. In view of the
condition det B, # 0, equation (2) is equivalent to the equation

det [w?(k)I + w(k)Fy(k; \) + Fy(k)] =0,

where F, (k;\) = By(A, — M), Fy(k) = B Bi_,.

Theorem 3. Suppose: 1) the elements of the matrices F} (k+ 1; +i) — F} (k; 1)
and F,(k+ 1) — F, (k) are absolutely summable on the interval (0 < k < c0); 2)
the limiting values of all 2m roots w; = lim,,_, ,, w,(k) are nonzero and distinct;
3) there exists v > 1/2 such that n} +p, = 2m. Then the defect indices of the

operator C' are equal to (m —p,,m—p_).

The proof of Theorem 3 is based on computing asymptotic estimates, as k — oo,
for the components of the vector u, = (p,,, Trmits - > Thmem—1), Which is a
solution of the equation

By _jupy + Apyk+ By, ,, = Ay, (k> 1). (3)

The plan of the proof is as follows: replace the system of second-order difference
equations (3) by a system of first-order difference equations y(k + 1) = Gy, (k)
(where y(k) is a 2m-dimensional vector), and reduce the resulting system to
quasidiagonal form

t(k+1) = (I'y + Ty pk)t(k), (4)

where Iy is a diagonal matrix, and the elements d;;(k) of the matrix D), satisfy
the condition

>l (k)] < oo
k=0

After this, it remains to use I. M. Rapoport’ s theorem ((%), p. 62) on the
asymptotics of the solutions of equation (4) and to compute, for large k, the
asymptotics of the products H’::o wj(s), where 7 = 1,2,...,2m. This makes it
possible to determine the number of solutions of equation (3) belonging to I,.

Let us now consider the operator C, defined as the restriction of the operator
C by means of the additional condition vy = 0. The defect subspace T)(\) of the
operator C consists of the quadratically summable solutions of equation (3).
The dimension of the defect subspace T, of the operator C is determined by
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the formula dim7y = dimT, 4+ m, obtained on the basis of a lemma of I. M.
Glazman ((?), p. 47).

A particular case of J,,-matrices is given by C, -matrices with numerical coeffi-

cients (see Sec. 1). However, instead of system (3), for C,,-matrices it is more
convenient to write a single difference equation of order 2m

k+m

E CpiTi = ATy
j=k—m

The corresponding characteristic equation has the form

S £ Ryt (k) = 0, (5)

s=0

& —
where f(k) = ¢ pim—s/Ch kym fOr 8 # m, and F = (cer—A)/Chjrm- We num-
ber the roots of equation (5) in increasing order of their moduli and introduce
the numbers n} and p_ exactly as was indicated above.

Theorem 4. Suppose the elements of the C, -matrix are such that:
1)

S k+1) = f(k)] <oo fors=1,2,...,2m;
k=0

2) the limiting values of all 2m roots w; = lim,_, ., w,(k) of equation (5) are
nonzero and distinct;

3) there exists v > 1/2 such that n} +p, = 2m.

Then the deficiency indices of the operator C are (m—p,,m—p_).

As examples, let us consider operators C' generated by C,, -matrices with el-
ements of the form ¢, ; = a;k% (j = 0,1,...,m). If oy =, > o; +1
(i =1,2,...,m — 1) and 2|a,,| > |ag|, then C has deficiency indices (m,m),
although it does not satisfy the conditions of Theorem 2. As an example of an
operator with deficiency indices (p, p), where 0 < p < m, one may take the case:
m =2, ¢y, = (a+2a/k)k%, ¢ i1 = VK, Cppro = k% a > 1, |a + 2| < 2/b],
a < b*/4 + 2. The corresponding operator C' has deficiency indices (1, 1).

For ordinary Jacobi matrices the following theorem holds.

Theorem 5. Let C be the operator generated by a Jacobi matrix with elements
a, = ak® and b, = bk? (a and « are real, > 1, b is complex). Then: 1) C is
self-adjoint if @ > 3, or if @ = J and |a| > 2|b|; 2) C has deficiency indices (1, 1)
if o < B, orif o= p and |a| < 2[b|.
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5. The results presented find application in clarifying the question of self-
adjointness of certain operators in the space of second quantization. Let, as
usual, a*(p) and a(p) be the creation and annihilation operators satisfying the
Bose or Fermi commutation relations. The spaces H), are symmetrized or an-
tisymmetrized tensor products of k copies of the space Ly(FEj), where Ej is
three-dimensional Euclidean space. With the aid of Theorem 1, for example,
one verifies the self-adjointness of the operator T =T, + V + V*, where

To=/E w(p)a*(p)a(p)dp+/ /E @(p1,p2)a*(p1)a* (py)a(py)a(ps) dpydp,,

L

3 3 3

/E 0Dy, Pr s | ) (01)a" (D) (pg)alq) d®p d,

3

w(p) >0, @(p1,p2) 20 >0, v € Ly(Eyy), Jué~t < 1/2.

When considering the model of a system with one degree of freedom, i.e., when
the argument p assumes a single value, one can use Theorem 4. For example,
the operator C' generated by the expression

a*a+€(72a*4—l—ﬁla*?’a—l—'yoa*Qag+71a*a3+72a4)

is self-adjoint for arbitrary real ¢ and 7, if the roots of the equation
Yow* +yw? + yw? w47, =0

are distinct and different from zero, and the moduli of two of them are less than
1 and of two are greater than 1. This holds if |y,| > 2|v;|+2|7»|. The deficiency
indices of such an operator will be (2,2), if v; = 0 and |y,| < 2|7,

Taking this opportunity, I express my deep gratitude to F. A. Berezin and B.
M. Levitan.
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