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MATHEMATICS

M. A. YAKOVLEVA

ON EXTENDING THE RANGE OF APPLICA-
TION OF SPECIAL ALGORITHMS OF LIN-
EAR PROGRAMMING
(Presented by Academician L. V. Kantorovich on 3 VI 1967)

We shall consider a linear programming problem in the following formulation.
Vectors 𝐴𝑠 (𝑠 = 1, 2, … , 𝑁) and a vector 𝑃 from the Euclidean space 𝑅𝑛 are
given, as well as real numbers 𝑐𝑠 (𝑠 = 1, 2, … , 𝑁). It is required to determine
such nonnegative values of the variables 𝑥𝑠 (𝑠 = 1, 2, … , 𝑁) that

𝑁
∑
𝑠=1

𝑥𝑠𝐴𝑠 = 𝑃

and the quantity

𝑁
∑
𝑠=1

𝑐𝑠𝑥𝑠

attains its minimum. In addition to general methods for solving the stated
problem, a number of special methods have been developed which assume that
the family of vectors 𝐴𝑠 satisfies certain conditions. Some of these methods
are constructed according to the following scheme. In the space 𝑅𝑛 a set 𝑉
is singled out in such a way that it is possible to construct certain simplified
algorithms for solving systems of the form

(𝐵𝑘, 𝑦) = 𝑑𝑘, 𝑘 = 1, 2, … , 𝑛, (1)

𝑛
∑
𝑘=1

𝑧𝑘𝐵𝑘 = 𝐷, (2)

where 𝐷 ∈ 𝑅𝑛, 𝑑𝑘 (𝑘 = 1, 2, … , 𝑛) are arbitrary real numbers, and 𝐵𝑘 (𝑘 =
1, 2, … , 𝑛) form a linearly independent family of vectors from 𝑉 . If all the
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vectors 𝐴𝑠 in the formulation of the linear programming problem belong to the
set 𝑉 , then, in solving this problem by the method of successive improvement
of an admissible vector (1,2 ), one has to solve only systems of the form (1)
and (2), and the existence of simplified algorithms makes it possible to increase
substantially the volume of problems amenable to solution. For example, in
order to construct algorithms for solving the general two-component problem
(3,4 ), 𝑉 is taken to be the set of vectors in 𝑅𝑛 in which no more than two
components are different from zero. A number of special methods for solving the
transportation problem and the problem with a block structure of the constraint
matrix (5) also fit into this scheme.

In the present article we propose one general device which makes it possible to
extend the range of application of special methods to the case where only part
of the vectors 𝐴𝑠 belongs to 𝑉 . In what follows we shall assume that 𝐴𝑠 ∈ 𝑉
for 𝑠 = 1, 2, … , 𝑀 , while the vectors 𝐴𝑀+1, 𝐴𝑀+2, … , 𝐴𝑁 are arbitrary. It is
assumed here that the number 𝑁 − 𝑀 is comparatively small.

As is known, one step of the method of successive improvement of an ad-
missible vector consists in the following. At the beginning of the step a set
𝑆 ⊂ {1, 2, … , 𝑁} is singled out such that the family {𝐴𝑠}𝑠∈𝑆 forms a basis in
𝑅𝑛. A vector 𝑦 ∈ 𝑅𝑛 is determined which satisfies the system

(𝐴𝑠, 𝑦) = 𝑐𝑠, 𝑠 ∈ 𝑆. (3)

Then one finds 𝜎 ∈ {1, 2, … , 𝑁} for which (𝐴𝜎, 𝑦) > 𝑐𝜎, and the coefficients of
the expansion of the vector 𝐴𝜎 in the basis {𝐴𝑠}𝑠∈𝑆, i.e., one solves the system

∑
𝑠∈𝑆

𝑔𝑠𝐴𝑠 = 𝐴𝜎. (4)

After this, according to certain rules whose application does not require labo-
rious computations, one determines the number 𝜏 ∈ 𝑆 to be replaced by the
number 𝜎. The set ̄𝑆 = (𝑆 ∖ {𝜏}) ∪ {𝜎} serves as the initial set for the next
step. If the set 𝑆 contains 𝑠 > 𝑀 , then the existing simplified algorithms are
not directly applicable to systems (3) and (4). The main idea of the device
described below is that the solutions of systems (3) and (4) are obtained with
the aid of solutions of certain systems of the form (1) and (2).

Let 𝑆 = 𝐼 ∪ 𝐾, where 𝐼 ⊂ {1, 2, … , 𝑀}, 𝐾 ⊂ {𝑀 + 1, 𝑀 + 2, … , 𝑁}. Suppose,
moreover, that some set 𝐽 ⊂ {1, 2, … , 𝑀} has been selected with a number of
elements equal to the number of elements of the set 𝐾, and such that the family
{𝐴𝑠}𝑠∈𝐼∪𝐽 forms a basis in 𝑅𝑛. Since the family {𝐴𝑠}𝑠∈𝑆 forms a basis in 𝑅𝑛,
for 𝜇 ∈ 𝐽

𝐴𝜇 = ∑
𝜈∈𝑆

𝑟𝜇𝜈𝐴𝜈.
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We shall assume that, at the beginning of the step being described, some of
the coefficients are known, namely, the coefficients 𝑟𝜇𝜈 are known for 𝜇 ∈ 𝐽 ,
𝜈 ∈ 𝐾. Under these assumptions the solution 𝑦 of system (3) can be found in
the following way. We find the vector ̃𝑦 from the system

(𝐴𝜇, ̃𝑦) = {𝑐𝜇 for 𝜇 ∈ 𝐼,
0 for 𝜇 ∈ 𝐽. (5)

Then the desired vector 𝑦 can be found from the system

(𝐴𝜇, 𝑦) =
⎧{
⎨{⎩

𝑐𝜇 for 𝜇 ∈ 𝐼,
∑
𝜈∈𝐾

𝑟𝜇𝜈 [𝑐𝜈 − (𝐴𝜈, ̃𝑦)] for 𝜇 ∈ 𝐽. (6)

Systems (5) and (6) are already systems of the form (1) and can be solved by
the simplified algorithm.

After the number 𝜎 has been found, the solution of system (4) can be obtained
with the aid of the solution of two systems of the form (2). For this we first find
the numbers ̃𝑔𝑠 from the system

∑
𝜇∈𝐼∪𝐽

̃𝑔𝜇𝐴𝜇 = 𝐴𝜎. (7)

Then, for 𝜈 ∈ 𝐾, the desired coefficients 𝑔𝜈 can be found by the formulas

𝑔𝜈 = ∑
𝜇∈𝐽

𝑟𝜇𝜈 ̃𝑔𝜇.

The remaining coefficients 𝑔𝜈 (for 𝜈 ∈ 𝐼) are found from the system

∑
𝜈∈𝐼

𝑔𝜈𝐴𝜈 + ∑
𝜈∈𝐽

𝑝𝜈𝐴𝜈 = 𝐴𝜎 − ∑
𝜈∈𝐾

𝑔𝜈𝐴𝜈,

and in the solution of this system all 𝑝𝜈 will turn out to be equal to zero.

As has already been said, in order to pass to the next step, one finds the number
𝜏 in the set 𝑆 and sets ̄𝑆 = (𝑆 − {𝜏}) ∪ {𝜎}. In this case one obtains

the following partition of the set ̄𝑆 into the sets ̄𝐼 and 𝐾̄:

̄𝐼 = (𝐼 ∖ {𝑡}) ∪ {𝜎}, 𝐾̄ = 𝐾 ∖ {𝑡}, if 𝜎 ≤ 𝑀,
̄𝐼 = (𝐼 ∖ {𝑡}), 𝐾̄ = (𝐾 ∖ {𝑡}) ∪ {𝜎}, if 𝜎 > 𝑀.
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In order that the step described can be repeated, it is also necessary to specify
a new set ̄𝐽 and the coefficients ̄𝑟𝜇𝜈 (𝜇 ∈ ̄𝐽, 𝜈 ∈ 𝐾̄) in the expansions

𝐴𝜇 = ∑
𝜈∈ ̄𝑆

̄𝑟𝜇𝜈𝐴𝜈, 𝜇 ∈ ̄𝐽 . (8)

As for the set ̄𝐽 , it is required only that the family {𝐴𝑠}𝑠∈ ̄𝐼∪ ̄𝐽 form a basis in
𝑅𝑛. If 𝜎 > 𝑀 and 𝜏 ∈ 𝐾̄, then 𝐼 = ̄𝐼 , and one may put ̄𝐽 = 𝐽 . If 𝜎 > 𝑀 and
𝜏 ∈ 𝐼 , then as ̄𝐽 one may take the set 𝐽 ∪ {𝜏}. In the case 𝜎 ≤ 𝑀 the number
𝜎 enters the set ̄𝐼 , and some element 𝑎 of the old set 𝐼 ∪ 𝐽 must be removed.
From the rule for forming the set ̄𝐼 it is clear that the required element 𝑎 must
belong to the set 𝑅, where 𝑅 = 𝐼 if 𝜏 ∈ 𝐾, and 𝑅 = 𝐽 ∪ {𝑡} if 𝜏 ∈ 𝐼 . In this
case the requirement of linear independence of the family {𝐴𝑠}𝑠∈ ̄𝐼 ̄𝐽 is equivalent
to the coefficient ̄𝑔𝛼 in the expansion (7) being different from zero. As 𝑎 one
may take that number for which | ̄𝑔𝛼| = max𝜇∈𝑅(| ̄𝑔𝜇|).
If the rule for choosing the number 𝜏 is taken into account, then one can show
that in this case ̄𝑔𝛼 ≠ 0. Thus, ̄𝐽 = 𝑅 if 𝜎 > 𝑀 , and ̄𝐽 = 𝑅 ∖ {𝛼} if 𝜎 ≤ 𝑀 .

The coefficients ̄𝑟𝜇𝜈 in the expansions (8) can be found by the usual formulas
for transforming coefficients when passing to a new basis, i.e.,

̄𝑟𝜇𝜈 =
⎧{
⎨{⎩

𝑟𝜇𝜈 − 𝑔𝜈
𝑔𝜏

𝑟𝜇𝜏 , for 𝜈 ∈ 𝐾̄ ∖ {𝜎},
𝑟𝜇𝜏
𝑔𝜏

, for 𝜈 = 𝜎 (if 𝜎 ∈ 𝐾̄).
(9)

This determines the coefficients ̄𝑟𝜇𝜈 for 𝜈 ∈ 𝐾̄, 𝜇 ∈ ̄𝐽 ∖ {𝜏}. If 𝜏 ∈ ̄𝐽 , then one
must also put

̄𝑟𝜏𝜈 =
⎧{
⎨{⎩

−𝑔𝜈
𝑔𝜏

, for 𝜈 ∈ 𝐾̄ ∖ {𝜎},
1
𝑔𝜏

, for 𝜈 = 𝜎.

The right-hand sides of formulas (9) contain the coefficients 𝑟𝜇𝜏 . If 𝜏 ∈ 𝐼 , then,
before applying formulas (9), it is necessary to compute the coefficients 𝑟𝜇𝜏 . For
this one should solve the system

(𝐴𝜇, 𝑧) = {0, for 𝑠 ∈ (𝐼 ∖ {𝑡}) ∪ 𝐽,
−1, for 𝑠 = 𝜏, (10)

which is a system of the form (1), and then put
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𝑟𝜇𝜏 = ∑
𝜈∈𝐾

𝑟𝜇𝜈(𝐴𝜈, 𝑧).

In conclusion we note that the number of elements of the set 𝐾 cannot exceed
𝑁 − 𝑀 , and therefore the number of coefficients 𝑟𝜇𝜈 stored at each step is no
more than (𝑁 − 𝑀)2. Moreover, the number of systems of the form (1) or (2)
solved at each step is no more than five (system (10) need be solved only when
𝜏 ∈ 𝐼), i.e., it does not depend on the number of elements of the set 𝐾.
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Siberian Branch of the Academy of Sciences of the USSR
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