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Let the prime p =1 (mod 4). Then the natural numbers a and b are uniquely
determined by the condition a? + b? = p, where a =1 (mod 2), b= 0 (mod 2).
It is known that the ideal class number h of the field K(,/p) is odd, and one of
the congruences

a2+ 0B =0 (mod p),

is always satisfied, where

(p—1)/4 (p—1)/4

A= H a, and B = H by,
v=1 v=1

the products of the quadratic residues a, and nonresidues b, from the least
positive half-system
1,2,...,(p—1)/2.

Theorem 1. The positive number

(=D Y2a 4 /p
T 2

Jenevea— p
7= 2¢’ ’

where ¢ is the fundamental unit of K(,/p) (¢ and ¢’ are mutually conjugate), is
an integer in K(/p), and sgn N(7) (sgn N (o)) can be equal both to +1 and to
—1.
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Proof. Let ) = " be the circular unit of K(/p). According to Hasse’s theorem
(*) on the rational representation n = (u + vy/p)/2,

= A(A% - B%) - 2BA1B17 (1)

v=A?+ B} (2)

Here A, and B, are expressed as sums

A=Y ¢e,  Bi=Y e, (n: prl)

extended over all possible solutions of the congruences

Zae =1 (mod p)

and, respectively,

Z be; =1 (mod p)

=1

in the units e; = +1, while A and B are uniquely determined by the conditions
A=1 (mod4), B=0 (mod 2),

AA+ BB =0 (modp) (A%2+ B?=p).

Hasse’ s idea of proof consists in the evaluation of the normalized Gauss sums
7(x) and 7(¥), belonging to the complex conjugate biquadratic characters y
and . Such sums arise when considering the products

f“@ gy = XTI B LR =B g

f[ (¢he — gy = XAT & Bad) “ Xm0, = Bii)

21

(4)

which make it possible to express the circular unit of K(,/p) in the form

n=(-1)" f[ V=G /H (5" —

v=1

Here ¢, = ((PT1/2, (( = e2mi/P).

Let us also note that

@) =) = (5 ) = (-1 9
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7(x) = —(A+ Bi)\/p, (6)

T*(X) = —(A = Bi)\/p. (7)

The derivation of relations (3), (4), as well as (5), (6), and (7), may be found in
the monograph (1).

We shall first show that the numbers A, B, A;, and B; are connected by the
relation

B(A? — B?) + A(2A,B;) = (—1)"*1 . 2. (8)

Indeed, multiplying (3) and (4) term by term, on the left we shall have

n n 2n
M -]l (@ -a™) =] -6 =vp
v=1 v=1 x=1

and on the right

@72 00)(A; + Byi)? =X (2)72() (A, — Byi)?] /4i.
Taking now (5), (6), and (7) into account, we obtain
(=)™ YA+ Bi)(A, + Byi)? — (—1)""Y(A — Bi)(A, — Bi)? = 4i,
which is, evidently, equivalent to (8). Let us note in passing that the relation
N(n) = —1, which, as is known, always holds in the K (y/p) under consideration,

does not entail any new dependence among A, B, A, and B;. The corresponding
relation [B(A? — B?) + A(2A,B;)]? = 4 is simply a consequence of (8).

From (1), (2), and (8) we obtain

A} =v/2 + [Au+ (=1)""'2B]/2p,

B} =v/2— [Au+ (=1)""'2B]/2p

or

B A
A%:@(5]775’}1)+(71)n+17+7(€h+5/h)’

2p p 2p )
D B A
B% = QL(E}L — E/h) — (—1)n+1g — %(Eh +€/h).
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Further, since A = (—1)©1/2q, and B = sgn B - b, the relations (9) may be
rewritten in the form

1 { (—1)aD/2 _qyle-1/2,
A% (( ) 5 a+ \/Ij €h+1 4 (_1>n+1 sgnB b+ ( ) 5 a \/23 67(h+1) ’
13 13

Introducing, finally, the positive

o= \/(—1)(“”/2(1 “VP nd = _\/(_1)<a1)/2a +vP

2¢’ 2e
we obtain
|Ay|\/p = |re® /2 — (—1)" sgn B - ge=(hT1)/2] | 10)
1B |v/p = |oe®D/2 4 (—1)"sgn B - 7e~(h-1/2|.
For (—1)"sgnB = —1 ((—=1)"sgnB = +1), the numbers 7e**1/2 and
ge(h+1)/2 (oeth= D/2 and Ts_(h_lw) are roots of the equation
z? — A |\/pz +b/2=0, (z? — |By|v/px +b/2=0), (11)

whose discriminant A2p — 2b (B%p — 2b) must be the square of some natural

number M (N), since 72c"*1 and 02~ ("1 (62" and 72c~("1)) are integers

in K(,/p), while Afp — 2b (Bip — 2b) is not divisible by p.

The fact that the number 7, as well as o, is an integer in K (,/p) now follows
directly from (11) and from the obvious fact that A; and M (B, and N) are
numbers of the same parity.

Next, in K (,/p) with prime p = a® + 4 (a > 0), the fundamental unit is

e = (atVB)/2

Thus, for a = 1 (mod 4), the number 7 = 1 (¢ = 1) and, consequently,
sgn N(7) = +1 (sgn N(o) = +1), while for a =3 (mod 4),

=(-a+vp)/2 (0= (a+p)/2)
and sgn N(7) = —1 (sgn N(o) = —1).

Theorem 2. The residue class modulo 4 to which the ideal class number h of
K(\/p), with prime p = 1 (mod 4), belongs is uniquely determined by conditions
I and II according to the table:
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ITI Aa +Bb =0 (mod p) Aa —Bb =0 (mod p)

?gn.;}f(zb)ﬂz)/z h=1 (mod 4) h =3 (mod 4)
_1)a
sgn N (1) = h =3 (mod 4) h=1 (mod 4)

7(71)(a+b+1)/2

Proof. Since the numbers 7 and ¢ are connected by the relation
T=sgn N(o)o’, oc=sgnN(7)7’,
and, obviously,
e~ (WH1)/2 — (_1)(hH1)/2 (7 (412 e (h=1)/2 — (_1)(h-1)/2(7) (D)2,
the equalities (10) transform into
[Agly/p = [relHHD/2 — (1) H0/2 ggn (BN (7)) (1) D/2],
BB = Joelh /2 — (—1)m 002 sgn( BN (0))o" (/) h- /2]
Hence, taking into account that sgn N(7) = sgn N (o), we obtain

(—1)" sgn(B- N(7)) = (—1) 172, (12)

Furthermore, the congruence A2 4+ BB = 0 (mod p), when rewritten in the
form

(=)@ D2¢A + sgn B-bB =0 (mod p),

shows that the conditions
Aa+PBb=0 (mod p), Aa —Bb=0 (mod p) (13)
are respectively equivalent to

sgn B = (71)@1,1)/2 sgn B = 7(71)@71)/2.

9

Thus, when the first of relations (13) holds, equality (12) takes the form:

(—1)#+20-3)/4 sgn N (7) = (—1)(+1)/2,
and, consequently, the conditions

sgn N(7) = +(=1) @+ (14)

lead respectively to
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(_1>[(a+2)2+(b+1)2—6]/4 _ i<_1)<h+1)/27

which, in view of the obvious congruence (a+2)?+ (b+1)? =2 (mod 8), gives
h=1 (mod 4) and h = 3 (mod 4).

The case in which the second of conditions (13) is satisfied is considered analo-
gously.

Let us also note that each of the relations (14) can in fact occur. For example,
for a prime p = 1 + b? > 5, the fundamental unit of K(p)ise=b+V1+10b2,
the number 7 = (b — 1+ V1 + b2)/2, and therefore sgn N(7) = —1. Hence it
is clear that for b = 0 (mod 4) the first of conditions (14) is satisfied, while for
b =2 (mod 4) the second is satisfied.

As a consequence of Theorem 2 we obtain the congruence

a2 + (=1) @2 5en N(7) b8 =0 (mod p).

The question of the extent to which the theorems obtained can be extended to
real quadratic fields K (v/d) with composite discriminant remains open for the
time being. However, Hasse’ s method (1), which is used essentially here, was
generalized to fields K (v/d) with composite d by Bergstrom (2).
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