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Consider a certain form factor F(¢) and suppose that it is an analytic function
in the complex ¢-plane with a cut on the real axis from ¢t = 4m2 to co. In
local field theory F'(t), as t — oo, can grow only more slowly than any linear
exponential of v/t:

[F(t)] <explelt|?],  t—o00 (1)

for any € > 0 (?2). In a number of works (37®) it was shown that from the an-
alytic properties of the form factor one can obtain a number of experimentally
verifiable consequences. In the present work we consider some other conse-
quences.

1. Let us first note that as ¢ — 400 (in the physical region of the annihi-
lation channel) F(t) cannot decrease faster than exp[— constv/Z]. More
precisely, there exists some sequence of points ¢,, — 400 such that on it
the inequality

|F(t,)| > const - exp[—a+/t,,], a >0, t, — 400 (2)

holds.

In order to prove this assertion, it is sufficient to make the change of variables
t = 22 and then apply to the function f(z) = F(t), analytic in the upper half-
plane z, the following theorem.

Theorem 1. Let the function f(z) be analytic in the upper half-plane Im z > 0
and bounded at every finite point of the real axis. If f(z) grows no faster than
some linear exponential in the upper half-plane,

|7(2)] < const - expl[b|z]], b>0, z— 00, Imz>0,
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and decreases exponentially on the real axis:

|f(2)| < const - exp[—c|z]], c>0, z — 400,

then f(z) =0.

A similar theorem was proved in (°) (see Theorem 5.8) for functions analytic
also on the real axis. The theorem formulated here can be proved analogously
if, instead of the maximum principle (see (°), Theorem 5.1), one applies the
generalized maximum principle (see (1°), Chapter VI, § 5).

Inequality (2) can also be obtained in a more general case, when the function
F(t) is analytic only outside some finite region of the t-plane with a cut. For
this purpose it is sufficient to apply a suitable conformal mapping and use the
theorem formulated above.

2. If we further suppose that F(t) as t — —oo and |F(t)| as t = +00 do not
oscillate, but have some regular behavior (which can be checked experi-
mentally), then we can obtain stronger results. Applying the Phragmén—
Lindel6f theorem in the general form-

level, given, for example, in works (°!1), one can show that if

F(t) — a/|t|™, t — —o0,

then
[F(t)] 2 lal/t™, = 400
if
F(t) — aexp[—blt|*], t — —o0, b>0, 0<a<i,
then
|F(t)| = |a| exp[—bsin mat?], t — 4o0.

In particular, if the interaction is minimal in the sense of Martin (%) (see also

(12)), i.e.

F(t) — aexp[—b\/m]7 t — —oo0, b >0,

then

|[F(t)] = |al, t — +oo.
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In the case when |F(t)| oscillates as t — +o00, there must exist a sequence of
points t,, — 400 on which one of the above inequalities holds, provided the
corresponding condition on F(t) is satisfied as t — —oc.

3. Let us further assume that F'(t) is bounded on the cut:

FOI<M,  t>dm2, (3)

and show that for the values of |F(t)| in the region ¢ < 0 there exists a cer-
tain lower bound. For this purpose we first make the change of variables
w = [t/4m2 + a]'/?, where « is a positive sufficiently large number, and set
F(t) = g(w). The t-plane with a cut is transformed into the upper half-plane
w. Since g(w) takes real values on the interval —v/1 + a < w < /1 + a, by the
Riemann—Schwarz symmetry principle it can be analytically continued into the
lower half-plane. Thus, g(w) is an analytic function in the w-plane with cuts

(—o0,—v1+ a) and (V14 «a,0).

By means of the conformal mapping

§= 1Ja [\/1+a—\/1+a—w2}

we transform the w-plane with cuts into the circle C' of radius v/1 + a and with
center at zero. The point w = \/a is transformed into the point ¢ = a,

a:vi/ga(\/ua—l), (4)

and the points w = 4+.,/a — 7, where v < « is a certain fixed positive number,
are transformed into the points & = +b,

Vit a
b= at’y(\/1+a—\/1+’y). (5)

The circle C' completely contains the ellipse E with foci at the points £ = +b
and with major semiaxis v/1 + «. By means of the conformal mapping

n=g e+ vVE=P

we transform this ellipse F into an annulus with inner radius 1 and outer radius

R:

R:%[\/m—\/l—i—a—lﬂ], (6)
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following Cerulus and Martin 3. The point ¢ = a (ie., w = y/a, t = 0) is
transformed into the point n = r

r=1 o+ va—p]. (M)

Let h(n) = g(w) = F(t). According to the assumption

max |h <M
max [h()] <

(see formula (3)), while h(r) = F'(0) = 1. From Hadamard’ s theorem on three
circles (see ¥, Theorem 5.3) it follows that

Inr/InR

b P 1 T-Inr/In R
f— t > — .
max|h(n)| = _max | 0= ()

Letting « tend to infinity and using expressions (4)—(7), we obtain *

max |F(t)| > (1>¢<W), (8)

t<—4m2~

where

L@y

R

9)

If F(t) decreases monotonically with increasing [¢| in the region ¢ < 0, then we
have

1 ®(tl/am,?)

F(t) > (M) . (10)

It follows from this inequality that the form factor can decrease by a factor of
e in the interval (—t,,0) only if ¢, satisfies the condition

1

2 A =1 (11)

>

€

In conclusion, the author expresses gratitude to N. N. Bogoliubov, D. I. Blokhint-
sev, and A. N. Tavkhelidze for their interest in the work.
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* For pions this relation contains only experimentally measurable quantities.
Note: Figure translations are in progress. See original paper for figures.
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