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ON THE STABILITY OF DIFFERENCE
SCHEMES IN A COMPLEX HILBERT SPACE

In papers (1-%), questions in the theory of difference schemes as operator equa-
tions in a real Hilbert space were studied. In the present note it is shown that
the principal methods and results of papers (1-*) can be extended to the case of
complex spaces. For two-layer schemes with constant operators, necessary and
sufficient conditions for stability with respect to initial data in various energy
spaces are obtained. Sufficient conditions for the stability of three-layer schemes
are also obtained. The isolation of classes of stable schemes makes it possible
to carry out regularization and the construction of absolutely stable factorized
schemes in a complex Hilbert space. We note that a priori estimates for some
difference schemes in a complex Hilbert space were obtained in papers (°-8).

1. Let us explain the notation: {H,} is a set of complex Hilbert spaces
depending on the parameter h; h is an element of some normed space
with norm |hl; w, = {t, = nr, n=0,1,...,ny} is a grid on the interval
0 <t < t, with step 7 = ty/ng; y(t) = y; -(t) is a function of the real
discrete argument ¢ = ¢,, with values in H,. The indices h, 7 will often be
omitted below.

In H,, a scalar product (y,v) = (v,y) and the norm |y| = /(y,y) are defined.
Any linear operator A can be represented as the sum

A=Ay +id, Awﬂ%A:%QV+A% A =TmA=

i

= (4" — 4.

An operator A acting in the complex Hilbert space H is called positive, A > 0,
if A= A* and (Az,z) > 0 for all z € H, x # 0; nonnegative, A > 0, if A = A*
and (Az,z) >0 for all x € H.

If A > 0, then one may consider the Hilbert space H 4 of elements y,v € H with
scalar product (y,v) 4 = (Ay,v) and norm |y| 4 = /(Ay, y).
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We consider two-layer difference schemes (see (1))

where A and B are linear operators on H,, y, € H;, is a prescribed element,
Yy=9,=yt,), ¥ = (yn+1 - yn)/T7 n=0,1,..,n5—1.

2. Following (?), we shall say that scheme (1) is stable with respect to initial
data in H,, where A > 0 is a constant linear operator on H,, if there
exists a real number ¢, independent of 7 and h, such that, for sufficiently
small 7 and |h|, for the solution of problem (1) with arbitrary initial data
Yo € H},, the estimate

lyalla < e lyola = p"lvolar  tn =70, n=12.n, (2)
holds. Scheme (1) is absolutely stable if (2) is satisfied for arbitrary = > 0 and
|| > 0.

In this note we restrict ourselves to the study of stability with constant operators
A and B.

Along with (1), we shall consider the explicit scheme

xy + Cx =0, z(0) = x, (3)

or, in another notation,

Tpyr = ST, n=0,1,...,ny— 1, S=E—-71C. (4)

The following lemma makes it possible to reduce the study of the stability of
scheme (1) to the study of the stability of the explicit scheme (3).

Lemma 1. Suppose that in (1) A and B are constant (independent of t) op-
erators. Then, if A > 0 and B~! exists, the stability in H of scheme (3) with
C = AY2B-1A'? is equivalent to the stability in H 4 of scheme (1). If B > 0,
then the stability in H of scheme (3) with C = B~1/2AB~1/2 is equivalent to
the stability in Hpg of scheme (1).

We omit the proof of this lemma, in view of the complete analogy with the case
of real spaces (see (?)).

Just as in (2), one can show that, if the operator C' is constant, then for the
stability in H of scheme (3) it is necessary and sufficient that the estimate

IS < p, (5)
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hold, where p = e%7 and S = F — 7C.

Ifin (1) A and B are constant positive operators, then all the theorems from (?)
remain valid, and therefore we do not formulate here the corresponding results
for schemes in a complex space.

3. We prove lemmas that make it possible to study the stability of the explicit
scheme (3).

Lemma 2. Let S = E — 7C, where C = C, +iC;, C, > 0, and the operator
C~! exists. Then the condition

<1 + P)(C_l)o > TE’ (0_1)0 = Re C_lv (6)

for p > 1 is sufficient, and for 0 < p < 1 is necessary, for the estimate (5) to
hold.

Proof. Noting that (6) is equivalent to the condition

T|Cz]* < (1 + p)(Cyz, 2), (7
we obtain that, if (6) is satisfied, then for any x € H
|Sz]? = |2[* — 27(Coz, ) + 72|C2]? < |2|* + 7(p — 1)(Coz, 7). (8)
Further, from (7) and from the inequality
(Coz,2)? < [a)?|Cal? 9)
we obtain the estimate
7(Coz,x) < (1+ p)|]?,

substituting which into (8), we see that for p > 1 and any € H we have
[Sz|? < p?|x|?, i.e., inequality (5) is valid.

Conversely, if estimate (5) is satisfied, then for any = € H the inequality
(1= p?)z)? — 27(Coz, 2) + 7°|Cz|* < 0 (10)
holds, whence, taking (9) into account, we obtain that

(1 +p)fe] = 7| Cx]. (11)

If p <1, then (7) follows from (10) and (11).
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Lemma 3. Let S = E — 7C, where C' = C, + ¢C}, p > 0 is a number. Then
the condition

7Cy < (1+p)E (12)
is necessary for the estimate (5) to hold.
Proof. Since for any operator |Re S| < |||, from (5) the estimate follows
|E—=7Coll < |E—7C| < p.

Hence, taking into account the self-adjointness of the operator C,, we have

—pE < E—71C, < pE.

From these inequalities we obtain, in particular, condition (12).

4. The theorems formulated below are consequences of Lemmas 1-3 of the
present paper, Theorem 1 and Lemma 2 from (?).

Theorem 1. Let in scheme (1) A and B be constant operators, B = By + By,
By >0, B! exist, A > 0; p=e%7T, ¢, > 0. Then the condition

(14p)B, > A (13)

is sufficient, and the condition

(B 1)y < (1+p)A~! (14)

is necessary for stability in H, of scheme (1). Condition (13) with p = 1 is
necessary and sufficient for stability (with ¢, = 0) of scheme (1) in H 4.

Theorem 2. Let in scheme (1) A and B be constant operators, B > 0, A =
Ay +iAy, Ay >0, A~ exist and p = %7, ¢ > 0. Then the condition

(1+p)(AY)g =787 (15)
is sufficient, and the condition

(14+p)B>T1A, (16)

is necessary for stability in Hp of scheme (1). Condition (15) with p = 1 is
necessary and sufficient for stability (with ¢, = 0) of scheme (1) in Hp.
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Condition (15) contains inverse operators and therefore is inconvenient for veri-
fication. We give two theorems which yield sufficient stability conditions under
stronger restrictions on the operators of the difference scheme.

Theorem 3. Let in scheme (1) A and B be constant commuting operators,
B>0,A=A,+1A,, Ay >0, A a normal operator, A*A = AA*, and let there
exist nonnegative constants ¢; and c,, independent of h and 7, such that for all
x € H the conditions

\/F‘(Alxax” < 62<B(£,£L'), (17)

(14+p)B > 1A, (18)

hold, where p = e“". Then scheme (1) is stable in Hp with ¢y = ¢; + 2¢3.

Theorem 4. Let in scheme (1) A and B be constant operators, B > 0, A =
Ag+iA,, A > 0, and let there exist nonnegative constants ¢; and ¢, independent
of h and 7, such that for all x € H the conditions

‘(A1$,SU>| < 62<B(E,£L'), (19)

(14+p)B > 1A, (20)

hold, where p = e“7. Then scheme (1) is stable in Hp with ¢ = ¢; + ¢5.

Without dwelling on the formulation of sufficient stability conditions with re-

spect to the right-hand side and for schemes with variable operators, we note

only that in this case estimates analogous to those obtained in (2,) are also

valid.

5. The sufficient stability conditions (13) make it possible to regularize (see
(3)) unstable two-level schemes and to construct absolutely stable factor-
ized schemes.

Consider, for example, the explicit two-level scheme

iy, + Ay = (1), A=A +A,, A, >0, a=12 (21)

According to Theorem 1, this scheme is stable with respect to the initial data
(with p=1

in H, if and only if the condition

1
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is satisfied.

In the present case B = iFE, B, = 0, B; = E. Consequently, scheme (21) is
absolutely unstable. Therefore, instead of (21) one must use the regularized
scheme

iy, + TRy, + Ay = (1), (23)

which, according to Theorem 1, is absolutely stable in H 4 (with p = 1) for every
R satisfying the condition

ReR=R, > -A. (24)

1
2
Suppose that (24) is satisfied and, moreover,

R=R,+R,, R, >0, a=12 R\ Ry, = RyR;.
Then the factorized scheme

2
By, +Ay=¢, B=—i|[(GE+7R,) =iE+7R—ir*R,R,  (25)
=1

o

is absolutely stable in H, with p =1, since

ReB =R > %’TA.

6. We formulate sufficient conditions for the stability of the three-layer dif-
ference scheme

Byt + TQRygt + Ay = Oa y(O) = yO, y(T) = yl, (26)

where A, B, R are linear operators in H,, y = y,, = y(t,,),

1
Ye = Yni1—Y)/T Y= Un—Ypn1)/T, vi = 5 Wtue), Yir = (Y—v2) /T

Theorem 5. Let, in scheme (26), the operators A, R be constant and self-
adjoint, and B = By + iB;. Then, if the conditions

By>0, 4R—A>0, A>0, (27)
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are satisfied, then for the solution of problem (26) the estimate

lynllay < lyall s (28)

holds, where

1
“yn”(21) = Z(A(yn + yn71>> Yn + ynfl) + ((R - iA>(yn - yn,fl)? Yp — ynfl)'
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