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ON A DIFFERENTIAL GAME OF AP-
PROACH

The works of many authors have been devoted to conflict problems of the ap-
proach of controlled objects at a prescribed moment of time ¢ = ¢ (see, for
example, (17®)). In a number of cases these problems are of a more regular
character than problems on the minimax or maximin of the time to encounter
(see, in this connection, for example, (°7!!)). In the present paper it is shown
that the rule of extremal aiming ('), based on extremal points of the attain-
ability domains of the pursued and pursuing motions and modified from the
standpoint of generalized differential equations in contingencies (1%13), ensures
a saddle point of the game in the rough case considered in this paper.

Consider the pursuing (y) and pursued (z) motions described by the differential
equations

g = fU[t,y] + BYt, ylu (1)

2= fAt, 2] + BAt, z]v, (2)

where y,z are the phase n-dimensional vectors of the objects; w,v are
r-dimensional control vectors, the realizations of which wu[t] and v[t] are
constrained by

uf €U, o[ eV, (3)

with & and V bounded, convex, and closed sets; f(), B are vector-functions
and matrix-functions, respectively, continuous in ¢ and continuously differen-
tiable in y and z; ¢t = t; is the initial moment, ¢ = ¥ is the fixed terminal
moment of the process. The symbol {z},, will denote the vector composed of
the first m components of the vector x, a superscript prime will denote transpo-
sition, and the symbol |¢|| the sign of the Euclidean norm. The problem consists

in constructing controls u?, v° according to the feedback principle in the form

u=1u'ty,z), v=10ty,z2) (4)
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so that, for any possible initial state ¢t = 7, y(7), 2(7) (t;, < 7 < 9), the
condition

“{yuo,v[’ﬂ] - zuo,v[,&]}mu < H{yuo,vo [19] T 20,00 [ﬁ]}m” < ”{yu,vo [19] — Zy00 [ﬁ]}mH

()
Here the symbols y,, ,[t] and z, ,[t] denote the realizations of the motions y and
z, generated by equations (1) and (2) under the chosen controls

u=u(t,y, z), v=uv(t,y,2), (6)

the number m is given by the conditions of the problem.

Denote by the symbols G(;)[T,y} and G@[T, z] (¢ > 0) the closed e-
neighborhoods of the attainability domains (') (in the space of the vectors
q={y},,, 9 ={z},,) for motions (1) and (2) from the states y(7) =y, 2(7) = 2z
to the moment ¢ = ¢ and under constraints (3). We shall say that the rough
case takes place if the following conditions are satisfied:

1°. The domains GS) are convex.

2°. For all possible 7,y,z and € > 0, the boundaries of the domains G(€1> and
Ggm have no more than one common point ¢, when ng> C Gf.;l).

3°. For each point ¢ lying on the boundary G(()D['r,y] (or on the boundary
Gg) [T, z]) there exists only one, in essence, programmed optimal control , . (t),
(or v) .(t),), which transfers system (1) (or (2)) from the state y(7) = y(z(1) =
z) to the state {y(9)},, = ¢ ({z(9)},, = @)

The generalized extremal control u = u°(t,y, 2) is constructed as follows. Sup-
pose that at some instant ¢ = 7 the quantities y[r] = y* and z[r] = z* have
been realized. We construct the attainability domains GE)Q) [T,2*] and GSJ) [T, vy,
where ¢° is the least number for which

G,z c GWlr, ). (7)

Let first € > 0 and let p* be the point of tangency of the boundaries of the
domains GS} and GEJQ), and let ¢* be the point of the domain G((J1> nearest to
the point p*. The programmed optimal control Ug*;(t)q* (t <t < ¥), which
transfers object (1) from the state y(7) = y* to the position {y(¥)},, = ¢*, at
t = 7 satisfies the requirements of the maximum principle [14]

VIFIBY Ty uy o (1) = max(¥/ (7B, y'lu), )

uell
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where ¢’ () = {I*,0}, where [*[7] is an r-dimensional vector orthogonal to the
plane supporting GS)) [7,y*] at the point p*. The function u°[t,y,2] defining
the extremal control is regarded as multivalued, and at each point t = 7, y =
y*, z = z° we allow for it all values u = u. (1), satisfying condition (8).
The set of these values will be denoted by the symbol U°[r,y*, 2*]. If € = 0,
then we put U°[r,4*,2*] = &. In an analogous way the extremal control v =
v0(t,y,2) € VO(t,y, z) is constructed, but now from the condition of aiming at
the point {z(¥)},,, = p*. By motions (solutions) of systems (1), (2) in the case of
multivalued v = u(t,y, z) € Ult,y, z] and v = v(t,y, 2) € V¢, y, z] we shall mean
any pair of absolutely continuous functions y[t] and z[t] satisfying the equations

ylt] = fOL,yltl] + BUE yltlultl,  ult] € UL, ylt], (],

At] = fON 2t + BPLE 2tolt],  olt] € VIE ylt] 2[H],

for almost all ¢ € [t,,¥]. Systems of sets Ult,y,z] C U and V[t,y,z] C V for
which system (1), (2) will possess motions (solutions) will be called admissible.
The following assertion is valid:

In the rough case, the extremal controls u® € UV[t,y,2] and v° € VO[t,y, 7]
are admissible and ensure the saddle point (5) of the game under consideration.
MOT@OU@T, ”{yuo,vo [?9] T Zy0 00 [ﬂ]}mu =¢° [T]

The existence of motions y[t] and z[t] for u € U°[t,y, 2] or v € VO[t,y, 2], i.e. the
existence of solutions of the corresponding system of equations (1), (2) in contin-
gencies, is verified by passage to the limit from approximating Euler polygonal
lines, which are generated by the controls u = w[t] (or v = vs[t]) changing their
values in connection with the developing position {7, y[7], z[7]} only at discrete
instants of time 7 = 7, (7,1 — 7, = § > 0). The minimax property of the con-
trol u = u® follows from the condition that for u = u® € U°[t,y, 2] the quantity
g%t] > 0 for t > 7 does not increase. This follows from the estimate of this
quantity, determined by the equality

mi:q(p(” [1,t,y[t]] = P12, 2[t] + £°[¢]) = 0, (9)

where p() are the support functions for the domains Ggi) , respectively.

The maximin property of the control v = 1" follows from the condition that,
for v = Y € VO[t,y,2], the quantity °[t] > 0, on the contrary, does not
decrease with increasing time. It is important here that, in the rough case under
consideration, the vector | = I*[t], which ensures the minimum in (9) and has
thereby become a supporting vector to the regions G(E? [, y[t]] and GE)Z) [t, z[t]]
at the point p*[t], varies continuously with the time ¢ when u = u® or v = °.
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Together with the vector [*[t], the vector ¢[t] from condition (8) also varies
continuously.

Remark. The motions y,, ,[t] and 2, ,[t] for admissible u € Ult,y, 2] and v €
Vt,y, 2], generally speaking, are not unique. Therefore the assertion made has
the meaning that the left (and right) condition (5) is fulfilled for any pair of two
motions {Y,,0 ., 2,0, } aAnd {Y,, 40,2, 40} (0r for {0 40, 2,0 0} and {y,, 40, 2, 4o},
respectively).

The motions y, ,[t] and 2, ,[t] are in fact realized, generally speaking, as sliding
regimes, and the description given above is their formalization in the scheme
of solutions of generalized differential equations in contingencies. A substantive
construction of these solutions is obtained in limiting form from the discrete
scheme described in paper (11). In this case condition (5) takes the form

lim sup(sup | {yg,[9] = 24,001} ) =

= in (g sup(sup (.19~ 03,90} ) =

= mas (i inf(inf [y, (0] — 2,0, [0}

= (ISILI(I) lgf(lnf ”{yu,vg [19] - Zu,vg [ﬁ]}m”)

Here us and vs are controls whose realizations change their values only at the
instants ¢ = 7, (7,41 — 7, = d > 0), on the basis of the realizing positions
{7, y[m], 2[7,]}. In this case the extremal controls u and v9 for 7, <t < 754
are constructed from the condition of aiming, at the instant ¢ = 7, at the point
q*[m,] and p*[7;], respectively.

Uniqueness of the point p*[7] is not essential for the roughness of the case. In
the linear case only the uniqueness of the vector I*[r] satisfying conditions (9)
is important.

The convexity of the region Ggm also, generally speaking, plays no decisive role,
and in the arguments this region may be replaced by its convex hull.

Finally, it should be noted that an effective verification of the roughness condi-
tions stated in the article for those systems (1), (2) where the functions f*) and
B are nonlinear is, in nontrivial cases, very difficult.
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