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BOUNDED COEFFICIENTS

(Presented by Academician S. L. Sobolev on 10 'V 1967)

In the monograph (1), S. L. Sobolev established conditions for the existence of
a generalized solution and conditions for the existence of an m-times continu-
ously differentiable solution of the Cauchy problem for equations of normally
hyperbolic type. In the proof of these results the embedding theorem is used
essentially, which does not allow one to weaken the stated conditions on the
coefficients of the equations in terms of L, -spaces.

In the present paper we consider a new scale of Banach spaces, different from
the L,-scale. For this scale, in terms of the spaces of this scale, conditions are
given for the existence of a generalized solution and conditions for the existence
of an m-times continuously differentiable solution of the Cauchy problem. These

conditions in the scale under consideration are limiting.
Consider a two-dimensional plane, and let ng) be the set of points (rq,7,) of
the two-dimensional plane which we define by the equality

krirg —(n—8)ry —sry—e =0,

s 1, if s <k,
0o >
QE:): (11,72); ! sk, if s>k, ;
1, ifn—s <k,
o0 >Ty >

(n—2s)/k, ifn—s>k,

where € > 0; k is a positive rational number; s is a fixed natural number not
exceeding n.

Let D be a bounded domain in n-dimensional Euclidean space. Denote

D, = DN(x,,_, = const); Dy =prp,._. D; X =(Tqyer Tpy) = (Xgy Xp_s);

n—s
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R™ ¢ is the (n — s)-dimensional space of vectors x,,_,.

Introduce into consideration the Banach space with mixed norm L, .. (D). We
define the norm in L, , (D) by the equality

I£1r,

gD = H”fHLT1 (DI)HLTQ(DQ) < 0.

Lemma 1. If (ry,ry) and (71, 75) are two distinct points belonging to QE:% then
(Liryry) (D) U Lz, 5y (D) N\ Ly, 1y (D) # 0,
(L, ) (D) U Lz ) (D) \ Lz, 5y (D) # 0.

Lemma 2. If r, > 1, i = 1,2, then

max(ry,ry) C L(7'1,7'2) C LHliIl(T'1,7‘2>'

Lemma 3. If r; > 1, i = 1,2, then (L
the inequalities

yUL,)\ L, # 0 for any p satisfying

T1,T2
min(ry,75) < p < max(ry,rs).

Theorem 1. If D is an n-dimensional domain, star-shaped with respect to
some ball, and (r,7,) € Qée), p; =2r;, 1/r; +1/r; =1, then the embedding

Wi(D) = Ly, (D)

P1:P2
takes place.
In the case € > 0 the embedding operator is completely continuous.

Lemma 4. For domains star-shaped with respect to a certain ball, one has

W21 (D) c m L(P17P2)<D/)'

;=21
(7'1772)652(25)
Consider the equation
L i”A 0%u 0%u P Z”:B ou o 1)
u = g S " Cu
oo Yox0x; o — 'Oz, ’

where A;;, B;,C, F are given functions of the point (z,t) = (zy,...,2,,t). Sup-

pose, furthermore, that at every point of space and at every instant of time

Alp) = Z ZAijpipj > Cnga A=Ay, (2)
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where ¢ > 0 is a constant.

We shall seek a solution of this equation satisfying the conditions

u|t:0 = uy(x), au/é‘t‘tzo = uy (). (3)

I. Statement of the generalized Cauchy problem (see (!)). Find a gen-
eralized solution of equation (1) which, for any value of ¢, is an element of the
space W3, while Ou/0t, for any value of ¢, is an element of the space L, = W,,.
The trajectory in W, and W,, defined as the pair of functions v and du/0t in
this pair of spaces, must be continuous and satisfy the initial conditions (3).

II. Statement of the classical Cauchy problem. Find a solution of equa-
tion (1) with conditions (3), having everywhere in the domain continuous
derivatives of second order.

Consider a domain S in the plane ¢ = 0. Let S x [0,7] be the cylinder
constructed on S and bounded by the planes ¢t = 0 and ¢t = T > 0. Put

¢y = nmmax; jgyo,7)) |4;;|. Draw through the boundary of the domain S a

straight cone S so that for it cos? nt > ¢, /(1+¢;). The truncated cone lying in
the cylinder S x [0, T'] will be denoted by Q* (Q* is called a fundamental domain),

and () is the section of the fundamental domain by the plane ¢ = const.

For clarity in what follows we give some notations and estimates from (1):

/ (Lw)?dQ = L(t) < Ly, / w2 dQ = Kyt |w),
) )

[ (et vet] a0 =Kt |w),

Q) '

/ [ZZUJ%% + aZwiit + wft] dQ = Ky(t | w).

Q(t)

Theorem 2. Suppose:

L. The coefficients A;; are continuous with their first derivatives and satisfy the
conditions

max{|A,;|, [0A4;;/0z;], |04;;/0t]} < A(t) < A,

ij|7
where A is a certain fixed number.

II. The first generalized derivatives of B; exist and, together with |B,|, satisfy
the conditions
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2

OB, OB\’
max < | By, HZ (83%) +< 5 )

where (r,75) € Q(;)7 e>0.

Liry vy (1)

ITI. The first generalized derivatives of ¢ exist and satisfy the conditions

max{|c,

if n=2,3, and

2
Ox;

Oc

o

>

}SA(t)<A07 p>2,

} <4,
Liry g (1)

IV. The generalized first derivatives of F' exist and satisfy the conditions

L, (Q(t))

Ll
ot

>

Oc
max ||C||L<2T1,2r2)’ 37@

for n > 4, where (r{,r5) € Q(QE) N{ry,ry > 2}

1/2

< F(t) < Fy.

%

2 2
oF oF
max HF”L2(Q(t))> [Z (835 ) + (E)

Ly (Q2(1))

V. uy € Wy.
VI uy € L,.

Then there exists a solution of the Cauchy problem in the first formulation. The
solution depends continuously on the initial data together with the first-order
derivatives in the spaces W3 and W,

The proof of Theorem 2 is carried out in the same way as in (1), except that
instead of the embedding theorems of S. L. Sobolev we use Theorem 1. Let us
trace what modifications must be made in the estimates (1) in order to cover
the present Theorem 2.

Suppose the coefficients of equation (1) satisfy conditions I-IV. Replace in it
all the functions A;;, B;, C, I' by their mean values with respect to z, ¢, and the
initial data by their mean values with respect to x. The new equation

Luy, = F}, — Bih(uh)zi — Chuy,

sovietrxiv.org/items/ru-196801.57434 Machine Translation


https://sovietrxiv.org/items/ru-196801.57434

with the new conditions wy|,_q = ugp, (Us)pli—o = (uq), has a solution u,,.

For the proof of the theorem it is sufficient to establish the validity of the
estimates:

t
Kolt [u) < K0 [w) +2 [ Kolty |un) ?Ko(ty [w) 2 dty, ()
0

Ky(t|u,) <c {K1<0 | up) +/0 K(ty [up)'? [Fty) + Koty [uy)'? + Ky (ty | ug)'V?] dt1} ;
(5)

Kyt |u,) <M {Kz(o | up,) +/0 Ko (ty | up) Y2 [F(t)) + Koty | ug,)?+

+K (b | up)? + Kz(t1)“h)1/2] dt, }. (6)

Estimate (4) does not depend on the coefficients of the equation and was estab-
lished in (1). To establish (5), we estimate the expression

L(tl)l/Q = ||LuhHL2(Q(t)) = |F, — Bih(“h)mi - Chuh”LQ(Q(t))'
If condition II is taken into account, then
1B;ihug, ||, ) < cKi(t] )2,

For the estimate of ||Chuh||L2 in the case n > 4, we use Theorem 1; then

HchuhHL2 <|Cy [ < C||Uh||w2’ <c (Ko(t | Uh)1/2 + Ky (t | uh)1/2> .
) (p1,p2)

H Ligry 2ry

(In the case n = 2,3, |Cp,uy ., is estimated in the same way as in (1).)

Taking these estimates into account, we obtain

L()Y? < e (K(t [ up)'? + Ky (t[u,)'? + F(1)) . (7)

Using the estimate
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K (t|uy) <c {K1(0 | up,) +/0 [[(1(1t1 | “h)1/2 + K, (| uh)l/zL(tl)l/z] dt ;,
(8)

established by S. L. Sobolev, and the estimate (7) obtained above, we obtain
(5).

To obtain estimate (6) we proceed as follows: we differentiate with respect to ¢
the equation averaged with respect to x;. Applying inequality (8) separately to
each derivative and adding the estimates obtained, we have

du
ot

+ HL

e

Using Theorem 1, we establish

Ouy,
U‘Z% .

0
+|e 5 1 < {F(E) + Kot | uy) V2 + K (¢ | )2 + Kyt | up) V2]
L,
2 (10)
From (9) and (10) we obtain estimate (6).
Let us clarify the conditions for the existence of smooth solutions. Let:

1. The coefficients A;; and their first-order derivatives dA,;;/0z, A;;/0t be
bounded. Put

max{|Aij|, |0A;;/0zy], |5‘Aij/3t\} < A,.
2. The derivatives of A;; of orders [ = 2,..., k; satisfy the conditions

l €
Aij S LY (Qt)), (ry,r) € lezl>/2ﬂ{7“1,r2 > 2}, HAij”LElr)l,rz)(Q(t)) < 4.

(r1,73)

3. The derivatives of B, of orders | = 1,2, ..., k; — 1 satisfy the conditions
l
By € Ly, (1), (p1,92) € UpN{p1p2 > 28 1Bl ) < Ao
4. The derivatives of C of orders [ = 0,1,2,..., k; — 1 satisfy the conditions

l
C € Lig, 021, (a1,02) €951 N {a1,02> 2 IC10 o) < Ao

91,92

sovietrxiv.org/items/ru-196801.57434 Machine Translation


https://sovietrxiv.org/items/ru-196801.57434

5. The derivatives of F of orders [ =0,1,2, ..., k; — 1 satisfy the conditions

l
Fe LY Q). |FlLosan, < Ft) < F.

6. uy € Wi,
7.ou € Wékl_l).

Theorem 3. In order that the Cauchy problem have a solution continuous
together with its derivatives up to order m, it is sufficient that conditions 1-7
be satisfied for

ky >m+1+[n/2].
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