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A. Kh. GUDIEV

THE CAUCHY PROBLEM FOR NORMALLY
HYPERBOLIC EQUATIONS WITH UN-
BOUNDED COEFFICIENTS
(Presented by Academician S. L. Sobolev on 10 V 1967)

In the monograph (1), S. L. Sobolev established conditions for the existence of
a generalized solution and conditions for the existence of an 𝑚-times continu-
ously differentiable solution of the Cauchy problem for equations of normally
hyperbolic type. In the proof of these results the embedding theorem is used
essentially, which does not allow one to weaken the stated conditions on the
coefficients of the equations in terms of 𝐿𝑝-spaces.

In the present paper we consider a new scale of Banach spaces, different from
the 𝐿𝑝-scale. For this scale, in terms of the spaces of this scale, conditions are
given for the existence of a generalized solution and conditions for the existence
of an 𝑚-times continuously differentiable solution of the Cauchy problem. These
conditions in the scale under consideration are limiting.

Consider a two-dimensional plane, and let Ω(𝜀)
𝑘 be the set of points (𝑟1, 𝑟2) of

the two-dimensional plane which we define by the equality

Ω(𝜀)
𝑘 =

⎧{{{
⎨{{{⎩

(𝑟1, 𝑟2);

𝑘𝑟1𝑟2 − (𝑛 − 𝑠)𝑟1 − 𝑠𝑟2 − 𝜀 = 0,

∞ > 𝑟1 > {1, if 𝑠 < 𝑘,
𝑠/𝑘, if 𝑠 ≥ 𝑘,

∞ > 𝑟2 > {1, if 𝑛 − 𝑠 < 𝑘,
(𝑛 − 𝑠)/𝑘, if 𝑛 − 𝑠 ≥ 𝑘,

⎫}}}
⎬}}}⎭

,

where 𝜀 ≥ 0; 𝑘 is a positive rational number; 𝑠 is a fixed natural number not
exceeding 𝑛.

Let 𝐷 be a bounded domain in 𝑛-dimensional Euclidean space. Denote

𝐷1 = 𝐷∩(x𝑛−𝑠 = const); 𝐷2 = pr𝑅𝑛−𝑠 𝐷; x = (𝑥1, … , 𝑥𝑛) = (x𝑠, x𝑛−𝑠);
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𝑅𝑛−𝑠 is the (𝑛 − 𝑠)-dimensional space of vectors x𝑛−𝑠.

Introduce into consideration the Banach space with mixed norm 𝐿(𝑟1,𝑟2)(𝐷). We
define the norm in 𝐿(𝑟1,𝑟2)(𝐷) by the equality

‖𝑓‖𝐿(𝑟1,𝑟2)𝐷 = ∥‖𝑓‖𝐿𝑟1 (𝐷1)∥𝐿𝑟2 (𝐷2) < ∞.

Lemma 1. If (𝑟1, 𝑟2) and ( ̄𝑟1, ̄𝑟2) are two distinct points belonging to Ω(𝜀)
𝑘 , then

(𝐿(𝑟1,𝑟2)(𝐷) ∪ 𝐿( ̄𝑟1, ̄𝑟2)(𝐷)) ∖ 𝐿(𝑟1,𝑟2)(𝐷) ≠ ∅,

(𝐿(𝑟1,𝑟2)(𝐷) ∪ 𝐿( ̄𝑟1, ̄𝑟2)(𝐷)) ∖ 𝐿( ̄𝑟1, ̄𝑟2)(𝐷) ≠ ∅.

Lemma 2. If 𝑟𝑖 ≥ 1, 𝑖 = 1, 2, then

𝐿max(𝑟1,𝑟2) ⊂ 𝐿(𝑟1,𝑟2) ⊂ 𝐿min(𝑟1,𝑟2).

Lemma 3. If 𝑟𝑖 ≥ 1, 𝑖 = 1, 2, then (𝐿(𝑟1,𝑟2) ∪ 𝐿𝑝) ∖ 𝐿𝑝 ≠ ∅ for any 𝑝 satisfying
the inequalities

min(𝑟1, 𝑟2) < 𝑝 < max(𝑟1, 𝑟2).

Theorem 1. If 𝐷 is an 𝑛-dimensional domain, star-shaped with respect to
some ball, and (𝑟1, 𝑟2) ∈ Ω(𝜀)

2 , 𝑝𝑖 = 2𝑟′
𝑖, 1/𝑟𝑖 + 1/𝑟′

𝑖 = 1, then the embedding

𝑊 (1)
2 (𝐷) → 𝐿(𝑝1,𝑝2)(𝐷′)

takes place.

In the case 𝜀 > 0 the embedding operator is completely continuous.

Lemma 4. For domains star-shaped with respect to a certain ball, one has

𝑊 1
2 (𝐷) ⊂ ⋂

𝑝𝑖=2𝑟𝑖
(𝑟1,𝑟2)∈Ω(𝜀)

2

𝐿(𝑝1,𝑝2)(𝐷′).

Consider the equation

𝐿𝑢 ≡
𝑛

∑
𝑗=1

𝑛
∑
𝑖=1

𝐴𝑖𝑗
𝜕2𝑢

𝜕𝑥𝑖𝜕𝑥𝑗
− 𝜕2𝑢

𝜕𝑡2 = 𝐹 −
𝑛

∑
1

𝐵𝑖
𝜕𝑢
𝜕𝑥𝑖

− 𝐶𝑢, (1)

where 𝐴𝑖𝑗, 𝐵𝑖, 𝐶, 𝐹 are given functions of the point (𝑥, 𝑡) = (𝑥1, … , 𝑥𝑛, 𝑡). Sup-
pose, furthermore, that at every point of space and at every instant of time

𝐴(𝑝) ≡ ∑ ∑ 𝐴𝑖𝑗𝑝𝑖𝑝𝑗 > 𝑐 ∑ 𝑝2
𝑖 , 𝐴𝑖𝑗 = 𝐴𝑗𝑖, (2)
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where 𝑐 > 0 is a constant.

We shall seek a solution of this equation satisfying the conditions

𝑢∣𝑡=0 = 𝑢0(𝑥), 𝜕𝑢/𝜕𝑡∣𝑡=0 = 𝑢1(𝑥). (3)

I. Statement of the generalized Cauchy problem (see (1)). Find a gen-
eralized solution of equation (1) which, for any value of 𝑡, is an element of the
space 𝑊 ′

2, while 𝜕𝑢/𝜕𝑡, for any value of 𝑡, is an element of the space 𝐿2 = 𝑊2.
The trajectory in 𝑊 ′

2 and 𝑊2, defined as the pair of functions 𝑢 and 𝜕𝑢/𝜕𝑡 in
this pair of spaces, must be continuous and satisfy the initial conditions (3).

II. Statement of the classical Cauchy problem. Find a solution of equa-
tion (1) with conditions (3), having everywhere in the domain continuous
derivatives of second order.

Consider a domain 𝑆 in the plane 𝑡 = 0. Let 𝑆 × [0, 𝑇 ] be the cylinder
constructed on 𝑆 and bounded by the planes 𝑡 = 0 and 𝑡 = 𝑇 > 0. Put
𝑐1 = 𝑛 max𝑖,𝑗(𝑆×[0,𝑇 ]) |𝐴𝑖𝑗|. Draw through the boundary of the domain 𝑆 a
straight cone 𝑆3 so that for it cos2 𝑛𝑡 > 𝑐1/(1+𝑐1). The truncated cone lying in
the cylinder 𝑆×[0, 𝑇 ] will be denoted by Ω∗ (Ω∗ is called a fundamental domain),
and Ω(𝑡) is the section of the fundamental domain by the plane 𝑡 = const.

For clarity in what follows we give some notations and estimates from (1):

∫
Ω(𝑡)

(𝐿𝜔)2 𝑑Ω = 𝐿(𝑡) < 𝐿0, ∫
Ω(𝑡)

𝜔2 𝑑Ω = 𝐾0(𝑡 ∣ 𝜔),

∫
Ω(𝑡)

[∑ 𝜔2
𝑥𝑖

+ 𝜔2
𝑡 ] 𝑑Ω = 𝐾1(𝑡 ∣ 𝜔),

∫
Ω(𝑡)

[∑ ∑ 𝜔2
𝑥𝑖𝑥𝑗

+ 𝛼 ∑ 𝜔2
𝑥𝑖𝑡 + 𝜔2

𝑡𝑡] 𝑑Ω = 𝐾2(𝑡 ∣ 𝜔).

Theorem 2. Suppose:

I. The coefficients 𝐴𝑖𝑗 are continuous with their first derivatives and satisfy the
conditions

max{|𝐴𝑖𝑗|, |𝜕𝐴𝑖𝑗/𝜕𝑥𝑘|, |𝜕𝐴𝑖𝑗/𝜕𝑡|} ≤ 𝐴(𝑡) < 𝐴0,

where 𝐴0 is a certain fixed number.

II. The first generalized derivatives of 𝐵𝑖 exist and, together with |𝐵𝑖|, satisfy
the conditions
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max
⎧{
⎨{⎩

|𝐵𝑖|, ∥∑ (𝜕𝐵𝑖
𝜕𝑥𝑘

)
2

+ (𝜕𝐵𝑖
𝜕𝑡 )

2
∥

𝐿(𝑟1,𝑟2)(Ω(𝑡))

⎫}
⎬}⎭

≤ 𝐴(𝑡) < 𝐴0,

where (𝑟1, 𝑟2) ∈ Ω(𝜀)
2 , 𝜀 > 0.

III. The first generalized derivatives of 𝑐 exist and satisfy the conditions

max {|𝑐|, ∥∑ ∣ 𝜕𝑐
𝜕𝑥𝑖

∣ + ∣𝜕𝑐
𝜕𝑡 ∣∥

𝐿𝑝(Ω(𝑡))
} ≤ 𝐴(𝑡) < 𝐴0, 𝑝 > 2,

if 𝑛 = 2, 3, and

max
⎧{
⎨{⎩

‖𝑐‖𝐿(2𝑟1, 2𝑟2)
, ∥∑ ∣ 𝜕𝑐

𝜕𝑥𝑖
∣ + ∣𝜕𝑐

𝜕𝑡 ∣∥
𝐿(𝑟1, 𝑟2)(Ω(𝑡))

⎫}
⎬}⎭

< 𝐴0

for 𝑛 ≥ 4, where (𝑟1, 𝑟2) ∈ Ω(𝜀)
2 ∩ {𝑟1, 𝑟2 > 2}.

IV. The generalized first derivatives of 𝐹 exist and satisfy the conditions

max
⎧{
⎨{⎩

‖𝐹‖𝐿2(Ω(𝑡)), ∥[∑ ( 𝜕𝐹
𝜕𝑥𝑖

)
2

+ (𝜕𝐹
𝜕𝑡 )

2
]

1/2

∥
𝐿2(Ω(𝑡))

⎫}
⎬}⎭

≤ 𝐹(𝑡) < 𝐹0.

V. 𝑢0 ∈ 𝑊 ′
2.

VI. 𝑢1 ∈ 𝐿2.

Then there exists a solution of the Cauchy problem in the first formulation. The
solution depends continuously on the initial data together with the first-order
derivatives in the spaces 𝑊 ′

2 and 𝑊2.

The proof of Theorem 2 is carried out in the same way as in (1), except that
instead of the embedding theorems of S. L. Sobolev we use Theorem 1. Let us
trace what modifications must be made in the estimates (1) in order to cover
the present Theorem 2.

Suppose the coefficients of equation (1) satisfy conditions I—IV. Replace in it
all the functions 𝐴𝑖𝑗, 𝐵𝑖, 𝐶, 𝐹 by their mean values with respect to 𝑥, 𝑡, and the
initial data by their mean values with respect to 𝑥. The new equation

𝐿𝑢ℎ = 𝐹ℎ − 𝐵𝑖ℎ(𝑢ℎ)𝑥𝑖
− 𝐶ℎ𝑢ℎ
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with the new conditions 𝑢ℎ|𝑡=0 = 𝑢0ℎ, (𝑢𝑡)ℎ|𝑡=0 = (𝑢1)ℎ has a solution 𝑢ℎ.

For the proof of the theorem it is sufficient to establish the validity of the
estimates:

𝐾0(𝑡 ∣ 𝑢ℎ) ≤ 𝐾0(0 ∣ 𝑢ℎ) + 2 ∫
𝑡

0
𝐾0(𝑡1 ∣ 𝑢ℎ)1/2𝐾1(𝑡1 ∣ 𝑢ℎ)1/2 𝑑𝑡1, (4)

𝐾1(𝑡 ∣ 𝑢ℎ) ≤ 𝑐 {𝐾1(0 ∣ 𝑢ℎ) + ∫
𝑡

0
𝐾(𝑡1 ∣ 𝑢ℎ)1/2 [𝐹(𝑡1) + 𝐾0(𝑡1 ∣ 𝑢ℎ)1/2 + 𝐾1(𝑡1 ∣ 𝑢ℎ)1/2] 𝑑𝑡1} ,

(5)

𝐾2(𝑡 ∣ 𝑢ℎ) ≤ 𝑀 {𝐾2(0 ∣ 𝑢ℎ) + ∫
𝑡

0
𝐾2(𝑡1 ∣ 𝑢ℎ)1/2 [𝐹(𝑡1) + 𝐾0(𝑡1 ∣ 𝑢ℎ)1/2+

+𝐾1(𝑡1 ∣ 𝑢ℎ)1/2 + 𝐾2(𝑡1)𝑢ℎ)1/2] 𝑑𝑡1} . (6)

Estimate (4) does not depend on the coefficients of the equation and was estab-
lished in (1). To establish (5), we estimate the expression

𝐿(𝑡1)1/2 = ‖𝐿𝑢ℎ‖𝐿2(Ω(𝑡)) = ‖𝐹ℎ − 𝐵𝑖ℎ(𝑢ℎ)𝑥𝑖
− 𝐶ℎ𝑢ℎ‖𝐿2(Ω(𝑡)).

If condition II is taken into account, then

‖𝐵𝑖ℎ𝑢𝑥𝑖ℎ
‖𝐿2(Ω(𝑡)) ≤ 𝑐𝐾1(𝑡 ∣ 𝑢ℎ)1/2.

For the estimate of ‖𝐶ℎ𝑢ℎ‖𝐿2
in the case 𝑛 ≥ 4, we use Theorem 1; then

‖𝐶ℎ𝑢ℎ‖𝐿2
≤ ‖𝐶ℎ‖𝐿(2𝑟1, 2𝑟2)

‖𝑢ℎ‖𝐿(𝑝1, 𝑝2)
≤ 𝑐‖𝑢ℎ‖𝑊 ′

2
≤ 𝑐 (𝐾0(𝑡 ∣ 𝑢ℎ)1/2 + 𝐾1(𝑡 ∣ 𝑢ℎ)1/2) .

(In the case 𝑛 = 2, 3, ‖𝐶ℎ𝑢ℎ‖𝐿2
is estimated in the same way as in (1).)

Taking these estimates into account, we obtain

𝐿(𝑡)1/2 ≤ 𝑐 (𝐾(𝑡 ∣ 𝑢ℎ)1/2 + 𝐾1(𝑡 ∣ 𝑢ℎ)1/2 + 𝐹(𝑡)) . (7)

Using the estimate
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𝐾1(𝑡 ∣ 𝑢ℎ) ≤ 𝑐 {𝐾1(0 ∣ 𝑢ℎ) + ∫
𝑡

0
[𝐾1(𝑡1 ∣ 𝑢ℎ)1/2 + 𝐾1(𝑡1 ∣ 𝑢ℎ)1/2𝐿(𝑡1)1/2] 𝑑𝑡} ,

(8)

established by S. L. Sobolev, and the estimate (7) obtained above, we obtain
(5).

To obtain estimate (6) we proceed as follows: we differentiate with respect to 𝑡
the equation averaged with respect to 𝑥𝑖. Applying inequality (8) separately to
each derivative and adding the estimates obtained, we have

𝐾2(𝑡 ∣ 𝑢ℎ) ≤ 𝑐{𝐾2(0 ∣ 𝑢ℎ) + ∫
𝑡

0
[𝐾2(𝑡1 ∣ 𝑢ℎ) + 𝐾2(𝑡1 ∣ 𝑢ℎ)1/2

× (∥∑ 𝐿𝜕𝑢ℎ
𝜕𝑥𝑖

∥
𝐿2

+ ∥𝐿𝜕𝑢
𝜕𝑡 ∥

𝐿2

) ] 𝑑𝑡}.
(9)

Using Theorem 1, we establish

[∥∑ 𝐿𝜕𝑢ℎ
𝜕𝑥𝑖

∥
𝐿2

+ ∥𝐿𝜕𝑢
𝜕𝑡 ∥

𝐿2

] ≤ 𝑐 {𝐹(𝑡) + 𝐾0(𝑡 ∣ 𝑢ℎ)1/2 + 𝐾1(𝑡 ∣ 𝑢ℎ)1/2 + 𝐾2(𝑡 ∣ 𝑢ℎ)1/2} .

(10)

From (9) and (10) we obtain estimate (6).

Let us clarify the conditions for the existence of smooth solutions. Let:

1. The coefficients 𝐴𝑖𝑗 and their first-order derivatives 𝜕𝐴𝑖𝑗/𝜕𝑥𝑘, 𝜕𝐴𝑖𝑗/𝜕𝑡 be
bounded. Put

max {|𝐴𝑖𝑗|, |𝜕𝐴𝑖𝑗/𝜕𝑥𝑘|, |𝜕𝐴𝑖𝑗/𝜕𝑡|} ≤ 𝐴0.

2. The derivatives of 𝐴𝑖𝑗 of orders 𝑙 = 2, … , 𝑘1 satisfy the conditions

𝐴𝑖𝑗 ∈ 𝐿(𝑙)
(𝑟1,𝑟2)(Ω(𝑡)), (𝑟1, 𝑟2) ∈ Ω(𝜀)

(𝑙−1)/2∩{𝑟1, 𝑟2 > 2}, ‖𝐴𝑖𝑗‖𝐿(𝑙)
(𝑟1,𝑟2)(Ω(𝑡)) ≤ 𝐴0.

3. The derivatives of 𝐵𝑖 of orders 𝑙 = 1, 2, … , 𝑘1 − 1 satisfy the conditions

𝐵𝑖 ∈ 𝐿(𝑙)
(𝑝1,𝑝2)(Ω(𝑡)), (𝑝1, 𝑝2) ∈ Ω(𝜀)

𝑙/2∩{𝑝1, 𝑝2 > 2}, ‖𝐵𝑖‖𝐿(𝑙)
(𝑝1,𝑝2)(Ω(𝑡)) ≤ 𝐴0.

4. The derivatives of 𝐶 of orders 𝑙 = 0, 1, 2, … , 𝑘1 − 1 satisfy the conditions

𝐶 ∈ 𝐿(𝑙)
(𝑞1,𝑞2)(Ω(𝑡)), (𝑞1, 𝑞2) ∈ Ω(𝜀)

𝑙+1 ∩ {𝑞1, 𝑞2 > 2}, ‖𝐶‖𝐿(𝑙)
(𝑞1,𝑞2)(Ω(𝑡)) ≤ 𝐴0.

sovietrxiv.org/items/ru-196801.57434 Machine Translation

https://sovietrxiv.org/items/ru-196801.57434


5. The derivatives of 𝐹 of orders 𝑙 = 0, 1, 2, … , 𝑘1 − 1 satisfy the conditions

𝐹 ∈ 𝐿(𝑙)
2 (Ω(𝑡)), ‖𝐹‖𝐿(𝑙)2(Ω(𝑡)) ≤ 𝐹(𝑡) < 𝐹0.

6. 𝑢0 ∈ 𝑊 (𝑘1)
2 .

7. 𝑢1 ∈ 𝑊 (𝑘1−1)
2 .

Theorem 3. In order that the Cauchy problem have a solution continuous
together with its derivatives up to order 𝑚, it is sufficient that conditions 1–7
be satisfied for

𝑘1 ≥ 𝑚 + 1 + [𝑛/2].
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