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THEOREMS ON HOMEOMORPHISMS IM-
PLEMENTED BY ELLIPTIC OPERATORS

(Presented by Academician I. G. Petrovskii on 16 VI 1967)

Theorems on homeomorphisms for elliptic operators were established in various
spaces in the works (178) (see also (Y), pp. 170—177, 245—265, and the survey
(19)); related questions were also studied in (1!). In the present paper a number
of new theorems on homeomorphisms is established, and the relation between
various theorems on homeomorphisms is studied. It turns out that many known
theorems, and a number of new theorems, on homeomorphisms can essentially
be obtained from the theorem of (°) by means of a corresponding “gluing” of
elements in the space of preimages and the space of images. We note that in
(®) the idea was expressed of the possibility of applying the gluing method to
obtain new theorems on homeomorphisms.

1. Let G be a bounded domain of the space E,, I' its boundary, G=GUT.
In G let there be given a properly elliptic differential expression L of
order 2m with complex coefficients, and on I' a system of m differential
expressions {B;}72, of orders m; (m; < 2m — 1), which we assume to be
normal in the sense of Aronszajn—Milgram—Schechter (see (12:2:9)) and
covering L. For simplicity we assume the coefficients of all differential
expressions considered in the paper and the boundary I' to be infinitely
smooth. We introduce the necessary function spaces. Let [ > 0 be an
integer, 1 < p < 0o, p’ =p/(p —1); W[l,(G) is the Sobolev space; W};l(G)
is the space conjugate to Wé(G) with respect to
(u,0) = [, uvda (119);

|lull , is the norm in W (G) (s an integer).

If I > 1, then Wpl*l/p(F) denotes the completion of the set C*°(T') in the norm
(@)i-1/pp = infful; ,, where the infimum is taken over all u € W)(G) equal to

ponT; W;Ufl/p)(F) is the space conjugate to Wpl*l/p(lﬂ) with respect to
(u,v) = JLuvda (12:5). If s, 84, ..., 5, are arbitrary integers, then we denote
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S s v—l/

K safo = Wo' (@ 3 Wy (I)
F =

(here the upper index ¢ + 1 is equal to the number of summands in the direct

sum). If
a=(ay,ay,...,a,,) € K(”_l::, s, 1/p)s ')’ and
V= (Vg, V1, ey V) € K(T?;{@_fl/n p)» then put
[a,v] = (ag, vp) + Z<aj7vj>'
j=1

Since the system of boundary expressions {Bj}g”“:l is, by assumption, normal, it
can be supplemented by expressions {C;}72; to a Dirichlet system of order 2m.
But then there exists a “conjugate” system of boundary expressions { B}, C/}7L,,
also forming a Dirichlet system of order 2m, such that Green’ s formula holds
(see (12:29))

m m

(Lu,v) + Z(Bju, Cliv) = (u, L*v) + Z(Cjw Blv) (u,v € C*™(@)). (1)

=1 =1

Here the orders my, [;, m/, I’ of the expressions B;, C;, B}, C’ satisfy the equality
m; +1; = m/ +1; = 2m — 1. For arbitrary s > 0 and 1 < p < co we define the
operators £, Lt D(L, ) = D(LL ) = WIH(G);

s,p? S,p)

Ly pu = (Lu,Bu,...,B,,) € K (G);

8,2m+s—m;—1/p,p) = Ksm

Liv=(L'v,Bjv,..,B,) € Kg’gwfm;il oo = Kip(@).
In this paper, for simplicity, we shall assume that the defect is absent*. Then
the operators £, , and £} map W2™**(G) homeomorphically onto K, ,(G)
and K ,(G), respectively.

Let now s be an arbitrary integer. By W;(G) (4,5,8,9) we denote the completion

of the set C*°(G) in the norm

p

1/p
) (v is the normal to T").

(2)

2m j—
7
el = (IUII?‘;p +3 (o)

s—j+1-1/p,p
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It is clear that if s > 2m, then the norms ||| |||, , and || ||, , are equivalent; for
s < 2m they are not equivalent. The closure S of the mapping

w = (ulg, ulps s O /P (we OF(G)),

K2m+1
e (s,s—j+1-1/p,p)
maps isometrically W (G) onto a subspace of the direct sum K, (Qsmstlj H1-1/p,p)

(for s < 0, SW;(G} = K(Qgiljﬂfl/p,p)) The components of the vector Su

will also be called the components of the element u € W; (G). For every

considered as acting from 171\/5 (G) into

differential expression M of order ¢ < 2m defined in G, the operator u — Mu
(u € C*(G)) acts continuously from W3 (G) to W;~(G); similarly, for any
boundary differential expression B of order ¢t < 2m — 1, the operator © — Bul|p
(u € C=(G)) acts continuously from W;(G) to Wg_t_l/p(F) (s is any integer)
(4,5,8.9). If uy € W;(G), then by Mug (Buy) we denote the value, on the

element ug, of the closure of the mapping u — Mu (v — Bulp) (u € C*(G)),
considered as acting from W;(G) to W;7(G) (W7YP(T)). In accordance

with this convention, for arbitrary u € W; (G) we still denote
Su = (u‘G’v U|]_", ) 82m_1u/8y27n_1|1“) .

We also note that the norm (2) is equivalent to the norm (®)

m m l/p
{u}s, = (wngﬁp 3B, Z<cju>f:ljl/p,,,) NNE)
Jj=1 j=1

2. In the present paper the following is used essentially.

Theorem 1 (°) (see also (*,%,%)). For every integer s, the closure £, of the
mapping

w— (Lu, Bju, ..., B,,,) (ueC>®(@Q)),

) mu

considered as acting from ng”(G) to K ,(G), establishes a homeomorphism
between these spaces.

The use of Theorem 1 for obtaining other theorems on homeomorphisms is based
on the following simple lemmas.

Lemma 1. Let B, and By be Banach spaces, and let T' be a linear operator
mapping B; homeomorphically onto By; let E; be a subspace of By, and E, =
TE,. Then the operator T naturally defines a linear operator T’ mapping the
quotient space B /E, homeomorphically onto By/E,.

If Q5 is a Banach space, Q, C B, (topological embedding), then Q; = T1Q,
will be a linear (generally speaking, nonclosed) subset of B;. Introduce in Q,
the graph norm

I2§, = lzl5, +Tzlq,
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* All the results of the paper are also valid in the presence of a defect. In this
case, it is only necessary in the theorems to replace the spaces of images and
preimages by their corresponding subspaces.

(z € Q). With respect to this norm @, becomes a Banach space, which we
denote by QT. The restriction of the operator T to @, will also be denoted by
T.

Lemma 2. The operator T maps QT homeomorphically onto Q. If Ry is a
linear submanifold of Qy, dense in Qy, then Ry = T 1R, is dense in QT. In
this case the closure of the mapping x — Tx (x € R;), regarded as acting from
QT to Q,, establishes a homeomorphism QT — Q.

We shall first apply Lemma 1, assuming that B; = Wg"”s(G), By = K, ,(G)
(s an integer), and T is the operator £ , occurring in Theorem 1. Choosing the
subspace E; in various ways and putting F, = T E;, we obtain various theorems

on homeomorphisms.
3. Let B, = FE

u € ng“(G) whose first component is equal to zero. It is clear that
ngJrs (G)/E, = W2™5(G). From Green’ s formula (1) it follows easily

that B, = EZ ) = £, E, consists of those and only those F € K, ,(G) for
which

3misp De the subspace of W§m+s(G) consisting of elements

[F,V]=0 (Ve ={(v,Civ,..,Cpv): veC>®G), Bjlp =0
G=1..,m)}). (4)

Thus the following theorem is valid.

Theorem 2. For each integer s, the closure £, , of the mapping

u— (Lu, Byu,...,B,,,) (ue€C>(G)),

) mu

regarded as acting from V/[73””5(G)/E1 =W2"s(G) to K, ,(G)/E,, establishes
a homeomorphism between these spaces.

Let us note that K, ,(G)/FE, is the space adjoint with respect to [-,-] to the

closure in K(lefsfz/.q/p/ o, of the set M (see (13), Ch. 4, §5, item 4).

4. Let now E; = E%m%’p be the subspace of W§m+S(G) consisting of ele-
ments u € ng“((}’) for which u|g =0, Bj,|r =0 (j il’ ...,m). From
the equivalence of the norms (2), (3) it follows that W>™"*(G)/E, =

T7™*5(G) coincides with the completion of the set C*°(G) in the norm

3

Jj=1

1/p
(”u|gm+s,p + Z<Bju>gm+s—mj—l/p,p> . (5)
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From Green’ s formula (1) it follows easily that F' € K, ,(G) belongs to E, =
Eﬁ,p = £, b, if and only if F' = (f,0,...,0),

(f,v)=0 (veC>®(r)t ={v: veC®(G); Bjulr=0(j=1,...,m)}),

therefore

. n 2m+s—m.—1 / .
K, p(G)/ By = Wi (@)/M 4+ Y w5 D) = W (or)* 4

Jj=1

i Z ijJrsfmjfl/p(F)’

=1

where M is the subspace of W (G) consisting of elements f € W7 (G) such that
(f,v) =0 (v e C™(pr)*), while W, (pr)* is the space adjoint with respect to
(,+) to the closure in W*(G) of the set C°°(pr)*. Thus the following is valid.

Theorem 3. For each integer s, the closure T ,, of the mapping

u— (Lu, Byu,...,B,,,) (ue€ C>®(Q)),

regarded as acting from T2™5(G) to

, L & 2m+s—m,—1/
Ws,p (pr)jL + Z WP ’ p(F)a
Jj=1

establishes a homeomorphism between these spaces.

Let us note that if 2m+s—m; > 0 (j = 1,...,m), then the norm (5) is equivalent
to the norm [uly,,,,, and T2™"5(G) = W2™**(G); therefore Theorem 3 is a

generalization of the Lions-Magenes theorem (see (1°), theo-

theorem 6.22), established for the special case of Dirichlet boundary conditions.
From Theorem 3 there also follows directly the theorem on homeomorphisms of
the work [3]. With the aid of Lemma 1 one can also obtain from Theorem 1 the
theorem on homeomorphisms of the work [8].

5. We shall now use Lemma 2 and Theorem 3 in order to obtain, for the
case of integral s, the Lions-Magenes theorem on homeomorphisms (see
[2], Theorem 5.4). Let in Lemma 2

By =T™G),  By= W0+ YW, (n)

j=1

(s < 0 an integer), and let 7' be the operator T} , occurring in Theorem 3. Let

2m+s—m;—1/p

QQ = Lp<G> + Z Wp (F) = K(0,2m+s—mj—1/p,p)7
=1
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Q= T{,;Qz-
Introduce in @); the graph norm

m

Hu”QT = ”u”2m+s,p + HLu”O,p + Z<Bju>2m+sfmjfl/p' (6)

j=1
The completion of C*°(G) with respect to the norm (6) will be denoted by

Wzr?g]s}p (G). From Lemma 2 it follows directly that

Theorem 4. For every integer s < 0, the closure of the mapping T, , of

u + (Lu, Byu,...,B,,,), u € C®(G), considered as acting from Wzy?gs}p(G)
B

into K<0’2m+57mj71/p’p>, establishes a homeomorphism between these spaces.

Replacing, in the argument used for the proof of Theorem 3.1 of [2], the space
2 2m+ s . f :

WZIm(G) by W™ 3(G), it is easy to see that the norm (6) is equivalent to the

norm

”uHWimHTP(G) = ||u||2m+s,p + ”LU’HO,p; (7)

therefore in Theorem 4 one may replace WETEQ}]’ (G) by W™ *P(G)—the com-
RS

pletion of the set C°°(G) with respect to the norm (7), and the assertion of
Theorem 4 coincides with the assertion (for integral s) of Theorem 5.4 of [2],
proved under the additional assumption of uniqueness of the Dirichlet problem
for the equation Lu = f.

With the aid of analogous arguments one can obtain from Theorem 3 and Lem-
mas 1, 2 (for integral s) the homeomorphism theorem 6.16 of [10].

6. Since Theorem 1 is also valid for nonintegral s [5], with the aid of Lem-
mas 1, 2 it is easy to obtain, for such s, assertions analogous to those
proved above. Analogues of the theorems established are valid for opera-
tors generated by elliptic, in the sense of Petrovskii, systems of equations
and normal boundary conditions [7]. They are also valid for operators
generated by elliptic equations or systems with discontinuous coefficients
and general boundary conditions and conjugation conditions [5, 7].

In conclusion, the author expresses his deep gratitude to Yu. M. Berezanskii for
discussion of the results.
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