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MATHEMATICS

Ya. A. ROITBERG

THEOREMS ON HOMEOMORPHISMS IM-
PLEMENTED BY ELLIPTIC OPERATORS
(Presented by Academician I. G. Petrovskii on 16 VI 1967)

Theorems on homeomorphisms for elliptic operators were established in various
spaces in the works (1−8) (see also (9), pp. 170—177, 245—265, and the survey
(10)); related questions were also studied in (11). In the present paper a number
of new theorems on homeomorphisms is established, and the relation between
various theorems on homeomorphisms is studied. It turns out that many known
theorems, and a number of new theorems, on homeomorphisms can essentially
be obtained from the theorem of (5) by means of a corresponding “gluing”of
elements in the space of preimages and the space of images. We note that in
(8) the idea was expressed of the possibility of applying the gluing method to
obtain new theorems on homeomorphisms.

1. Let 𝐺 be a bounded domain of the space 𝐸𝑛, Γ its boundary, ̄𝐺 = 𝐺 ∪ Γ.
In ̄𝐺 let there be given a properly elliptic differential expression 𝐿 of
order 2𝑚 with complex coefficients, and on Γ a system of 𝑚 differential
expressions {𝐵𝑗}𝑚

𝑗=1 of orders 𝑚𝑗 (𝑚𝑗 ⩽ 2𝑚 − 1), which we assume to be
normal in the sense of Aronszajn—Milgram—Schechter (see (12,2,9)) and
covering 𝐿. For simplicity we assume the coefficients of all differential
expressions considered in the paper and the boundary Γ to be infinitely
smooth. We introduce the necessary function spaces. Let 𝑙 ≥ 0 be an
integer, 1 < 𝑝 < ∞, 𝑝′ = 𝑝/(𝑝 − 1); 𝑊 𝑙

𝑝(𝐺) is the Sobolev space; 𝑊 −𝑙
𝑝′ (𝐺)

is the space conjugate to 𝑊 𝑙
𝑝(𝐺) with respect to

(𝑢, 𝑣) = ∫𝐺 𝑢 ̄𝑣 𝑑𝑥 (11,5);

‖𝑢‖𝑠,𝑝 is the norm in 𝑊 𝑠
𝑝 (𝐺) (𝑠 an integer).

If 𝑙 ≥ 1, then 𝑊 𝑙−1/𝑝
𝑝 (Γ) denotes the completion of the set 𝐶∞(Γ) in the norm

⟨𝜑⟩𝑙−1/𝑝,𝑝 = inf ‖𝑢‖𝑙,𝑝, where the infimum is taken over all 𝑢 ∈ 𝑊 𝑙
𝑝(𝐺) equal to

𝜑 on Γ; 𝑊 −(𝑙−1/𝑝)
𝑝′ (Γ) is the space conjugate to 𝑊 𝑙−1/𝑝

𝑝 (Γ) with respect to
⟨𝑢, 𝑣⟩ = ∫Γ 𝑢 ̄𝑣 𝑑𝑥 (12,5). If 𝑠0, 𝑠1, … , 𝑠𝑡 are arbitrary integers, then we denote
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𝐾𝑡+1
(𝑠0, 𝑠𝑗−1/𝑝, 𝑝) = 𝑊 𝑠0𝑝 (𝐺) +

𝑡
∑
𝑗=1

𝑊 𝑠𝑗−1/𝑝
𝑝 (Γ)

(here the upper index 𝑡 + 1 is equal to the number of summands in the direct
sum). If
𝑎 = (𝑎0, 𝑎1, … , 𝑎𝑚) ∈ 𝐾𝑚+1

(−𝑠0, −(𝑠𝑗−1/𝑝), 𝑝′), and
𝑣 = (𝑣0, 𝑣1, … , 𝑣𝑚) ∈ 𝐾𝑚+1

(𝑠0, 𝑠𝑗−1/𝑝, 𝑝), then put

[𝑎, 𝑣] = (𝑎0, 𝑣0) +
𝑚

∑
𝑗=1

⟨𝑎𝑗, 𝑣𝑗⟩.

Since the system of boundary expressions {𝐵𝑗}𝑚
𝑗=1 is, by assumption, normal, it

can be supplemented by expressions {𝐶𝑗}𝑚
𝑗=1 to a Dirichlet system of order 2𝑚.

But then there exists a“conjugate”system of boundary expressions {𝐵′
𝑗, 𝐶′

𝑗}𝑚
𝑗=1,

also forming a Dirichlet system of order 2𝑚, such that Green’s formula holds
(see (12,2,9))

(𝐿𝑢, 𝑣) +
𝑚

∑
𝑗=1

⟨𝐵𝑗𝑢, 𝐶′
𝑗𝑣⟩ = (𝑢, 𝐿+𝑣) +

𝑚
∑
𝑗=1

⟨𝐶𝑗𝑢, 𝐵′
𝑗𝑣⟩ (𝑢, 𝑣 ∈ 𝐶2𝑚( ̄𝐺)). (1)

Here the orders 𝑚𝑗, 𝑙𝑗, 𝑚′
𝑗, 𝑙′𝑗 of the expressions 𝐵𝑗, 𝐶𝑗, 𝐵′

𝑗, 𝐶′
𝑗 satisfy the equality

𝑚𝑗 + 𝑙′𝑗 = 𝑚′
𝑗 + 𝑙𝑗 = 2𝑚 − 1. For arbitrary 𝑠 ≥ 0 and 1 < 𝑝 < ∞ we define the

operators ℒ𝑠,𝑝, ℒ+
𝑠,𝑝 ∶ 𝒟(ℒ𝑠,𝑝) = 𝒟(ℒ+

𝑠,𝑝) = 𝑊 2𝑚+𝑠
𝑝 (𝐺);

ℒ𝑠,𝑝𝑢 = (𝐿𝑢, 𝐵1𝑢, … , 𝐵𝑚𝑢) ∈ 𝐾(𝑠, 2𝑚+𝑠−𝑚𝑗−1/𝑝, 𝑝) ≡ 𝐾𝑠,𝑝(𝐺);

ℒ+
𝑠,𝑝𝑣 = (𝐿+𝑣, 𝐵′

1𝑣, … , 𝐵′
𝑚𝑣) ∈ 𝐾𝑚+1

(𝑠, 2𝑚+𝑠−𝑚′
𝑗−1/𝑝, 𝑝) ≡ 𝐾′

𝑠,𝑝(𝐺).

In this paper, for simplicity, we shall assume that the defect is absent*. Then
the operators ℒ𝑠,𝑝 and ℒ+

𝑠,𝑝 map 𝑊 2𝑚+𝑠
𝑝 (𝐺) homeomorphically onto 𝐾𝑠,𝑝(𝐺)

and 𝐾′
𝑠,𝑝(𝐺), respectively.

Let now 𝑠 be an arbitrary integer. By 𝑊 𝑠
𝑝 (𝐺) (4, 5, 8, 9) we denote the completion

of the set 𝐶∞( ̄𝐺) in the norm

|||𝑢|||𝑠,𝑝 = (‖𝑢‖𝑝
𝑠,𝑝 +

2𝑚
∑
𝑗=1

⟨𝜕𝑗−1𝑢
𝜕𝜈𝑗−1 ⟩

𝑝

𝑠−𝑗+1−1/𝑝,𝑝
)

1/𝑝

(𝜈 is the normal to Γ).

(2)
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It is clear that if 𝑠 ≥ 2𝑚, then the norms ||| |||𝑠,𝑝 and ‖ ‖𝑠,𝑝 are equivalent; for
𝑠 < 2𝑚 they are not equivalent. The closure 𝑆 of the mapping

𝑢 → (𝑢|𝐺, 𝑢|Γ, … , 𝜕2𝑚−1𝑢/𝜕𝜈2𝑚−1|Γ) (𝑢 ∈ 𝐶∞( ̄𝐺)),

considered as acting from 𝑊 𝑠
𝑝 (𝐺) into 𝐾2𝑚+1

(𝑠, 𝑠−𝑗+1−1/𝑝, 𝑝) (𝑗 = 1, … , 2𝑚; 𝑠 arbitrary integer),
maps isometrically 𝑊 𝑠

𝑝 (𝐺) onto a subspace of the direct sum 𝐾2𝑚+1
(𝑠, 𝑠−𝑗+1−1/𝑝, 𝑝)

(for 𝑠 ≤ 0, 𝑆𝑊 𝑠
𝑝 (𝐺) = 𝐾2𝑚+1

(𝑠, 𝑠−𝑗+1−1/𝑝, 𝑝)). The components of the vector 𝑆𝑢
will also be called the components of the element 𝑢 ∈ 𝑊 𝑠

𝑝 (𝐺). For every
differential expression 𝑀 of order 𝑡 ≤ 2𝑚 defined in ̄𝐺, the operator 𝑢 → 𝑀𝑢
(𝑢 ∈ 𝐶∞( ̄𝐺)) acts continuously from 𝑊 𝑠

𝑝 (𝐺) to 𝑊 𝑠−𝑡
𝑝 (𝐺); similarly, for any

boundary differential expression 𝐵 of order 𝑡 ≤ 2𝑚 − 1, the operator 𝑢 → 𝐵𝑢|Γ
(𝑢 ∈ 𝐶∞( ̄𝐺)) acts continuously from 𝑊 𝑠

𝑝 (𝐺) to 𝑊 𝑠−𝑡−1/𝑝
𝑝 (Γ) (𝑠 is any integer)

(4, 5, 8, 9). If 𝑢0 ∈ 𝑊 𝑠
𝑝 (𝐺), then by 𝑀𝑢0 (𝐵𝑢0) we denote the value, on the

element 𝑢0, of the closure of the mapping 𝑢 → 𝑀𝑢 (𝑢 → 𝐵𝑢|Γ) (𝑢 ∈ 𝐶∞( ̄𝐺)),
considered as acting from 𝑊 𝑠

𝑝 (𝐺) to 𝑊 𝑠−𝑡
𝑝 (𝐺) (𝑊 𝑠−𝑡−1/𝑝

𝑝 (Γ)). In accordance
with this convention, for arbitrary 𝑢 ∈ 𝑊 𝑠

𝑝 (𝐺) we still denote

𝑆𝑢 = (𝑢|𝐺, 𝑢|Γ, … , 𝜕2𝑚−1𝑢/𝜕𝜈2𝑚−1|Γ) .

We also note that the norm (2) is equivalent to the norm (8)

{𝑢}𝑠,𝑝 = (‖𝑢‖𝑝
𝑠,𝑝 +

𝑚
∑
𝑗=1

⟨𝐵𝑗𝑢⟩𝑝
𝑠−𝑚𝑗−1/𝑝,𝑝 +

𝑚
∑
𝑗=1

⟨𝐶𝑗𝑢⟩𝑝
𝑠−𝑙𝑗−1/𝑝,𝑝)

1/𝑝

. (3)

2. In the present paper the following is used essentially.

Theorem 1 (5) (see also (4, 8, 9)). For every integer 𝑠, the closure ℒ𝑠,𝑝 of the
mapping

𝑢 → (𝐿𝑢, 𝐵1𝑢, … , 𝐵𝑚𝑢) (𝑢 ∈ 𝐶∞( ̄𝐺)),
considered as acting from 𝑊 2𝑚+𝑠

𝑝 (𝐺) to 𝐾𝑠,𝑝(𝐺), establishes a homeomorphism
between these spaces.

The use of Theorem 1 for obtaining other theorems on homeomorphisms is based
on the following simple lemmas.

Lemma 1. Let 𝐵1 and 𝐵2 be Banach spaces, and let 𝑇 be a linear operator
mapping 𝐵1 homeomorphically onto 𝐵2; let 𝐸1 be a subspace of 𝐵1, and 𝐸2 =
𝑇 𝐸1. Then the operator 𝑇 naturally defines a linear operator 𝑇 ′ mapping the
quotient space 𝐵1/𝐸1 homeomorphically onto 𝐵2/𝐸2.

If 𝑄2 is a Banach space, 𝑄2 ⊂ 𝐵2 (topological embedding), then 𝑄1 = 𝑇 −1𝑄2
will be a linear (generally speaking, nonclosed) subset of 𝐵1. Introduce in 𝑄1
the graph norm

‖𝑥‖𝑇
𝑄1

= ‖𝑥‖𝐵1
+ ‖𝑇 𝑥‖𝑄2
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* All the results of the paper are also valid in the presence of a defect. In this
case, it is only necessary in the theorems to replace the spaces of images and
preimages by their corresponding subspaces.

(𝑥 ∈ 𝑄1). With respect to this norm 𝑄1 becomes a Banach space, which we
denote by 𝑄𝑇

1 . The restriction of the operator 𝑇 to 𝑄1 will also be denoted by
𝑇 .

Lemma 2. The operator 𝑇 maps 𝑄𝑇
1 homeomorphically onto 𝑄2. If 𝑅2 is a

linear submanifold of 𝑄2, dense in 𝑄2, then 𝑅1 = 𝑇 −1𝑅2 is dense in 𝑄𝑇
1 . In

this case the closure of the mapping 𝑥 → 𝑇 𝑥 (𝑥 ∈ 𝑅1), regarded as acting from
𝑄𝑇

1 to 𝑄2, establishes a homeomorphism 𝑄𝑇
1 → 𝑄2.

We shall first apply Lemma 1, assuming that 𝐵1 = 𝑊 2𝑚+𝑠
𝑝 (𝐺), 𝐵2 = 𝐾𝑠,𝑝(𝐺)

(𝑠 an integer), and 𝑇 is the operator 𝔏𝑠,𝑝 occurring in Theorem 1. Choosing the
subspace 𝐸1 in various ways and putting 𝐸2 = 𝑇 𝐸1, we obtain various theorems
on homeomorphisms.

3. Let 𝐸1 = 𝐸1
2𝑚+𝑠,𝑝 be the subspace of 𝑊 2𝑚+𝑠

𝑝 (𝐺) consisting of elements
𝑢 ∈ 𝑊 2𝑚+𝑠

𝑝 (𝐺) whose first component is equal to zero. It is clear that
𝑊 2𝑚+𝑠

𝑝 (𝐺)/𝐸1 = 𝑊 2𝑚+𝑠
𝑝 (𝐺). From Green’s formula (1) it follows easily

that 𝐸2 = 𝐸2
𝑠,𝑝 = 𝔏𝑠,𝑝𝐸1 consists of those and only those 𝐹 ∈ 𝐾𝑠,𝑝(𝐺) for

which

[𝐹 , 𝑉 ] = 0 (𝑉 ∈ 𝔐′ = {(𝑣, 𝐶′
1𝑣, … , 𝐶′

𝑚𝑣) ∶ 𝑣 ∈ 𝐶∞(𝐺), 𝐵′
𝑗𝑣|Γ = 0

(𝑗 = 1, … , 𝑚)}) . (4)

Thus the following theorem is valid.

Theorem 2. For each integer 𝑠, the closure 𝔏𝑠,𝑝 of the mapping

𝑢 → (𝐿𝑢, 𝐵1𝑢, … , 𝐵𝑚𝑢) (𝑢 ∈ 𝐶∞(𝐺)),

regarded as acting from 𝑊 2𝑚+𝑠
𝑝 (𝐺)/𝐸1 = 𝑊 2𝑚+𝑠

𝑝 (𝐺) to 𝐾𝑠,𝑝(𝐺)/𝐸2, establishes
a homeomorphism between these spaces.

Let us note that 𝐾𝑠,𝑝(𝐺)/𝐸2 is the space adjoint with respect to [⋅, ⋅] to the
closure in 𝐾𝑚+1

(−𝑠,−𝑠−𝑙′
𝑗−1/𝑝′, 𝑝′) of the set 𝔐′ (see (13), Ch. 4, §5, item 4).

4. Let now 𝐸1 = 𝐸1
2𝑚+𝑠,𝑝 be the subspace of 𝑊 2𝑚+𝑠

𝑝 (𝐺) consisting of ele-
ments 𝑢 ∈ 𝑊 2𝑚+𝑠

𝑝 (𝐺) for which 𝑢|𝐺 = 0, 𝐵𝑗𝑢|Γ = 0 (𝑗 = 1, … , 𝑚). From
the equivalence of the norms (2), (3) it follows that 𝑊 2𝑚+𝑠

𝑝 (𝐺)/𝐸1 =
𝑇 2𝑚+𝑠

𝑝 (𝐺) coincides with the completion of the set 𝐶∞(𝐺) in the norm

(‖𝑢‖𝑝
2𝑚+𝑠,𝑝 +

𝑚
∑
𝑗=1

⟨𝐵𝑗𝑢⟩𝑝
2𝑚+𝑠−𝑚𝑗−1/𝑝,𝑝)

1/𝑝

. (5)
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From Green’s formula (1) it follows easily that 𝐹 ∈ 𝐾𝑠,𝑝(𝐺) belongs to 𝐸2 =
𝐸2

𝑠,𝑝 = 𝔏𝑠,𝑝𝐸1 if and only if 𝐹 = (𝑓, 0, … , 0),

(𝑓, 𝑣) = 0 (𝑣 ∈ 𝐶∞(pr)+ = {𝑣 ∶ 𝑣 ∈ 𝐶∞(𝐺); 𝐵′
𝑗𝑣|Γ = 0 (𝑗 = 1, … , 𝑚)}) ,

therefore

𝐾𝑠,𝑝(𝐺)/𝐸2 = 𝑊 𝑠
𝑝 (𝐺)/𝑀 +̇

𝑚
∑
𝑗=1

𝑊 2𝑚+𝑠−𝑚𝑗−1/𝑝
𝑝 (Γ) = 𝑊 ′

𝑠,𝑝(pr)+ +̇

+̇
𝑚

∑
𝑗=1

𝑊 2𝑚+𝑠−𝑚𝑗−1/𝑝
𝑝 (Γ),

where 𝑀 is the subspace of 𝑊 𝑠
𝑝 (𝐺) consisting of elements 𝑓 ∈ 𝑊 𝑠

𝑝 (𝐺) such that
(𝑓, 𝑣) = 0 (𝑣 ∈ 𝐶∞(pr)+), while 𝑊 ′

𝑠,𝑝(pr)+ is the space adjoint with respect to
(⋅, ⋅) to the closure in 𝑊 −𝑠

𝑝′ (𝐺) of the set 𝐶∞(pr)+. Thus the following is valid.

Theorem 3. For each integer 𝑠, the closure 𝑇𝑠,𝑝 of the mapping

𝑢 → (𝐿𝑢, 𝐵1𝑢, … , 𝐵𝑚𝑢) (𝑢 ∈ 𝐶∞(𝐺)),
regarded as acting from 𝑇 2𝑚+𝑠

𝑝 (𝐺) to

𝑊 ′
𝑠,𝑝(pr)+ +̇

𝑚
∑
𝑗=1

𝑊 2𝑚+𝑠−𝑚𝑗−1/𝑝
𝑝 (Γ),

establishes a homeomorphism between these spaces.

Let us note that if 2𝑚+𝑠−𝑚𝑗 > 0 (𝑗 = 1, … , 𝑚), then the norm (5) is equivalent
to the norm ‖𝑢‖2𝑚+𝑠,𝑝 and 𝑇 2𝑚+𝑠

𝑝 (𝐺) = 𝑊 2𝑚+𝑠
𝑝 (𝐺); therefore Theorem 3 is a

generalization of the Lions–Magenes theorem (see (10), theo-
theorem 6.22), established for the special case of Dirichlet boundary conditions.
From Theorem 3 there also follows directly the theorem on homeomorphisms of
the work [3]. With the aid of Lemma 1 one can also obtain from Theorem 1 the
theorem on homeomorphisms of the work [8].

5. We shall now use Lemma 2 and Theorem 3 in order to obtain, for the
case of integral 𝑠, the Lions–Magenes theorem on homeomorphisms (see
[2], Theorem 5.4). Let in Lemma 2

𝐵1 = 𝑇 2𝑚+𝑠
𝑝 (𝐺), 𝐵2 = 𝑊 ′

𝑠,𝑝(Γ)+ +
𝑚

∑
𝑗=1

𝑊 2𝑚+𝑠−𝑚𝑗−1/𝑝
𝑝 (Γ)

(𝑠 < 0 an integer), and let 𝑇 be the operator 𝑇𝑠,𝑝 occurring in Theorem 3. Let

𝑄2 = 𝐿𝑝(𝐺) +
𝑚

∑
𝑗=1

𝑊 2𝑚+𝑠−𝑚𝑗−1/𝑝
𝑝 (Γ) = 𝐾(0,2𝑚+𝑠−𝑚𝑗−1/𝑝,𝑝),

sovietrxiv.org/items/ru-196801.56750 Machine Translation

https://sovietrxiv.org/items/ru-196801.56750


𝑄1 = 𝑇 −1
𝑠,𝑝𝑄2.

Introduce in 𝑄1 the graph norm

‖𝑢‖𝑄𝑇
1

= ‖𝑢‖2𝑚+𝑠,𝑝 + ‖𝐿𝑢‖0,𝑝 +
𝑚

∑
𝑗=1

⟨𝐵𝑗𝑢⟩2𝑚+𝑠−𝑚𝑗−1/𝑝. (6)

The completion of 𝐶∞(𝐺) with respect to the norm (6) will be denoted by
𝑊 2𝑚+𝑠,𝑝

𝐿,{𝐵𝑗} (𝐺). From Lemma 2 it follows directly that

Theorem 4. For every integer 𝑠 < 0, the closure of the mapping 𝑇𝑠,𝑝 of
𝑢 ↦ (𝐿𝑢, 𝐵1𝑢, … , 𝐵𝑚𝑢), 𝑢 ∈ 𝐶∞(𝐺), considered as acting from 𝑊 2𝑚+𝑠,𝑝

𝐿,{𝐵𝑗} (𝐺)
into 𝐾(0,2𝑚+𝑠−𝑚𝑗−1/𝑝,𝑝), establishes a homeomorphism between these spaces.

Replacing, in the argument used for the proof of Theorem 3.1 of [2], the space
𝑊 2𝑚

𝛾 (𝐺) by 𝑊 2𝑚+𝑠
𝑝 (𝐺), it is easy to see that the norm (6) is equivalent to the

norm

‖𝑢‖𝑊 2𝑚+𝑠,𝑝
𝐿 (𝐺) = ‖𝑢‖2𝑚+𝑠,𝑝 + ‖𝐿𝑢‖0,𝑝; (7)

therefore in Theorem 4 one may replace 𝑊 2𝑚+𝑠,𝑝
𝐿,{𝐵𝑗} (𝐺) by 𝑊 2𝑚+𝑠,𝑝

𝐿 (𝐺)—the com-
pletion of the set 𝐶∞(𝐺) with respect to the norm (7), and the assertion of
Theorem 4 coincides with the assertion (for integral 𝑠) of Theorem 5.4 of [2],
proved under the additional assumption of uniqueness of the Dirichlet problem
for the equation 𝐿𝑢 = 𝑓 .
With the aid of analogous arguments one can obtain from Theorem 3 and Lem-
mas 1, 2 (for integral 𝑠) the homeomorphism theorem 6.16 of [10].

6. Since Theorem 1 is also valid for nonintegral 𝑠 [5], with the aid of Lem-
mas 1, 2 it is easy to obtain, for such 𝑠, assertions analogous to those
proved above. Analogues of the theorems established are valid for opera-
tors generated by elliptic, in the sense of Petrovskii, systems of equations
and normal boundary conditions [7]. They are also valid for operators
generated by elliptic equations or systems with discontinuous coefficients
and general boundary conditions and conjugation conditions [5, 7].

In conclusion, the author expresses his deep gratitude to Yu. M. Berezanskii for
discussion of the results.
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