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MATHEMATICS
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APPROXIMATION OF DISCONTINUOUS
FUNCTIONS BY FOURIER SUMS

(Presented by Academician L. V. Kantorovich on 20 IX 1967)

The deviation of the partial sums of the Fourier series for various classes of
discontinuous 27-periodic functions has been investigated by many authors (1=?).
One of the most general results was obtained by A. V. Efimov (*):

sup |f(x) = S,lfa] = =am B2 4 o (n’rw (%)) . (1)

fewrH, n n’”

Here r > 0, 8 € (—2,2], or 7 = 3 =0; feWsH,,

flx) = ki_o; w}cr /: (t) cos [k(t —)+ %T} dt, (2)

where p € H, = WYH,,, i.e., the modulus of continuity w(e,d) of the function
¢ does not exceed the true majorant of moduli of continuity w(J) (the idea of
introducing the classes Wz H,, belongs to S. B. Stechkin); S, [f; ] is the n-th

partial sum of the trigonometric Fourier series of the function f; Q™ =

s
= sup/ o(t) sinnt dt;
weH, J_x

the estimate of the remainder term depends only on 7 and 3 (see also (°)).

In this note we study the rate of approximation by Fourier sums of nonperiodic
continuous functions defined on [—, 7]. It turns out that the presence of a jump
of the first kind at the point 7 in the periodic continuation does not affect the
rate of convergence of Fourier sums inside the interval (—m, 7).

Let us agree on notation: H({a,b)) is the class of functions defined at least on
(a, b), whose modulus of continuity on this interval does not exceed w(d); HZ is
the class of functions satisfying the conditions
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feHy([=mx]), [f(m)—f(=n)=s; siy:/ Sitﬂdt,

Theorem 1. If |s| < w(2w), then for x € [—m, 7] we have

flx) =S, [f; 2] — %signx -si(m — |x|)n’ =

=720 1nn+ 0O (w <1)> ,
n

where the estimate of the remainder term depends only on s and w.

feHs,

For the proof we shall need the following lemmas (°), which are modifications
of the corresponding lemmas of A. V. Efimov (%).

Lemma 1. If ¢ € H ([—0,0]), ¢(0) = 0, then

/: @(ﬂw dt = Zi % /kaﬂ [p(t) + p(—t)] sinntdt + O (w <%)) ,

k=1 k
where
[na 1} 4k — 3 <
m = —_— = €T = NS
or 4]’ KT T T OST
Lemma 2.

L1 1
sup / @(t)sinntdt = —Q™),
T

‘pEHw([wk,)xlﬁ»l]) k n

Lemma 3. There exists a ¢ € H,, such that

Yo/ =p@), w0 = 9@, @l ge(2),
a+2m/n 1
/ Y(t) sinnt dt = EQW'

Proof of Theorem 1. We shall assume s,z > 0. Choose o € (0,7/2) so
that w(2r — 20) > s. In what follows n is sufficiently large; in particular,
w(m/n) < w(2m — 20) — s. First let 7 — o < x < 7. Introduce the 27-periodic
function g, defined on (—m, 7] by the formula g(z) = f(x) — (s/2) signz. Then

f(z) =S, [f;2] = g(x) — S,lg; 2] + (s/2)(signa — S, [sign; x]).

sovietrxiv.org/items/ru-196801.56732 Machine Translation


https://sovietrxiv.org/items/ru-196801.56732

It is not difficult to verify that
signz — S, [sign: 2] = (2/7) signx - si(m — |z|)n + O(1/n),
and sO(1/n) = O(w(1/n)). Therefore
A(f) = flx)=Sulfs ] = (s/m) signa-si(r —|z[)n = g(z) — S, [g; 2] + O(w(1/n)).
It is clear that

g€ Hw((077TD> g€ Hw([ﬂ'7271')), g € Hy,((0,2m)).

Further,
2m—x .
L sin(n+1/2)t
g(x) — S,lg;2] = /x [9(z) — g(z + t)]m dt =
—0o o 2m—x
- /( +‘/f +l/‘ ::]i‘%]é‘%lé-
Put

g9(x) —g(z +1)
27 sin(t/2)

It is easy to see that on the interval [o, 27 — ]

h(t) =

wir+o)
|h(t)] < orsing/2 nO(w(1/n)),

and w(h,d) = O(w(9)). Hence, if £ = 27/(2n + 1), then

2m—x 2r—x—§€
I3 = / h(t)sin(n + 1/2)tdt = —/E h(t+ &) sin(n + 1/2)tdt =
1 2m—x—§ ' o+¢ I .
=3 {/0 [h(t) — h(t + &) sin(n + 1/2)t dt + (/0 +/2FM> h(t) sin(n + 1/2)tdt} ,
whence
Iy = O(w(1/n)).
Similarly,
’ I, = O(w(1/n)).
By Lemma 1,
I = —% Z %/ M[g(fc +1t)+ gz —t)]sinnt dt + O(UJ(%)) )
k=1 Ty,

From these formulas it follows that
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A(f) = — illc/kaﬂ[g(x+t)+g(x—t)]sinntdt+0<w<;)>. 3)

k=1 k

ko = {n/2 —na/27 + %} .

Then g(:L' + ) € Hw([xk7zk+1]) (k = 1527"'7k0 - lakO + 17 7m); g(l‘ + ) €
H2w([xk0ﬂxko+1]); g(.’E - ) € Hw([xk,karl]) (k = 1,27 7m)' Applymg Lemma
2, we obtain

1 1 1 11
A < —Q) Z ( <f)> Q) =
| (f)|_7r2 kz:;k+0 “\n +27r2k0
1 1
= ;Qm) lnn+0<w (ﬁ)) , (4)

Define the function f, as follows:

Y(u—x — 2m), u € [—m, B),
0, € [B,x+ 0 —2m),
_Jmin{w(u—z—0+271),s+2)}, u€elr+o—2mx—0),
Jolu) = s+ 2), €lz—o,a),
=)+ 5+, & [o,2),
Blu—2)+ 5+, & [z,7].

Here ¢ is the function constructed in Lemma 3; A = max; « is the point
nearest on the right to x — o at which the function ¥(z — -) assumes its greatest
value; § is the point nearest on the left to x + o — 27 at which the function
(- — x) assumes its least value. It can be shown that f, € H?.

Write relation (3) for f:

3flwrl

A(fy) = 271_2 Z / ) sinnt dt—

Ty

_% / [folx +t) + fo(x —t)]sinntdt + O (w (%)) _
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- :fi}i/mk“ W(t)sinnt dt + O (w (%)) .

k=1 k

But

Tht1 1
/ Y(t) sinnt dt = ﬁm"),

k

whence

9= S E w0 (o(2) - Znmmnso(o3)-

Relations (4) and (5) imply the assertion of the theorem.

Now let < m — 0. Then sin(w — |z|)n = O(1/n). Consequently,

A(f) = f(x) = S, [f;2] + Ow(1/n)).
Arguments analogous to those carried out above give here
A(f) <720 Inn 4+ O(w(1/n)).

We shall construct the extremal function differently depending on whether the
inequality w(x — o + m) > s holds or the opposite one holds. In the first case
put

min{w(x —o —u), s} —\, u€|[-mz—o0),

—A, u€lr—o,a),
fuw) = i — ), we ),

$u—z), uelnf),

=, u € [p, ],

where ' is the point nearest from the right to  — o at which ¥(z — -) assumes
its least value; 8’ is the point nearest from the left to  + ¢ at which ¥(- — )
assumes its least value. In the second case we set
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w(x —o+m) — 2\, u€
min{w(u —20 +7) — 2\, s}, wé€ [x+o,7],

( [

( [
Y —u)twlx—oc+m)— A\ u€la,x),

( *)‘7 [

[

[

where o and 8’ were defined above. It is not difficult to verify that

fi € H,  A(f) =n2Qm 1nn+0<w (%)) (i=1,2).

The theorem is proved.

Corollary. On the interval [—m + &, 7 — ¢], where 0 < & < 7, one has

sup [/(z) = S,fia)] = 2" +0(w ().

in which the remainder term also depends on ¢.

Comparison of the last assertion with relation (1) shows that the presence of a
jump discontinuity of the first kind does not affect the rate of convergence of
the Fourier sums at points separated from the point of discontinuity.

In conclusion we give, without proof, the following facts.

Theorem 2. Let W H, be the class of functions representable in the form (2),
where ¢ € H?, |s| < w(27), r > 0. Then, uniformly with respect to x € (—m, 7),
the relation

sup

FEWSHg, tr+l

£(@) = 8, o] = 2 Jol) " signa [

(m—la)n

o0 sin (t — % sign :c) ’
Remark 1. For x = m we have

sup
FEWEHS

)= S,lin] + SO Lol o(umu (1),

m™mr 2

Remark 2. Uniformly with respect to « € [—7 4+ €, 7 — £] one has
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sup |f(z)—S,[f;z]| = %Q(")lz—:& +O(n’rw (l>> .

FEWEHS n

Theorem 3. Let the function f be given and differentiable on [—m, 7], and let
f' € H,([=m.7]), f(r) — f(—m) = 5. Then

)= 8,i0] = signa-site — e+ 0

|s| + w(m) + w(n™t) lnn)

where the constant entering the O-term is absolute.
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