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In the theory of games on the unit square one often has to solve games whose
kernels are composed of pieces of comparatively simple functions. For exam-
ple, piecewise-linear kernels are composed of pieces of linear functions. In the
present article it is clarified what information about the players’ strategies can
be extracted if it is known that the payoff function has a simple form in some
regions of the square, and is arbitrary on the complement of these regions. The
theorem proved below makes it possible to reduce certain games with a con-
tinuous kernel to matrix games. For its formulation and proof we need some
notation.

Let X denote the interval [0,1], and let Y denote a second copy of this interval.
We denote the boundary of the interval X (Y') by X(Y). The natural projection
of the direct product X x Y onto X(Y') will be denoted by p; (p,). For any
closed set A C X x Y, define a family of multivalued mappings Q' of the
interval X into Y, and a family of multivalued mappings 25" of Y into X, as
follows: T € Q4 (Q4") if and only if, for any z € X (y € Y) and for any interval
[, 8] € YAT(x) (X\T(y)), the set p; ([, 8)) Npi (x) (o1 ([, B) Np3* () is
contained in the closure of some one connected component of the complement
of the set A. For any set A, the sets Q4! and Q4 are nonempty. For example, if

Ty (x) = py(pr' (2) N (AU X x Y)),

Ty(y) = py(p3(y) N(AUX x Y)),

then it is clear that T} € Q' and T, € Q4.

Proposition 1. Ify € &, C Y, T, € Q4! T,(®,) C &, C X, and [, 8] C X\ @,
then p7!([a, 8])Np3*(y) is contained in the closure of some connected component
of the complement of the set A.

Proof. Since [o, f] C X\ @, and T)(y) C ®,, it must be that [, 5] C X\T5(y).
Now the assertion of Proposition 1 follows from the definition of €.
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The following proposition is proved analogously.

Proposition 2. If v € &, C X, T} € Qf, T} (®,) C &, C Y, and [, 8] C Y\ Dy,
then py ! ([, B])Npyt(z) is contained in the closure of some connected component
of the complement of the set A.

For each closed set A C X x Y we specify a family M, of continuous functions
on the square, putting K € M, if and only if K admits a representation

K(z,y) = Py (2,y) - f(2) - 9(y) + o, y) - fl2) +

+3(z,y) - 9(y) + Uy(x,y), (1)

where f(z) and g(y) are continuous monotone functions, while ¥;(z,y), i =
1,2,3,4, are constant on each connected component of the complement of the
set A and are bounded in the aggregate.

It is easy to see that M, is nonempty for every A. For example, any linear
function on the square is contained in any M 4.

Let us give another example. Consider some piecewise-linear function K (z,y).
Denote by A the set of break points of this function (i.e., points in a neighbor-
hood of which K(z,y) is not linear). We shall call this set a lattice. Then M 4
contains all piecewise-linear functions with this given lattice and, in particular,

K(z,y).

If the functions belonging to M 4 are regarded as kernels of games on the square,
then M, determines a set of games on the unit square. We shall denote this set
of games by I' ;. Thus, with each closed set A on the square there are associated
the sets of mappings Q7' and Q4', and the set of games I ;. If B is some closed
subset of X or Y, then by B we shall denote the set of probability measures on
it.

Theorem. If there exist closed sets ®, and ®, such that X C &, C X,
Y C ®, CY, and such Ty € Q, T, € Q4 that T)(®,) C &y and Ty(P,) C P,
then in every game I' € T, the first player has an optimal strategy whose
spectrum is contained in ®,, and the second player has an optimal strategy
whose spectrum is contained in D,.

Proof. There are natural embeddings <i)1 C X and &)2 CY. If Fand G are
mixed strategies of the players in the game I' € I'4, then we shall denote the
payoff of the first player by K(F,G).

We first show that for any F € X and Gg € ®, there exists an Fy € ®, such
that

K(Fy,Gg) > K(F,Gg). (2)

Let Ay, Ay, ..., A, ... be the connected components of the complement of the

set A, and let A;, A,, ... ,A,,, ... be their closures (since the number of connected
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components of the complement of a closed set on the square is at most countable,
we can enumerate them). Let z/)io‘ﬂ be the constant value that 1, (z,y) assumes
on A;. Let [a, f] C X \ ®,. Now, by Proposition 1, since T,(®,) C @4, for any
y € ®, the set p7 ! ([a, B]) Np5 ' (y) is contained in one of the A;. Therefore, if by
B, we denote the set of those y € ®, for which p;!([e, 8]) Np3'(y) C A;, then

B =®,.
i=1
Putting
n—1
B\ |JB,=C,,
i=1
we obtain

Seu—a,
n=1

The sets C,, are pairwise disjoint and, evidently, measurable.

Define the functions ¢,(y), i = 1,2, 3,4, on &, by setting ®,(y) = ¢ fory € C,,.
Since the C,, cover all of ®, and do not intersect, this definition is correct. From
the boundedness of ¢, (x, y) and the measurability of C,, it follows that the 1, (y)
are integrable. We prove that on [a, §] x @, the equality

K(z,y) = ¢1(y) - f(@) - g(y) + ¥ (y) - f(z) +3(y) - 9(y) + u(y)  (3)

holds. Indeed, if y € C,,, then p;'(y) N p ([, B]) C A,,. Since K(z,y) is
continuous, this means that

K(z,y) = lim K(z,,,y,, forzela,p], yeCl,.
(T Ym )= (2,y)
(T Y JEA,,

Now, using representation (1) and passing to the limit, we prove equality (3).
Integrating it with respect to Gy € ®,, we obtain that ¢(z) = [ K(z,y)dGg
on the interval [«, 8] has the form af(x) + b, where a and b are some numbers.
Since we took an arbitrary segment [a, 5] C X \ ®,, on any interval contained
in X \ @, the function

@(z) must have the form af(z) + b (a and b are, generally speaking, different
for each segment). By the hypothesis of the theorem, X C ®;; therefore the
set X \ @, is a union of open intervals, and on each closed segment lying in
an arbitrary interval the function ¢(x) is monotone (it is monotone because
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it has the form af(xz) 4+ b, while f(x) is monotone by the hypothesis of the
theorem). From this and from the continuity of ¢(z) it follows that ¢(z) attains
its maximum value on ®;. Suppose the maximum is attained at the point z.
Put Fg = I, ; then Fy € ®,, and for any F € X inequality (2) is valid. Similarly

it is proved that for any G € ¥ and Fy € &)1 there exists a Gg € <f>2 such that

K(Fg,G) > K(Fg,Gg). (4)

Consider the game on the product ®; x ®,, whose payoff function is K(z,y);
since the function K(z,y) is continuous and the sets ®; and &, are compact,
optimal strategies exist in this game (see, for example, (?)). Let them be Fj
and G%. Then, by virtue of equalities (2) and (4), they are also optimal in the
game on the whole square. Indeed,

K(F3,G) 2 K(Fg,Ge) = K(Fg,Gg) >

whence

K(Fg,G) > K(Fg, Gg) 2 K(F,Gy).

The theorem is proved.

Let us give an example in which this theorem is used. Let K (u) be an arbitrary
continuous piecewise-linear function on the segment [—1, 1]. Let the breakpoints
of this function be —1,u, uy, ..., u,,, 1. Suppose, moreover, that the numbers w;
are rational. Then, in order to find the value and some optimal strategies of the
game with payoff function K (z —1y), it is enough to solve a certain matrix game.
Indeed, denoting by B, the set of points of the square having the form (z, x+u,),
and by A the set U:;l B;, we shall have K (z —y) € M 4. The mapping T} (z) =
pa(pr* () N (AU X x Y)) belongs to 24, and Ty(y) = p1(p3 ' (y) N (AUX x Y))
belongs to Q4. Let M be the least common multiple of the denominators of the
u,;. Put

M

<1>1:g{]\2}7 and QQZQ{J\Z}‘

Then, obviously, T} (®,) C ®,, and T,(P,) C ®,. Therefore, by the theorem,
player ¢ = 1,2 has an optimal strategy whose spectrum is contained in ®,. Thus,
by solving a matrix game of size (M + 1) x (M + 1), we shall find the value of
the original game and at least one optimal strategy for each player.

As another example, consider the game on the square with payoff function
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1
1+ 5@—y), ifle—yl <4, z<y,

_ 1
K(z,y) = L+ <(y—a), iflz—y| <6, 2>y,
0, if |z —y| > 4.

Earlier N. N. Vorob’ ev indicated to me an optimal strategy for each player, and
the spectrum of the optimal strategies was concentrated on the set

n

= O{kd}u {1 —ks},
k=0

k=0

where n = [1/4]. If we denote by A

the set of points of the square having the form (z,z)U (z,x+J)U (x,z—7), and
T, and T, are defined by the formulas of the preceding example, then, obviously,
T,(®) C ® and T,(®) C ®. Thus, it follows from the theorem that one could
have sought in advance optimal strategies whose spectrum is ®.

In conclusion, the author expresses his sincere gratitude to N. N. Vorob’ ev for
his comments and advice in preparing the manuscript for publication.
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