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In the present note we shall consider extremal quasiconformal mappings gener-
alizing the extremal mappings of Teichmiiller (1).

Let S be a closed oriented Riemann surface of genus g > 1; let y, be a fixed,
henceforth measurable, Beltrami differential (1) on S, satisfying the condition
|o] < M almost everywhere, M a constant, and let E be the set of those
points on S where p, # 0. Suppose that E has positive Lebesgue measure.
We introduce for consideration the Banach space B(S) of measurable Beltrami
differentials on S with finite norm:

lall = essg sup |ug™ gl

(obviously, 1 = 0 almost everywhere on S — E). Let L(.S) be the Banach space
of quadratic differentials (1) on .S, summable with weight |u,|, with norm

Il = // ol 1| der dy
S

for ¢ € L(S). It can be proved that every bounded linear functional u(y) in
L(S) is representable in the form

nlp) = //S 1(2)p(z) dr dy = {1, 0),

w € B(S), ¢ € L(S). Denote by A(S) the subspace of holomorphic quadratic dif-
ferentials, and define the subspace N(.S) of locally trivial Beltrami differentials
by setting
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Let a be a homotopy class of homeomorphisms g : S — S’ preserving orien-
tation, S’ a Riemann surface, and suppose that there exists a quasiconformal
homeomorphism g, € o such that

590/890 € B(S)

(0 = 0/9% and & = /D= are the generalized complex differentiation operators
in the sense of S. L. Sobolev).

We pose the following extremal problem.

Problem. Among all quasiconformal homeomorphisms of the class «, find
those for which the quantity

T(g) = essgsup |5g/u089|
is least.

Quasiconformal homeomorphisms giving a solution of the problem will be called
| 4o |-extremal.

Theorem 1. Quasiconformal |p,|-extremal homeomorphisms exist. If f is such
a homeomorphism, then

of/of = Tluel /1l

where
T = inf 7(g), v € A(S).

gea

The proof of the theorem is carried out by the variational method (?) according
to the scheme of paper (*). Represent the surfaces S and S’ by Fuchsian groups
I’ and I, acting in the disk U : |z| < 1, and fix in U a fundamental polygon
P corresponding to the surface S. By B(T'), N(I'), L(T"), and A(T") denote
the spaces of T-invariant objects in U corresponding to the spaces B(S), N(S5),
L(S), and A(S). By a variation of the surface S = U/T, defined with the aid
of p € B(I') and a number ¢, 0 < & < ||p|z, is meant the quasiconformal
automorphism

(= H(ze)

of the disk U with complex characteristic
epu+ O(?).
If the variation is nor-

normalize by the conditions 1 — 1; ¢ — i; —1 — —1, then it can be represented
in the form (+?)

<_Z€//[u<t>+z3u<t>
Ty |[t—2 1=zt
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where |w(z;e)| < Ce? for z € U, M(z;¢) is a polynomial uniquely determined
by the normalization. If the variation is defined with the aid of v € N(I') and
e >0, then H(yz;e) = yH(z;¢) for v € T and (1)

Czi//ljtyf)z

We shall prove the lower semicontinuity of the functional 7(g), from which the
existence of |pg|-extremal mappings will follow. Let {g,,(2)}5° be a minimizing
sequence of quasiconformal mappings of class «: lim,, ,. 7(g,,) = 7, which may
be assumed to converge uniformly to a function f(z) on each compact set F' C U,
if, if necessary, one chooses a subsequence and changes the numbering. Since
9,(72) =7 9,(2), v €T, v € I, it follows that f(vyz) =~ f(z), and therefore
f(z) # const. Let g,, = u,,+iv,,, f = u-+iv. From the equality |0g,,| = || |09,|
we obtain |agn‘ S T(gn)‘:u’0| |agn|7 and

do, + O(g?).

1+ 7(g,)%| o * 7

du, |2 do, |2 <2 89,2 + |99, |2) = .
|gradu, [* + | grad v, |* < 25——rheg T (10g,,* + 9g,,?) = T(u,,,v,,)

Using the weak convergence of the generalized derivatives (*¢), we find

//{\ grad u|? + | grad v|? }wdz dy < lim //{| gradu,|? + | grad v, |? }w dz dy,
U nee Jly

//:f(u,v)wdxdy: lim //j(un,vn)wdxdy
U n—oo U

for any nonnegative C'-function w finite in the disk U. From the equality

//{| grad u|? + | grad v|? }w dz dy < // T(u,v)w dz dy,
U U
by virtue of the arbitrariness of w, it follows that

1 +72‘N()|2

rad u|? rad v|? < 2
lg I +lg |* < 1_7'2W0|2

(lof12—10512),

ie.7(f)=r.
The second assertion of Theorem 1 follows from the following lemmas.

Lemma 1 (S. L. Krushkal’ ()). Let E, be a set of positive Lebesgue measure,
E, C E, and let u € B(S) be a Beltrami differential equal to zero on E,. There
exists i € N(S) such that i = on E — E, and
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esspsup [pg il < C(Ep)|ul.
Lemma 2. Let f(z) be a |ug|-extremal mapping of class a. Then almost
everywhere on F

lul = [0f/0f] = 7|pol.

Proof. We may assume that 7 > 0 (if 7 = 0, then we have a conformal
mapping). Suppose on a set G C E, mes G > 0, we have

[0F/0f1 < Tlpsol-

Then there exists a closed set F, C G, mesE, > 0, on which the function
|0f/0f] — T|1e| is continuous and the inequality

0F /O f| < 71l
holds for some 7, < 7. Varying the surface U /I’
foH Q)

with the aid of ¥ € N(T') and € > 0, compute the characteristic of the mapping

. OfHNQ) _ p—ev OH. )
N TORE ) 1—ew 9H
Obviously, i € B(T"), and

f=p—cv+evp? + O(?).
Putting § = arg u and 6, = argv, we find

|l = |pel — elv|(1 = |p]?) cos(6 — 6;) + O(e?).
We choose v so that on E — E,, the inequality

|1 < Tl — enlp]

is satisfied, where 1 > 0 is a constant, and construct, according to Lemma 1,
a differential 7 € N(T") such that 7 = v on £ — E, and ||| < co. Then, for
sufficiently small e, we shall have

Il = |1 — e9)/(1 — £Bp)| < 7l
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almost everywhere on E, which contradicts the extremality of the mapping f(z).

Lemma 3. Let f(z), extremal with respect to |p,|, be different from a conformal
mapping. Then there exists ¢ € A(T") such that

pw=0f/0f =7luole/lpl

Proof. Let
sup  [(u, )| =k
lel=1, pcA(T)
and k < 7,
T=lug'ul= sup [, )|
lel=1, p€L(T)

The functional p(p) = (u,®), with norm k, defined on the subspace A(T'), by
the Hahn—Banach theorem extends, with preservation of the norm, to L(T).
Let 111 (¢) be one of the extensions of u(y), so that u,(¢) = u(p) for ¢ € A(T)
and ||y ()| = k, and let u; € B(T') be the Beltrami differential corresponding
to (). Obviously, p — p; = v € N(I'). Varying U/T with the aid of v and
e > 0, estimate the difference A = [(f1,)|> — |(11, ¢)|?, where [i is defined by
formula (1). Using (2), we find

A = —2¢ Re{(u, ©) (v, ) — (1, o) (i, 0)} + O(?).

Let C be the unit sphere in L(T"), and V(§) the set of those p € C for which
T—0 < [, )| <71, <7 —k We may assume that (u,¢) > 0 for a given
@ € V(0) (if necessary, one can always replace ¢ by e*®¢, where 3 is a suitable
number). Let ¢ € V(§) be such that (u,p) =7 —3d;, 6 < J. Then

A = —2e(1 —§y) [Re((1 — 72[ o), ) — Re((1 — 72|po|*) g, 0)—

—Re(vp® — 72| uolv, ©)] + O(e?) = —2¢(17 — 0))[I; — I, — I;] + O(€?).

Putting 0 = arg u, A = arg ¢ and observing that

L) < k//(l — 7)) ] dz y,
E

we estimate the difference between I; and
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I, = (7—51)//(1—T2|uo|2)|uo\ ol da dy -
E

0+ X\
11 = ] L moliel (125, —2rsm? 52 o dy‘ <
B
<51//Iuol\wldxdy+27//\uollwlsm

The expression I3 can be transformed to the form

A dwdy = 25,).

gy =27t [ o Pl e sin(0 + X) de dy,
E

and, with the aid of the Cauchy—Schwarz inequality, one obtains

151 < vk ] luof*le
E
< 472k (// K |g0\sm

sin

A‘dxdyé

1/2
dx dy) < 2kV26T71L.
Thus,

|A| > 2e(1 — 8,)[(T — 6 — k) essp inf(1 — 72|y [*)—

—26 — 2kV2671] + O(e2).

Choose 9 so small that the expression in square brackets is positive. Then A < 0
and A = O(e) for any ¢ € V(4). For ¢ € V(9) we have [(u, )| <7 — 3+ O(e).
For sufficiently small € > 0 we obtain

T —sup [{u, ¢)| = O(e),
peC

i.e. |u*| < 7, which contradicts the extremality of f(z).

The problem of extremal quasiconformal mappings with a restriction on the
characteristic was posed by L. I. Volkovyskii (®). For the case of an annulus this
problem was solved in (®); another approach, based on the method of extremal
metrics, was considered in (7).

Let py(z) be a measurable function on S satisfying almost everywhere the in-
equality 1 < py(z) < @, @ = const. The Teichmiiller surface [S’,a] is the
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Riemann surface S’, equipped with a unique homotopy class a of orientation-
preserving homeomorphisms S — S’. Consider the sets of Teichmiiller surfaces
that can be obtained under quasiconformal mappings of the surface S with char-
acteristics {p(z),0(z)} in the sense of M. A. Lavrent’ ev, satisfying one of the
conditions: a) p(z) < py(2); b) p(z) < py(2); ¢) p(z) = py(z) almost everywhere.
By U,,U,,U; we denote the sets of representative points in the Teichmiiller
space T,(S) ("), arising respectively under the restrictions a), b), c).

Using Theorem 1 and some facts from (1), one can prove the following theorem.

Theorem 2. The set U; is a bounded simply connected domain in T,(S), and
U, = U, = Us, where U, is the closure of U;.

Theorem 2 gives a solution of Problem 3 from (3).

The author expresses his deep gratitude to his scientific adviser L. I. Volkovyskii
and to P. P. Belinskii for their attention and advice.
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