Soviet-era science, translated into English

ON THE THEORY OF
TRANSPORT
PHENOMENA IN
DENSE MEDIA

1968

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items,/ru-196801.54317

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196801.54317

Abstract

Full Text
UDC 532.7

PHYSICS
A. D. KHONKIN

ON THE THEORY OF TRANSPORT PHE-
NOMENA IN DENSE MEDIA

(Presented by Academician N. N. Bogolyubov, 23 IV 1968)

In deriving the transport laws and expressions for kinetic coefficients in isotropic
dense media by methods of nonequilibrium statistical mechanics, it is assumed
(12) that the macroscopic state of the system can be determined using a locally
equilibrium distribution p;, which is chosen as the first term in the expansion
of the nonequilibrium distribution p in a series in the inhomogeneity parameter
p (in the gradients of the macroscopic variables). Then one may consider that,
for the macroscopic variables, which are functions of coordinates and time, the
relations valid in equilibrium thermodynamics hold, and construct the next term
of the expansion p;, linear in p. To justify this assumption it is necessary to
show that the contribution to the mean values of the dynamic variables of the
number densities of particles 7, (), momentum p,, (r), and energy é(r) from the
function p; is equal to zero. It is shown below that these questions are closely
connected with other interesting properties of a nonequilibrium system. The
vanishing of the contributions to the mean values of n;(7) and é(r) is connected
with nonlocal fluctuation relations and is a consequence of the fact that the
density of the thermodynamic potential p (pressure) is a function of state. The
vanishing of the contribution to the mean value p, (r) follows from Onsager’ s
theorem on the equality of (nonlocal) cross kinetic coefficients. The method of
the nonequilibrium ensemble of D. N. Zubarev (?) is used in the work.

1. Consider a system of N classical structureless molecules of L different
species. We shall start from the equations

M) + Oadra () =05 Do (1) + Dghag(r) =05 &(r) +8,4,(r) =0, (1)

where j,,(r), Pap(T); 4, (r) are dynamic variables of the densities of the fluxes

of the corresponding quantities (). The nonstationary Gibbs ensemble has the
form (%)
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p(ml,...,mN;t)zQ_leXp{—Z/BS(T',t)dT/}, (2)

where B,(r,t) are local quasi-integrals of motion constructed on the basis of
equations (1):

Bs({r7t) = Fs(r7t)ﬁ)s<r>_

0
f[ exp(et,) {F (rt 41D (r 1t )+WR(T,Q) it (3)

Here Pk(r) = fy(r), Fip(r,t) = —(v(r,t) — %B(T,t)mkuz(r,t)), k=1,..,L,

PL+a<T) = ﬁa(r)’ FL+a<r7 t) = —B(r, t)ua(r,t), a=1,23; PL+4(T) = é<r>7
Fy 4 (r,t) = B(r,t); B is the inverse temperature, v, = Bpuy; pu, is the chemical
potential; u is the mass velocity; P,(r,t) = exp(tHy)P,(r), where exp(tHy) is
the evolution operator. The limiting transition € — 0 should be performed after
letting the volume of the system tend to infinity.

Let us replace P,(r) in (3) according to equations (1) and integrate by parts
the terms with derivatives of the dynamic variables, neglecting surface integrals.
Expanding the resulting function p in gradients of the macroscopic variables, in
the linear approximation we have

p=p(l+Ap), (4)

where

L
/dr/ dt, exp(et,) lz (r',t1)0, v, (1 t 4+ t)
e

8u (1) (0, B0+ 1)) + 3BTl 1) Dot 8y) (6

1 ~
+ gﬁﬂaa(r’,tl)aﬂuﬂ(r’,t + tl)} :

Lo (r) = Jya(r) = (m/p) Pa(r), Sa(r) = Qu(r) = (h/p)Pu(r),
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2

dp Op

1) = SPnlr)—p— (6E> (E(r)—B) - ki: <3nk

) () — )
E,n;c
)

p is the mass density; h = E + p is the enthalpy density. Dynamic variables in
a coordinate system moving with the local velocity of the medium (replacement
of momenta p, by “thermal momenta” p, — m,u) are denoted by capital letters,
and their mean values by the same letters but without a hat above.

In deriving expression (6), to replace the derivatives OF,/0t, the hydrodynamic
equations of the first approximation were used; these can be obtained by av-
eraging equations (1) over p;, as well as the transition formulas to the moving
coordinate system for the dynamic variables.

2. Using formula (6), we obtain expressions for the mean fluxes in the linear
approximation, i.e., the transport laws

k=1

T (1, 1) = /dr/ dt, exp(et;) [ZDM/TT t1)0, v (', t 4+ 1)
+Dk (T7T/at1>(_8a6(r/at+t1))] )

0
Haﬁ(r, t) = —/dr’/ dt, exp(ety) [n(r, r’7t1)Da5(r’,t + 1)+ ny(r, 7"’7t1)87u7(r’,t + tl)éaﬁ] ,
(8)

Q,(r,t) /dr / dty exp(ety) [KT*X(r, ", t,) (=0, B8(r" ,t + 1))

L
+ ZD%(T,T/,tl)aa’Uk(T/,t + tl)
k=1

where
/ 1 T ’
Dy (r,77,t4) = g<Jka<r>Ik’a(T st )i

DE(rr' 1) = 5 (i (1S, 1)
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D{<T’T/7t1) = <@a(r)jka<r/’tl>>l’

w| =

n(r,r’ t1) = (B/10)(Pap(r)Lag(r' t1));, 9)
nV(Tv Tl? tl) = (ﬂ/9)<ﬁ)o¢a(r)ﬁo¢a(r/a t1)>lv

)\(’I", T/, tl) = <B2/3k><Qa (T>So¢<r,7 tl))l
are the correlators of the kinetic coefficients, and the index I denotes averaging

over p;.

Formulas (9) were obtained by another method by McLennan (?), and also by
Kadanoff and Martin (%), in whose work, however, the averaging is performed
over the equilibrium ensemble and a one-component medium is considered. Note
that in formulas (8) all macroscopic variables are functions of the point r’ and
time ¢ 4 ;.

3. One of the essential requirements of the theory is the fulfillment of the
relations

ny(r,t) = (g (), Pl ug(rt) = Pa (), elr,t) = (e(r)),  (10)

which mean that the parameters of the macroscopic state can be determined
with the aid of the function p; alone. Using the linear approximation, we reduce
relations (10) to the form

0
/ dr’ / dty exp(ety) B0t + t) (g ()T (76118, (17 £+ 1) = 0,

0
/dr’/ dt, exp(et))B(r t + t ) (B (1 4)),0 0, (1t + 1) = 0,
’ ~ ~
/dr/ [ dt, exp(et;) [<Pa(r)5a(7“/, t1)>l<—aﬂﬁ(r/7t N t1)>+

L
+ Y (Po(r) Do (1 11)), 0503, (" t + 1) | =0,
k=1
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or, owing to the independence of the thermodynamic forces, to the form

L
<ﬁk<r> ;wal)—p—(gg)n (B Zl(aru),; /(m(mtl)—nk)D o,
o (11a) :
L
e k=1 E,nj,
(11b) l
(Pur) [0l 1) = (1) ol 1)), =0, (122)
(Pulr) [Fea07. 1) = (i) P, 1] =0, (12b)

Varying the definition of the mean value P,(r',t +t,) = (P;(r’,t,));, we obtain
fluctuation relations in the locally equilibrium ensemble

P ('t + 1) [SF(r,8)] gy, = ([Palr) = Po(r, )] P 1)) =

= <]Ss(7") [P5(r',ty) — Pi(r', T+ tl)D .

l (13)

Using these relations, (11) can be rewritten in the form of nonlocal thermody-
namic identities

(5p(T’7t+t1)> _<5p(7“/7t+t1)) <5E(7“'7t+t1)> _
ovg(r,t) B, SE(r',t+t,) o ovg(r,t) B,

L
o 6p(r/7t+t1) 6nk’(7a/7t+tl) .
k,/zzl <5le/ (T/at+t1)>E)nk ( 5Vk<r7t) )ﬁﬂ,]; B 0’ (143)
(5p(r’,t+tl)> (5p(7”,t+t1)) <5E(r’,t+t1)> 7
d3(r,t) " SE(r',t+ty) o 83(r,t) e
L
op(r’',t+1;) ong(r',t+ty) B
(e >>E( 58, ) ) B
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Relations (14) assert that the density of the thermodynamic potential p(r,t)
is a function of the state of the system described by the “parameters” v (r,t),
B(r,t) (or ng(r,t) and E(r,t)).

Before proceeding to the analysis of relations (12), let us consider the symmetry
relations for the correlators of the kinetic coefficients corresponding to cross
effects. It is necessary to show that

Dkk’<r7r/at1) :Dk’k(rarl7t1)7 D£<T?T/7t1) :Dg(TaT/7t1)' (15)
Since the autocorrelation parts of these correlators are equal owing to micro-
scopic reversibility, it is necessary only to establish the equalities

(1,4 0) (T (M) Pa(r 10y = ngy (04 1) (Ja (n)Pa(r,81)); - (16a)

nk(rlv t+ t1><Qa<T)Pa(r/v t1>>l = h(T/, t+ t1)<jka(r)'pa(r/7 t1)>l' (16b)
For this purpose we shall show that they are satisfied for ¢; = 0, and then show
that, for ¢; = 0, equality holds between the derivatives of their left- and right-

hand sides. To simplify the calculations we shall use the locally equilibrium
canonical ensemble. As a result of simple calculations we obtain

(7 8) (T o (PP (7)), = 30y, (v, t)ngy (r, £) 872 (r, )8 (r — 17); (17)

i (1 {Qu () Po (1), = 8(r =) my(r, )8 (r, 1)

k=1 kp=1
_le(p(k/kl)(rl) g(k/’“)(r )
3 dry 2 Y
(18)
where the locally equilibrium “radial” distribution function is
(1) (2 (L)
Wk play’, o ay x e ay)
gé 1>(7“1 —ry) = [ dpydpy Ny, (Ny — 5k/k1) W — =,
2K k)
1 U 145, 2

and the bar over p; denotes integration over the variables of all particles except
the first particle of species k" and the (1 + 6,/ )-th particle of species k;.
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On the other hand, according to (17),

Wt ) (T (1) Pa (1)1 = 3y (r, )h(r, )87 (r, 0)3(r — 1), (19)

and by the definition of the enthalpy h = E + p,

IS kk ry dOFED (1)) (kky)
g D ) [y [0y - LI it

(20)

It follows from relations (17)—(20) that relations (16) are satisfied for ¢; = 0.
Moreover, the derivatives of the correlators in formulas (16) with respect to
t; at t; = 0 vanish. Thus, relations (16) are satisfied, and, consequently, the
generalized symmetry relations are established.

It is now easy to show that relations (12) are satisfied. Indeed,

L
(P (M) I (17 10)) = (Po (1) Ty (17 11)), — % Z M Ty (1) Py (17 £1), (21)
k=1

= <pa(r)jka<T/>t1)>l - <jk:a(r)pa<r/’t1>>l = O;

owing to microscopic reversibility.

The author expresses his gratitude to D. N. Zubarev for discussion of the ques-
tions touched upon in this work.
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