
Soviet-era science, translated into English

ON THE ABSOLUTE
AND UNIFORM
CONVERGENCE OF
FOURIER SERIES IN
EIGENFUNCTIONS OF
A SELF-ADJOINT
ELLIPTIC OPERATOR
OF ORDER \(2m\)
MATHEMATICS

1968

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196801.52904

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196801.52904


Abstract
Full Text
UDC 517.9

MATHEMATICS

I. K. KENDZHAEV

ON THE ABSOLUTE AND UNIFORM CON-
VERGENCE OF FOURIER SERIES IN EIGEN-
FUNCTIONS OF A SELF-ADJOINT ELLIPTIC
OPERATOR OF ORDER 2𝑚
(Presented by Academician A. N. Tikhonov on 26 XII 1967)

In the present paper we study the question of absolute and uniform convergence
of Fourier series in the eigenfunctions of a self-adjoint elliptic operator 𝐿 of order
2𝑚, given in an arbitrary 𝑁 -dimensional domain 𝑔, i.e., in the eigenfunctions of
the equation

𝐿𝑢 + 𝜆𝑢 = ∑
0≤|𝑘|≤2𝑚

𝑎𝑘(𝑥)𝐷𝑘𝑢 + 𝜆𝑢 = 0, (1)

where 𝑘 = (𝑘1, … , 𝑘𝑁) is a differentiation index, |𝑘| = 𝑘1 + ⋯ + 𝑘𝑁 , 𝐷𝑘 = 𝐷𝑘
𝑥 =

𝜕𝑘/𝜕𝑥𝑘1
1 , … , 𝜕𝑥𝑘𝑁

𝑁 , with boundary conditions of the form

𝐵𝑗𝑢∣Γ = ∑
0≤|𝑟|≤𝑚𝑗

𝑏𝑟𝑗(𝑥)𝐷𝑟𝑢∣Γ = 0 (2)

where 0 ≤ 𝑚𝑗 ≤ 2𝑚 − 1; 𝑗 = 1, … , 𝑚; Γ is the boundary surface.

The question under study is treated in the works of a number of authors (4−12).
In the papers (4−8) the question of absolute and uniform convergence of Fourier
series in the eigenfunctions of various boundary-value problems for the operator
𝐿 of second order was studied. The absolute and uniform convergence of the in-
dicated Fourier series was established under the fulfillment of two requirements:
1) 𝑓 ∈ 𝑊 [𝑁/2]+1

2 (𝑔), 2) the functions 𝑓, 𝐿𝑓, … , 𝐿𝑠𝑓 , where 𝑠 is some number,
satisfy the corresponding boundary condition.

The authors of (10), under the condition that the function 𝑓 being expanded
belongs to the domain of definition of the operator 𝐿𝜏 , where 𝜏 > 𝑁/4𝑚, prove
the uniform and absolute convergence of the Fourier series of the function in the
eigenfunctions of the operator 𝐿. But in that paper it is not established under
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what sufficient conditions the function 𝑓 belongs to the domain of definition of
the operator 𝐿𝜏 , where 𝜏 > 𝑁/4𝑚. In the papers (11,12), for the case when the
operator 𝐿 is an elliptic operator of second order, we found, in a certain sense,
definitive conditions on 𝑓 in the classes 𝑊 𝛼

2 (with noninteger 𝛼) that ensure
absolute and uniform convergence of Fourier series in the eigenfunctions of the
elliptic operator of second order (i.e., conditions were found for the function 𝑓
to belong to the domain of definition of 𝐿𝜏 , where 𝜏 > 𝑁/4𝑚).

In the present note, preserving the same definitive conditions on 𝑓 as in (11,12),
we prove that the Fourier series of the function 𝑓 in the eigenfunctions of an
elliptic operator of arbitrary order 2𝑚 converges absolutely and uniformly in
an arbitrary subdomain 𝑔′ of the main domain 𝑔. In proving the absolute and
uniform convergence of the indicated Fourier series for domains 𝑔 of dimension
not divisible by 4𝑚, substantial difficulties arise in establishing the inequality

∑ 𝑓2
𝑖 𝜆𝛼/𝑚

𝑖 ≤ 𝑐‖𝑓‖2
𝑊 𝛼

2
.

(here 𝜆𝑖 are eigenvalues, and 𝑓𝑖 are the Fourier coefficients of the function 𝑓(𝑥)
with respect to the system of eigenfunctions {𝑢𝑖(𝑥)}).

These difficulties are eliminated with the aid of a representation of the kernel
of fractional order through the Green’s function of a parabolic operator, using
the properties of this function.

Let the boundary Γ of the domain 𝑔 and the coefficients 𝑎𝑘(𝑥) and 𝑏𝑟𝑗(𝑥) of
the operators 𝐿 and 𝐵𝑗 be such that they satisfy the conditions∗ which ensure
the existence of a complete orthonormal system of eigenfunctions {𝑢𝑖(𝑥)}, a
countable set of nonnegative eigenvalues {𝜆𝑖}, as well as the existence of the
Green’s function of the corresponding parabolic operator and the validity for
it of the relations

0 ⩽ 𝐺(𝑡; 𝑥, 𝑦) ⩽ {𝑐1𝑡−𝑁/2𝑚 exp[−𝑐(|𝑥 − 𝑦|𝑡−1/2𝑚)𝑞], for 0 < 𝑡 ⩽ 1,
𝑐2 exp[−𝑐0𝑡], for 𝑡 > 1 (3)

for 𝑥, 𝑦 ∈ ̄𝑔, where 𝑞 = 2𝑚/(2𝑚 − 1);

|𝐷𝑠
𝑥𝐷𝑙𝐺

𝑦 (𝑡; 𝑥, 𝑦)| ⩽ 𝑐(𝑠, 𝑙)𝑡−(𝑁+𝑠+𝑙)/2𝑚 exp[−𝑐(|𝑥 − 𝑦|𝑡−1/2𝑚)𝑞] (4)

for 𝑥, 𝑦 ∈ 𝑔′, where 𝑔′ is an arbitrary closed subdomain of the domain 𝑔, 0 ⩽
𝑠 + 𝑙 < 4𝑚;

𝐷𝑠
𝑥𝐷𝑙

𝑦[𝐺(𝑡; 𝑥, 𝑦) − 𝑍(𝑡; 𝑥, 𝑦)] = 𝑂(exp[−𝑐𝑡−1/(2𝑚−1)]) (5)

for 𝑥, 𝑦 ∈ 𝑔′, where 𝑍(𝑡; 𝑥, 𝑦) is the fundamental solution and 0 ⩽ 𝑠 + 𝑙 ⩽ 1. We
shall call the indicated conditions conditions A.
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Theorem. Suppose that conditions A are fulfilled. A function 𝑓, given in the
domain 𝑔, satisfies the following two requirements: 1) 𝑓 ∈ 𝑊 𝛼

2 (𝑔), where 𝛼 is
any real number satisfying the inequality 𝛼 > 𝑁/2; 2) the function 𝑓 is equal to
zero in a boundary strip of the domain 𝑔.

Then the Fourier series of the function 𝑓 converges absolutely and uniformly in
an arbitrary closed subdomain 𝑔′ of the domain 𝑔.

Remark 1. V. A. Il’in (see (13)) constructed an example of a function with
an absolutely divergent Fourier series, belonging to the class 𝑊 𝑁/2

2 . This shows
the finality of the conditions of the theorem in the classes 𝑊 𝛼

2 .

Lemma 1. If conditions A are fulfilled, then the series of the form

∑ 𝑢2
𝑖 (𝑥)

𝜆𝑁/2𝑚+𝛽
𝑖

,

where 𝛽 > 0, converges uniformly in the closed domain 𝑔.

Lemma 2. Suppose that conditions A are fulfilled and 𝑓 is an arbitrary function
given in the domain 𝑔 and satisfying the following two requirements: 1) 𝑓 ∈
𝑊 𝑛+𝛽

2 , where 𝛽 > 0; 2) the function 𝑓 is equal to zero in a boundary strip of
the domain 𝑔.

Then

∑ 𝑓2
𝑖 𝜆(𝑛+𝛽)/𝑚

𝑖 ⩽ 𝑐‖𝑓‖2
𝑊 𝑛+𝛽

2
. (6)

Let us outline the proof scheme of the indicated assertions. Lemma 1 follows
from estimate (3) and from the representation of the Green’s function in the
form of a series. To prove Lemma 2, first of all note that from estimate (5) and
from the representation of the Green’s function it follows that

𝜕𝐺(𝑡; 𝑥, 𝑦)
𝜕𝑥𝑖

= −𝜕𝐺(𝑡; 𝑥, 𝑦)
𝜕𝑦𝑖

+ 𝑂 (𝑡−𝑁/2𝑚 exp [−𝑐 (|𝑥 − 𝑦|
𝑡1/2𝑚 )

2𝑚/(2𝑚−1)
]) . (7)

It remains to consider separately four cases: 1) 𝑛/𝑚 = 2𝑘; 2) 𝑛/𝑚 = 2𝑘 + 1; 3)
𝑛/𝑚 = 2𝑘 + 𝑚1/𝑚, where 𝑚1 < 𝑚; 4) 𝑛/𝑚 = 2𝑘 + 1 + 𝑚1/𝑚, where 𝑚1 < 𝑚.
∗ Sufficient conditions ensuring the existence of complete orthonormalized func-
tions and a countable set of nonnegative eigenvalues are indicated in paper (1),
and conditions ensuring the validity of relations (3)—(5) are indicated in papers
(2,3 ).
We shall confine ourselves to indicating the scheme of proof for one of the four
cases, for example case 2), since the other cases require only minor changes.
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Using the representation of the Green function of the parabolic operator in the
form of a series, we obtain

∑ 𝑓2
ℎ𝑖𝑒−𝜆𝑖𝑡 = ∬

𝑔𝑔
𝐺(𝑡; 𝑥, 𝑦)𝑓𝑛(𝑦)𝑓ℎ(𝑥) 𝑑𝑥 𝑑𝑦, (8)

where 𝑓ℎ(𝑥) is the average of the function 𝑓(𝑥) over a certain ball of radius ℎ
with center at the point 𝑥.

Differentiating (8) (𝑛+𝑚)/𝑚 times with respect to 𝑡, using the relation 𝜕𝑢/𝜕𝑡 =
−𝐿𝑢 and applying Green’s formula, we obtain

∑ 𝑓2
ℎ𝑖𝜆(𝑛+𝑚)/𝑚

𝑖 𝑒−𝜆𝑖𝑡 =

= ∬
𝑔𝑔

𝐺(𝑡; 𝑥, 𝑦)𝐿(𝑛+𝑚)/2𝑚𝑓ℎ(𝑥) 𝐿(𝑛+𝑚)/2𝑚𝑓ℎ(𝑦) 𝑑𝑥 𝑑𝑦.

Multiplying both sides of the last equality by 𝑡𝛼1 , where 𝛼1 = (𝑚 − 𝛽)/𝑚, and
integrating with respect to 𝑡 from 0 to ∞, and then using the equality

∬
𝑔𝑔

∑
|𝑘|≤𝑚
|𝜈|≤𝑚

∑
|𝑙|≤𝑚
|𝑠|≤𝑚

𝑎𝑘𝜈(𝑥)𝑎𝑙𝑠(𝑦)𝐷𝑘
𝑥𝐷𝑙𝐺

𝑦 (𝑡; 𝑥, 𝑦)𝐷𝜈
𝑥𝑝(𝑥)𝐷𝑠

𝑦𝑝(𝑦) 𝑑𝑥 𝑑𝑦 =

= 1
2 ∬

𝑔𝑔
∑

|𝑘|≤𝑚
|𝜈|≤𝑚

∑
|𝑙|≤𝑚
|𝑠|≤𝑚

𝑎𝑘𝜈(𝑥)𝑎𝑙𝑠(𝑦)𝐷𝑘
𝑥𝐷𝑙𝐺

𝑦 (𝑡; 𝑥, 𝑦)𝐷𝜈
𝑥𝑝(𝑥)𝐷𝑠

𝑥𝑝(𝑥) 𝑑𝑥 𝑑𝑦+

+1
2 ∬

𝑔𝑔
∑

|𝑘|≤𝑚
|𝜈|≤𝑚

∑
|𝑙|≤𝑚
|𝑠|≤𝑚

𝑎𝑘𝜈(𝑥)𝑎𝑙𝑠(𝑦)𝐷𝑘
𝑥𝐷𝑙𝐺

𝑦 (𝑡; 𝑥, 𝑦)𝐷𝜈
𝑦𝑝(𝑦)𝐷𝑠

𝑦𝑝(𝑦) 𝑑𝑥 𝑑𝑦+

+1
2 ∬

𝑔𝑔
∑

|𝑘|≤𝑚
|𝜈|≤𝑚

∑
|𝑙|≤𝑚
|𝑠|≤𝑚

𝑎𝑘𝜈(𝑥)𝑎𝑙𝑠(𝑦)𝐷𝑘
𝑥𝐷𝑙𝐺

𝑦 (𝑡; 𝑥, 𝑦)(𝐷𝜈
𝑥𝑝(𝑥) − 𝐷𝜈

𝑦𝑝(𝑦))

×(𝐷𝑠
𝑥𝑝(𝑥) − 𝐷𝑠

𝑦𝑝(𝑦)) 𝑑𝑥 𝑑𝑦,

where 𝑝(𝑥) = 𝐿(𝑛−𝑚)/2𝑚𝑓(𝑥), by relations (5) and (7) and the embedding the-
orem, we obtain inequality (6). The theorem on absolute and uniform con-
vergence follows directly from the Cauchy–Bunyakovsky inequality and from
Lemmas 1 and 2.
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In conclusion I express my deep gratitude to V. I. Il’in and A. A. Arsen’ev for
valuable advice and comments.

Moscow State University
named after M. V. Lomonosov

Received
20 XII 1967
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