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In the present paper we study the question of absolute and uniform convergence
of Fourier series in the eigenfunctions of a self-adjoint elliptic operator L of order
2m, given in an arbitrary N-dimensional domain g, i.e., in the eigenfunctions of
the equation

Lu+ M= Z ay(z)D*u + M = 0, (1)

0<|[k[<2m

where k = (ky, ..., ky) is a differentiation index, |k| = k; + -+ ky, D¥ = DF =

8k/axlf1, s afoN, with boundary conditions of the form
Bju|F = Z brj(ar:)D"“u|F =0 (2)
O§|r\§mj
where 0 <m; <2m —1; j=1,...,m; I' is the boundary surface.

The question under study is treated in the works of a number of authors (4712).

In the papers (=) the question of absolute and uniform convergence of Fourier
series in the eigenfunctions of various boundary-value problems for the operator
L of second order was studied. The absolute and uniform convergence of the in-
dicated Fourier series was established under the fulfillment of two requirements:
1) fe WQ[N/Z]H(g), 2) the functions f,Lf,...,L°f, where s is some number,
satisfy the corresponding boundary condition.

The authors of (1°), under the condition that the function f being expanded
belongs to the domain of definition of the operator L™, where 7 > N /4m, prove
the uniform and absolute convergence of the Fourier series of the function in the
eigenfunctions of the operator L. But in that paper it is not established under
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what sufficient conditions the function f belongs to the domain of definition of
the operator L7, where 7 > N /4m. In the papers (}1:12), for the case when the
operator L is an elliptic operator of second order, we found, in a certain sense,
definitive conditions on f in the classes W§' (with noninteger «) that ensure
absolute and uniform convergence of Fourier series in the eigenfunctions of the
elliptic operator of second order (i.e., conditions were found for the function f
to belong to the domain of definition of L™, where 7 > N /4m).

In the present note, preserving the same definitive conditions on f as in (11:12),

we prove that the Fourier series of the function f in the eigenfunctions of an
elliptic operator of arbitrary order 2m converges absolutely and uniformly in
an arbitrary subdomain ¢’ of the main domain g. In proving the absolute and
uniform convergence of the indicated Fourier series for domains g of dimension
not divisible by 4m, substantial difficulties arise in establishing the inequality

ST < el flve-

(here \; are eigenvalues, and f; are the Fourier coeflicients of the function f(z)
with respect to the system of eigenfunctions {u,;(z)}).

These difficulties are eliminated with the aid of a representation of the kernel
of fractional order through the Green’ s function of a parabolic operator, using
the properties of this function.

Let the boundary I' of the domain g and the coefficients a;(x) and b,;(z) of
the operators L and B; be such that they satisfy the conditions” which ensure
the existence of a complete orthonormal system of eigenfunctions {u;(z)}, a
countable set of nonnegative eigenvalues {\,}, as well as the existence of the
Green’ s function of the corresponding parabolic operator and the validity for
it of the relations

C1t7N/2m exp[—c(|z — y|t71/2m)q]a for 0 <t <1,
¢y exp[—cyt], fort>1

0< Gtz y) < { (3)

for z,y € g, where ¢ = 2m/(2m — 1);

D5 Dy (2, y)| < s, DN expl—c(jo — y|t=1/2m)4] (4)

for z,y € ¢’, where ¢’ is an arbitrary closed subdomain of the domain g, 0 <
s+ 1< 4dm;

D3 D4 [G(t;x,y) — Z(t;2,y)] = O(exp[—ct /1) (5)

for z,y € ¢’, where Z(t;x,y) is the fundamental solution and 0 < s +1 < 1. We
shall call the indicated conditions conditions A.
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Theorem. Suppose that conditions A are fulfilled. A function f, given in the
domain g, satisfies the following two requirements: 1) f € W5'(g), where « is
any real number satisfying the inequality o > N /2; 2) the function f is equal to
zero in a boundary strip of the domain g.

Then the Fourier series of the function f converges absolutely and uniformly in
an arbitrary closed subdomain g’ of the domain g.

Remark 1. V. A. II' in (see (13)) constructed an example of a function with
an absolutely divergent Fourier series, belonging to the class WZN /2 This shows
the finality of the conditions of the theorem in the classes Wg*.

Lemma 1. If conditions A are fulfilled, then the series of the form

ui (z)
Z )\N/Qm-O—ﬂ’

?

where > 0, converges uniformly in the closed domain g.

Lemma 2. Suppose that conditions A are fulfilled and f is an arbitrary function
given in the domain g and satisfying the following two requirements: 1) f €
W;Hﬁ, where > 0; 2) the function f is equal to zero in a boundary strip of
the domain g.

Then

SN L IR (6)
2

Let us outline the proof scheme of the indicated assertions. Lemma 1 follows
from estimate (3) and from the representation of the Green’ s function in the
form of a series. To prove Lemma 2, first of all note that from estimate (5) and
from the representation of the Green’ s function it follows that

0G(t;z,y) _ ~0G(tz,y) +0 (tN/Qm exp [—c <|CE — y|)2m/(2m1)] ) .

ox; y; t1/2m

It remains to consider separately four cases: 1) n/m = 2k; 2) n/m =2k + 1; 3)
n/m = 2k + my/m, where my < m; 4) n/m = 2k + 1+ my/m, where m; < m.

* Sufficient conditions ensuring the existence of complete orthonormalized func-
tions and a countable set of nonnegative eigenvalues are indicated in paper (1),
and conditions ensuring the validity of relations (3)—(5) are indicated in papers
(23).

We shall confine ourselves to indicating the scheme of proof for one of the four
cases, for example case 2), since the other cases require only minor changes.
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Using the representation of the Green function of the parabolic operator in the
form of a series, we obtain

S et = [ Gt o) dedy, (®)

where f;,(x) is the average of the function f(x) over a certain ball of radius h
with center at the point x.

Differentiating (8) (n+m)/m times with respect to ¢, using the relation du/dt =
—Lu and applying Green’ s formula, we obtain

3 A

- // Gty 2, y) LOVHmIPm £, (o) LO+m)2m £, () da dy,
g

g

Multiplying both sides of the last equality by ¢*1, where o; = (m — 8)/m, and
integrating with respect to t from 0 to oo, and then using the equality

I ¥ 3 aw@onDiDi a0 Dipta) Diply) d dy =
99 |k|<m |l|<m
|v|<m |s|<m

- // Sy (2 (5) DEDIS (1 2, ) DYp() Dip(i) e dy+

99 \k\<m [|<m
[v|<m |s|<m

5 [ XX awl@an ) DD t.) Do) Diply) didyr+
99 \k\<m |l|<m
v|<m |s|<m

// > ay, (2)ay, (y) DEDIC (t; 2, y) (Dyp(x) — Dyp(y))
99 |k\<m [|<m
[v|<m |s|<m

x(D3p(z) — Dip(y)) da dy,

where p(z) = L"™)/2™ f(z), by relations (5) and (7) and the embedding the-
orem, we obtain inequality (6). The theorem on absolute and uniform con-
vergence follows directly from the Cauchy-Bunyakovsky inequality and from
Lemmas 1 and 2.
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In conclusion I express my deep gratitude to V. I. II' in and A. A. Arsen’ ev for
valuable advice and comments.
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