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MATHEMATICS

A. I. PRILEPKO

INTERNAL INVERSE PROBLEMS OF PO-
TENTIAL THEORY
(Presented by Academician M. A. Lavrent’ev, 3 I 1968)

The problem of determining the shape and density of a body from its internal
potential is considered. In the classical theory of the Newtonian potential these
problems were studied in connection with the theory of the figure of the Earth
and celestial mechanics. Dive (7) proved the uniqueness of the solution of the
indicated problem in the class of convex bodies of constant density (see (5)). In
the case of ellipsoidal bodies this problem was considered in works (8, 9) (see
(5)). In the author’s work (4) the question of uniqueness of the solution of
the indicated problem was investigated for arbitrary contact bodies of positive
density. We note that these problems are equivalent to integral equations of
the first kind, methods for solving which are developed in works (2, 3, 6) and
others. Below we give uniqueness theorems for the solution of the problem for
a number of bodies of variable and constant densities.

1°. Consider the uniformly elliptic operator of second order

𝐿𝑢 ≡
𝑛

∑
𝑖,𝑘=1

𝑎𝑖𝑘𝑢𝑥𝑖𝑥𝑘
+

𝑛
∑
𝑘=1

𝑏𝑘𝑢𝑥𝑘
+ 𝑐𝑢, (1)

where 𝑎𝑖𝑘 = 𝑎𝑘𝑖 ∈ 𝐶(2,𝜆)(𝐷′
0), 𝑏𝑘 ∈ 𝐶(1,𝜆)(𝐷′

0), 𝐶 ∈ 𝐶(0,𝜆)(𝐷′
0) (0 < 𝜆 < 1)

are functions of the point 𝑥 = (𝑥1, … , 𝑥𝑛) ∈ 𝐷′
0; 𝐷′

0 is a bounded domain
of Euclidean space 𝐸𝑛 (𝑛 ⩾ 2). Suppose, moreover, that the coefficients of
operator (1) satisfy the condition

𝑐(𝑥) ⩽ 0, 𝑐∗(𝑥) ⩽ 0, 𝑥 ∈ 𝐷′
0, (2)

where 𝑐∗ is the coefficient of the function 𝑣 in the expression 𝐿∗𝑣 (𝐿∗ is the
operator adjoint to 𝐿 in the sense of Lagrange).

Let 𝐴𝛼 (𝛼 = 1, 2) be open sets with boundaries Γ𝛼; 𝐴𝛼 is the union of a finite
number of domains 𝑇𝛼𝑗 with boundaries 𝑆𝛼𝑗 of class 𝐴(1,𝜆), 𝐴𝛼 ⊂ 𝐷0, 𝐷0 is
an arbitrary domain, 𝐷0 ⊂ 𝐷′

0. Introduce the generalized potentials of volume
masses and of a simple layer (see (1))
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𝑈𝛼(𝑥) = ∫
𝐴𝛼

Ω(𝑥, 𝑦)𝜇𝛼(𝑦) 𝑑𝑦, 𝑉 𝛼(𝑥) = ∫
Γ𝛼

Ω(𝑥, 𝑦)𝜉𝛼(𝑦) 𝑑𝑠
𝑦, (3)

where Ω(𝑥, 𝑦) is the principal elementary solution of the operator 𝐿; 𝜇𝛼(𝑦)
[𝜉𝛼(𝑦)] are summable bounded functions of the points 𝑦 ∈ 𝐴𝛼[Γ𝛼]; 𝜇𝛼(𝑦) ≠ 0
(𝜉𝛼(𝑦) ≠ 0) almost everywhere for 𝑦 ∈ 𝐴𝛼 (𝑦 ∈ Γ𝛼).
Introduce the generalized magnetic potential (see (4))

𝑍𝛼(𝑥) = 𝑍(𝑥; 𝐴𝛼, 𝜇𝛼; Γ𝛼, 𝜉𝛼) = 𝛽𝑈𝛼(𝑥) + 𝛾𝑉 𝛼(𝑥), (4)

where 𝛽, 𝛾 are real numbers, 𝛽2 + 𝛾2 ≠ 0, and also the functional (𝑛 ⩾ 3)

𝐼(ℎ; 𝐴𝛼 ∖ 𝐴0, 𝜇𝛼; Γ𝛼, 𝜉𝛼) = 𝛽 ∫
𝐴𝛼∖𝐴0

𝜇𝛼(𝑦)ℎ(𝑦) 𝑑𝑦 + 𝛾 ∫
Γ𝛼

𝜉𝛼(𝑦)ℎ(𝑦) 𝑑𝑠
𝑦, (5)

where 𝐴0 ≠ 0, 𝐴0 = 𝐴1 ∩ 𝐴2; moreover, for convenience of formulation, in what
follows we shall everywhere assume that 𝐴0 is the union of a finite number of
simply connected domains.

Lemma 1. In order that the generalized magnetic potentials (4) satisfy the
condition

𝑍(𝑥; 𝐴1, 𝜇1; Γ1, 𝜉1) = 𝑍(𝑥; 𝐴2, 𝜇2; Γ2, 𝜉2) for 𝑥 ∈ 𝐴0,

it is necessary and sufficient that the following relations hold:

1) 𝜇1(𝑦) = 𝜇2(𝑦) for 𝑦 ∈ 𝐴0 (if 𝛽 ≠ 0);

2)
𝐼(ℎ; 𝐴1 ∖ 𝐴0, 𝜇1; Γ1, 𝜉1) = 𝐼(ℎ; 𝐴2 ∖ 𝐴0, 𝜇2; Γ2, 𝜉2), (6)

where ℎ(𝑦) is any regular solution of the equation

𝐿∗[ℎ(𝑦)] = 0 for 𝑦 ∈ 𝐸𝑛 ∖ 𝐷 (𝑛 ≥ 3); ℎ(𝑦) → 0 as (𝑦) → ∞, (7)

𝐷 is an open set consisting of a finite number of domains, 𝐷 ⊂ 𝐴0.

We note that in the case 𝑛 = 2 the conditions (6) and (7) are somewhat different.

2°. Let 𝑇𝛼 be bounded domains (𝑇 𝛼 ⊂ 𝐷0, 𝛼 = 1, 2) with boundaries 𝑆𝛼 of
class 𝐴(1,𝜆); 𝑇0 = 𝑇1 ∩ 𝑇2, and it is assumed that 𝑇0 ≠ 0.

Theorem 1. If the metaharmonic potentials (see (4)) (𝜒 ≥ 0, 𝑛 ≥ 2) of volume
masses 𝑈(𝑥; 𝑇𝛼, 𝜇𝛼) of convex domains 𝑇𝛼 with nonnegative variable densities
𝜇𝛼 ∈ 𝐶1(𝑇 𝛼) satisfy the condition

sovietrxiv.org/items/ru-196801.52901 Machine Translation

https://sovietrxiv.org/items/ru-196801.52901


𝑈(𝑥; 𝑇1, 𝜇1) = 𝑈(𝑥; 𝑇2, 𝜇2) for 𝑥 ∈ 𝑇0,

then

𝑇1 = 𝑇2; 𝜇1(𝑦) = 𝜇2(𝑦), 𝑦 ∈ 𝑇1.

Theorem 2. If 𝑈(𝑥; 𝑇𝛼, 𝜇𝛼) are harmonic potentials (𝜒 = 0, 𝑛 ≥ 3) of volume
masses (where 𝑇1 is a finite simply connected domain, 𝑇2 an open ball, 𝜇𝛼(𝑦) a
nonnegative function depending on the distance of the point 𝑦 to the center of
the ball 𝑇2) and satisfy the condition

𝑈(𝑥; 𝑇1, 𝜇1) = 𝑈(𝑥; 𝑇2, 𝜇2) for 𝑥 ∈ 𝑇0, 𝑇0 ≠ 0,

then

𝑇1 = 𝑇2; 𝜇1(𝑦) = 𝜇2(𝑦), 𝑦 ∈ 𝑇1.

We now give a uniqueness theorem for the solution of the problem for harmonic
potentials (𝜒 = 0) of variable densities, generally speaking not of constant sign.

Denote by (𝜌, 𝜃) the spherical coordinates of the point 𝑦 of the space 𝐸𝑛 (𝑛 ≥ 3);
𝑄𝜌0

is the open ball of radius 𝜌0 with center at the point 𝑂.

Let the functions 𝜇𝛼(𝑦) ∈ 𝐶1(𝐷0) satisfy the condition

𝜇𝛼(𝑦) = 𝛿𝛼(𝑦)𝜂𝛼(𝑦), 𝑦 ∈ 𝑇𝛼 ∖ 𝑄𝜌0
(𝛼 = 1, 2), (8)

where:

a) the function 𝛿𝛼(𝑦), generally speaking not of constant sign, satisfies the
condition

𝜕𝛿𝛼/𝜕𝜌 = 0; (9)

b) the nonnegative function 𝜂𝛼(𝑦) satisfies the conditions

𝜕
𝜕𝜌 [𝜌𝑛𝜂𝛼(𝑦)] ≤ 0 for 𝜌 ≥ 𝜌0. (10)

Theorem 3. If the harmonic potentials of volume masses (𝜒 = 0, 𝑛 ≥ 3)
𝑈(𝑥; 𝑇𝛼, 𝜇𝛼) of domains 𝑇𝛼, star-shaped with respect to the common point
𝑂 ∈ 𝑇0 (𝑇0 ≠ 0, 𝑄𝜌0

⊂ 𝑇0), and of variable densities of class (8)—(10)

satisfy the condition
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𝑈(𝑥; 𝑇1, 𝜇1) = 𝑈(𝑥; 𝑇2, 𝜇2) for 𝑥 ∈ 𝑇0,

then

𝑇1 = 𝑇2; 𝜇1(𝑦) = 𝜇2(𝑦), 𝑦 ∈ 𝑇1.

3°. We shall call the sets 𝐴1 and 𝐴2 internally contact if every connected
component of the set 𝐷0 ∖ (𝐴1 ∪ 𝐴2) has a part Γ∗ (mes Γ∗ ≠ 0) of the common
boundary of the (𝑛 − 1)-dimensional space with one of the components of the
set 𝐴0 = 𝐴1 ∩ 𝐴2 (𝐴0 ≠ 0).
Theorem 4. If for internally contact sets 𝐴𝛼 (𝛼 = 1, 2), nonnegative functions
𝜇𝛼 ∈ 𝐶1(𝐴𝛼), 𝜉 ∈ 𝐶0(Γ𝛼), and also nonnegative numbers 𝛽 and 𝛾 (𝛽2 +𝛾2 ≠ 0),
the equality of the internal generalized magnetic potentials (4) holds, i.e.

𝑍(𝑥; 𝐴1, 𝜇1; Γ1, 𝜉) = 𝑍(𝑥; 𝐴2, 𝜇2; Γ2, 𝜉) for 𝑥 ∈ 𝐴0,

then

𝐴1 = 𝐴2

and, moreover, 𝜇1(𝑦) = 𝜇2(𝑦) for 𝑦 ∈ 𝐴1 (if 𝛽 ≠ 0).

We note that for generalized magnetic potentials of internally contact sets of
variable densities of nonconstant sign, one can state a number of further theo-
rems similar to the theorems for externally contact sets (see (4)).
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Note: Figure translations are in progress. See original paper for figures.
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