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As is well known, the spectrum of the levels of the hydrogen atom possesses
an “accidental” degeneracy (the independence of the energy ¢,, = —1/2n? from
the orbital angular momentum ). V. A. Fock showed (1) that the cause of this
degeneracy is the symmetry of the Hamiltonian with respect to the group O(4),
broader than the group of geometrical symmetry of the potential V (r) = —a/r.
The generators of the symmetry group are the integrals of motion known from

classical mechanics (?): the angular momentum L and the Runge-Lenz vector

A:

A=nt o {Lxp)-(pxL), n=r/r 1)

The Kepler problem in a space of any number of dimensions was solved by S.
P. Alliluev (®). The symmetry for states of the continuous spectrum of the
hydrogen atom has been considered in recent works (4’5).

Taking account of the spin-orbit interaction and other relativistic effects removes
the accidental degeneracy in [. The Dirac equation in a Coulomb field admits
an exact solution in hypergeometric functions, and the energy of a bound state
is equal to (°®)

.2 —1/2
b= | v )|

nj

1+

where o = 1/137; n is the principal quantum number;

Ji+12=10+1, ifj=141/2,
T -G+1/2)=—1, ifj=1—1/2.
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For states which in the nonrelativistic approximation pass into a degenerate level
with principal quantum number n, » takes the values » = +1,+2, ..., +(n—1),n.
Since E,,; depends only on [/, all levels except the highest one (% = n) remain
doubly degenerate.

Consequently, the Dirac equation in a Coulomb field has a symmetry somewhat
greater than the geometrical symmetry of the group O(3). Therefore, in addition
to the usual integrals of motion (energy, total angular momentum J, parity
P = (—1)!, and the Dirac operator K), there must exist an additional integral,
specific to the Coulomb field. It was found explicitly by Johnson and Lippmann

(")
T=6n— -~ Kp,(H —mp,) (1)

where K = (6L + 1), H =ap + fm — a/r, & = p;7, 5 = ps.

We shall consider, with the aid of the operator I, the dynamical symmetry group
of the relativistic Kepler problem.*

* Various aspects of this problem are also the subject of works (8_10), in which,

in particular, the properties of the operator I are studied in detail. However,
the question of the hidden-symmetry group of the Dirac equation in a Coulomb
field was not considered in those works.

For greater clarity it is convenient to pass to the nonrelativistic approximation.
The operator I, in the usual representation of the matrices v,,, has the form

cA L(UL +1)
=, o , 5)
——(@L+1) 2on-—ocA
mr

whence it is clear that in the nonrelativistic limit I goes over into oA (see also
(8)). In the nonrelativistic Kepler problem there are 3 vector integrals of motion:
L, A, and B = J{(L x A) — (A x L)}, with

1
LA =LB = (AB+BA) =0 (6)

(these relations give the quantum-mechanical analogue of the orthogonality of
the triad of vectors L, A, B). Forming 3 scalars

K=oL+1, I=c¢A, I =0B (7)

and using the commutation relations between L, and A; (see (4)), we find
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(from (9) it follows that the squares K2, I?, and I’ commute with all the
operators K, I, and I’). The eigenvalues of K2 are »% > 1, i.e. K2 is a positive
operator. If I? does not vanish, then one can pass to the normalized operators:

1, - = 1 552 77 Losay 2%
Li=5(P)7RL 0 L= (K2R, L= S (K2)71RK, (10)

for which (8) becomes the standard commutation relations for the generators of
the group SU(2)

(1, 1] = g L (11)

(20

Condition (9) selects from all representations of the group SU(2) only the spinor

and the identity representations.* Let us now find the eigenvalues of I2. From
(1) we have*™*

(% _Zy %) X(r)(om)Qp, (12)

where Q) is a spherical spinor (°). The operators that transform into one
another Coulomb wave functions with the same value of n were considered by
Infeld and Hull (*!). Introducing the variable » according to (3), it is not
difficult to present their results in the form (I+1" =24, | —1" = +1):

’ ’ d ]_
R ] Pk ) R
n

Hence we find

Kwn%M = %wnf%,Mv

1/2

~ n2 . 22
Iwn%M = (1 - 77,2> wn,—%,Ma I/d)n%M = (1 - TL2> wn,—%,hf (14)
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(we emphasize that the last two formulas have such a simple form only in the
nonrelativistic case, when the t-function becomes two-component). For n # »
the operators I and I’ permute the states (n, , M) and (n,—», M), “acciden-
tally” degenerate in the Coulomb field. Since K,I, and I’ commute with .J, the
group of dynamical symmetry of these levels is

* Analogous restrictions also appear in other problems with hidden symmetry.
Thus, in the case of the nonrelativistic hydrogen atom the condition LA = 0
leads to the fact (*°) that, of all irreducible representations D(ji,j,) of the
group O(4), on the wave functions of the discrete spectrum only representations
with j; = j, = (n — 1)/2 are realized. In the present case the additional
conditions (9) turn out to be so strong that they restrict the choice of possible
representations to two.

** Formulas (12) and (13) are written in the atomic system of units, i.e. o =
2
e“=m=h=1

is SU(2) ® SU(2) (the first of the factors describes the degeneracy with respect
to the projection of the total angular momentum J, the second the twofold
“accidental” degeneracy). A special situation arises for the upper level (x = n),
when K = n, and I = I’ = 0, and the transition to the normalized operators
(10) becomes impossible. Since for this state not all generators vanish, it cannot
be regarded as the unit representation of the group SU(2). Therefore, strictly
speaking, the group of dynamical symmetry of the relativistic Kepler problem is
SU(2) ® G, where G is defined abstractly, by means of the relations (8). In this
case, for all representations in which I and I’ do not vanish, G is isomorphic to
the group SU(2).

To clarify the structure of the group G, it was sufficient to consider the operator

I in the nonrelativistic limit. To obtain the splitting of the levels, it is necessary

to take into account the next approximation. Retaining in (5) terms ~ o2, we

have

1
I=6A+ —{V(EA)+ GA)V —20V(En)} 4., V= ~2 )

whence we find the relativistic correction to (14):

I = (1—a2— X ) X (16)
o 2+ ) ) Ve e

On the other hand, from (4) there follows the operator relation

K2 1-12
12:1+W(H2*m2) or Hmmv (17)
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which is exact. Substituting into (17) the expansion (16) for I and retaining
terms of order o, we obtain from this the well-known formula for the energy of
the level

E_. o? a? [ n 3
Y S PR BRI A R 18
T T W{ +n2(|>< 4)* ] (18)

Thus, the splitting of the level when relativistic interactions are included can
be found from group-theoretical considerations.

We now show that the conclusions drawn above about the structure of the group
G are not connected with the nonrelativistic approximation and are exact. It is
known (7) that also in the relativistic case the operators K and I anticommute:
[K,I], =0.

Introducing the operator I’ in a formal way,

1

I
27

[K,I]=—iKI =ilK, (19)
one can verify purely algebraically that the relations (8), (9) still hold. Indeed,

[1,I'], =i(I2’K + IKI) =0, [I',K], =i(IK2+ KIK)=0,  (20)

i.e. the relations (9) are satisfied. Hence we have K21 = —KIK = [K?,
ie. [K2,I] = 0. In an analogous way one verifies that the squares K2, I2
and I’> commute with each of the three operators K, I, and I’. After this,
checking the commutation relations (8) presents no difficulty.

Although such an approach is quite rigorous, the introduction of the new oper-
ator I’ here looks somewhat debatable. At the same time, if one starts from
the nonrelativistic case, then the introduction of the three operators (7) is quite
natural and is based on the existence of three vector integrals of the motion
L, A, and B in the nonrelativistic Kepler problem (when spin is added, the
operator d is also conserved in the nonrelativistic case).

In conclusion, we note that the condition Iy = 0, valid for the nondegenerate
levels with j =n — %, X = n, uniquely determines the wave

function of this state. Writing the ¢-function in the form (6)

_ ig(T)leM(n) ) o
s = (LG0tmn) 0= @)

and using (5), (12), we find from the condition I =0
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(225 Do= wheeyg=20 ;X0
or r n r r

(see also (12)).

Combining (22) with the radial Dirac equation® and taking into account that

En,n—1/2 =my 1- Oé2/n2’ (23)

we obtain that the functions f and g for the states under consideration are
proportional to one another:

fn,n71/2(r) = Cngn,n71/2(r>7 Cn = _\/(m - En,nfl/Q)/(m + En,nfl/Z)'

(24)
Substituting this into (22), we find:
o v 1
—_—— — _— = 2
(87‘ r + TL) <pn,n—1/2(r) 07 ( 5)
where
v=n+aC, =Vn2—a?. (26)

The solution of equation (25) has the form Pnn-1/2(r) = const - e MY Tt
is interesting that the exponent of the exponential in ¢, ,,_; /2(7") remains the
same as in the nonrelativistic case.

Proof-correction note. As has become known to us, the question of the group of
“hidden” symmetries of the Dirac equation in a Coulomb field is also discussed
in note (13).
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