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In the present article, using one example, a new approach is set forth to the
problem of estimating character sums and the distribution of primitive roots
in finite fields (see (1-6)). The corresponding estimate of the work (5) already
holds for H > p'/4*¢ ¢ > 0 an arbitrarily small number, and any fixed n > 1.
The method of proof of the main theorem is also applicable to more general
situations; the theorems of the article can be sharpened and generalized.

Let n > 1 be an integer, and let
F(z)=2" +az" ' + - +a,

be a polynomial with integer coefficients, irreducible mod p, where p is a prime
number, p > p, = po(F). Let, further, 6 be a root of the equation

F(6)=0

and let G(p™) be the Galois field with basis wy,...,w,,, where wy, = 1l,w; =
0,..,w, = 0" 1. By x we denote a nonprincipal Dirichlet character of the
multiplicative group of the field G(p™).

If x € G(p"), then * = wyzy + -+ w,;n, where 0 <z, <p—1,i=1,2,...,n.
The set of x € G(p™) for which 0 < v, <z, <y, + H <p,i=1,2,...,n, will be
denoted by Dy(H) = D,(H,v,...,v,). For v; = =wv, =0, instead of D;(H)
we shall write D, (H).

The constants in the sign <« of I. M. Vinogradov and in the symbol O depend,
generally speaking, on F.

Theorem 1. For every € > 0 there exist 6 = §(¢) > 0, p; = py(¢), such that,
for
H >p1/4+55 p >p15

the estimate

> x(@)| < (Hp)"

zeD,(H)
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holds.

Theorem 2. Under the conditions of Theorem 1, the number of primitive roots
lying in D, (H) is equal to
p(pm —1)

1 H™(1+ O(p~™9)).

The proof of Theorem 2 follows from Theorem 1 in the usual way. For the proof
of Theorem 1 we shall need the following two lemmas.

Lemma 1. Let r be an arbitrary positive integer and 0 < h < p. The following
estimate holds:
2r

Z Z X<)‘ + Z) < (4T)T+1pnhm" + 2/rp1/2h2nr.
AeDg(p) |z€Dgy (k)

Lemma 2. Let I be the number of solutions in G(p") of the equation
zy = 'y’
where z,2” € D{(H), y,y' € Dy(Hy), 1 < HH; < p.
Then for any €; > 0 the estimate holds
I < (HH,)"+e1),

Lemma 1 and its earlier analogues were proved by H. Davenport, P. Erdés (7),
and D. Burgess (). The proof makes essential use of A. Weil’ s theorem (%) on
zeros of special zeta-functions. Lemma 2 is a simple generalization of Yu. V.
Linnik’ s lemma (see (?), Lemma 6).

Proof of Theorem 1. We shall assume that
p1/4+5 < H <p1/2+5/8’

0 < & < 0.01, since otherwise the theorem follows from (°). Define the quantities
r,d, H;, Hy, by the equalities

1 € ny~! —1/2r—nd 1/2r
r=|2|+1, 6==(r+3) » Hi=Hp . Hy=pll,

and let y € Dy(H,), z € Dy(H,). Then the following relation is valid (see
(10:11));
x(@) = > x(z+yz)+O(Hp)"). (1)

zeD,(H) zeD,(H)

Indeed, if

n

n n
y= E w;Y;, 2= g Wiz, wWw; = Wi,k
i=1 j=1 k=1
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then

yz = Zwktk, (2)
k=1

where

n
i,j=1

Therefore we have

zeD,(H) vi<z<vi+H v, <zx,<v,+H

_ Z Z ( Z Y(wy @y + -+ w,,n)

vi<z<vi+H v, <z, <v, +H \v,+t,<z,<v,+t,+H

n="n

+ Z X(wlxl ++wnzn) Z X(wlxl—'_'“—’_wnzn)) =

Uy, <Tp, <V, +t, v,+H<x,<v,+t, +H
= Z Z X(wl‘rl+"'+wn(xn+tn))+2971Hn71tn ==
vi<z,<vi+H v, <z, <v,+H
= Y > ey (@) etw, (@, ) 420, H N 2005,
vi<z,<vi+H v, <z,<v,+H

where |6,] <1,...,]6,,| < 1. Hence, from (2), (1) follows.

Summing (1) over all y € Dy(H,), z € Dy(H,), we obtain

Y. x(@) =W +O((Hp)"), 3)

xzeD,(H)

W = (H Hy)~ Z Z Z x(z + yz).

€Dy (H) yeDo(Hy) 2€ Do (Hy)

where

Let us consider the sum W. Using the multiplicativity of x, we obtain
\W| < (H,H,)~ ZI > x(h+2), (4)
z€Dy(Hy)

where I()) is the number of solutions of the equation zy~! = X\, z € D;(H),
y € Dy(H,). Since

ZI =(HH)", > I’(\)=
A
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raising (4) to the power 2r and successively applying Holder’ s and Cauchy’ s
inequalities gives

2r

2(r—1)
|W |2 < (H H,)2"" (ZI(”) PN D x(h+a)| <«
A A

A z€Dy(H;)

2r

< (HyHy) " (HH,)* - D(HH)" =0y 1y x(A+2)
XeDy(p) |2€ Dy(Hy)

Applying the estimate of Lemma 1 to the last double sum, after simple compu-
tations we arrive at the estimate

|W| < (Hp°)".

The assertion of the theorem follows from this inequality and (3).
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