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EXTENSION OF K. ITO’ S THEOREM

“ON THE INDEPENDENCE OF THE JUMPS
OF A PROCESS”

TO PROCESSES WITH INDEPENDENT IN-
CREMENTS DEFINED

ON TOPOLOGICAL GROUPS WITH A
COUNTABLE BASE

(Presented by Academician A. N. Kolmogorov, January 9, 1968)

1. Let &, (w), t € [a,b], be a real, separable, stochastically continuous process
with independent increments. Then it is known (! that almost everywhere
the trajectories &,(w) have no discontinuities of the second kind. Passing
to a stochastically equivalent process, one can ensure that this process
is, with probability 1, right-continuous. Let A be a system of Borel sets
on the line lying outside some neighborhood of zero. Then the function
v(t, A;w), equal to the number of jumps & (w) — &, _(w), a < 7 < ¢, into
the set A € A, will be a random variable on the o-algebra generated by
the process &, (w).

If the sets A, Ay, ..., A, in A do not intersect, then K. Itd&’ s theorem asserts
that the random variables v(t, A;;w), ..., v(t, Ay;w) are independent. For sets
from A, the quantity v(¢, A;w) will be a measure. Such measures are called
measures with independent values.

2. The definitions of random variables taking values in groups and their sim-
plest properties may be found, for example, in the survey article (2). All
measures occurring in this note are assumed to be Borel measures.

Let &, (w), t € [a,b], be a stochastically continuous process with independent
increments on some topological group G with a countable base. Stochastic
continuity means that, for an arbitrary neighborhood of the identity U,
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lim Pl 67 (@) () € U} =0.

3. In the proof of Theorem 1 and Lemma 2, the following form of the gener-
alized P. Lévy inequality ® is used essentially.

Lemma 1. Let z,,x,, ..., x,, be independent random variables with values in a
topological group G, and let A be some symmetric neighborhood of the identity
of the group, i.e. A= A1 If, forany j =1, ..., n,

Plz;x,€e A} >1—¢

and

(1—¢)/(14+¢)>e>0,

then

P{one of z; ¢ A%, j=1,...,n} <

< (I +e)[l = P{z, € A}]/P{z, € A}, (1)

where z; = x125 2.

Proof. Denote by B the class of Borel sets on G generated by the closed sets.
According to the generalized P. Lévy inequality ), for all A, A’, A, from B and
A" x A7t C A, A > e (the identity of G), and for any £ > 0, there exist a; € G,
a,, = e, such that

1+¢
Qu,(A)

P{one of zja; ¢ Ay, j=1,...,n} < P{z, ¢ A}, (2)

where @, (A) is the concentration function of the distribution of the random
variable z,,. The func-

tion Q,,(A) of the measure p is here defined by the equality

Q,(A) = sugu(xA).

If in (2) the sets A’ and A are set equal to A and A, = A2, then, taking into
account that

Q. (A) = sup pn(TA) = p1,,(A) = P{z, € A},
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we obtain

P{one of zja; ¢ A%} < (1+4¢)[1 — P{z, € A}]/P{z, € A}.

Thus, to prove Lemma 1 it suffices to show that a;l € A2, If we denote the

distribution of the random variable z;a; by w;, and the distribution of the

random variable z, , ...z, by v;, then
Pl € A4} = 1y (4) = e s, (4) = [ vy gy (dn) < @, (). 3)
yeG

Then the element a; is determined from the condition
Qu,(4) < (1 +2);(a0).

But, by the condition of the lemma, v;(A) > 1 — ¢, whence Q. (A) > 1—e.
Therefore, if a;4 N A = (), then v;(a;,) < ¢, and consequently it would have to
be

e<(l—2)/(1+e) <Q, (A)/(1+¢) <vlaz) <e.

Thusa;,NA = (), and the element a;l, by virtue of the symmetry of A, belongs
to A2

4. A topological group with a countable base is metrizable. Denote by p(z, y)
the distance between elements x,y of G.

Theorem 1. FEvery stochastically continuous, separable process &,(w) with in-
dependent increments, taking values in a topological group G with a countable
base, almost everywhere has no discontinuities of the second kind.

For the proof of the theorem it suffices to observe that the scheme of the proof
of the analogous theorem in the classical case (4) is preserved also in our case,
if instead of the norm of a number one takes the distance p(ey,z), z € G, uses
Lemma 1, and assumes the separability of £, (w) with respect to the class of closed
sets in G. Applying the generalization of P. Lévy’s theorem to metrizable groups
(3), it is easy to obtain that for & (w) there exists a stochastically equivalent
separable process, continuous from the right. Therefore, in what follows we
shall consider only processes continuous from the right.

Let A,, B.,C. be sets from B for which p(e;,z) > ¢, v € A, B,,C,. The
function v(t, A_;w) is equal to the number of jumps &1 (w)¢, (w) € A, for
a < 7 < t. Denote by [A_, B.,C.] some word of finite length written with

the symbols A_, B, C,. The set M[[X’”]B c.) denotes the set of w for which the
trajectories &, (w) have jumps in A, B,, C, during the time [u, v] in the order of

the arrangement of the symbols of the word [A,, B,, C.].

As a consequence of Theorem 1 we obtain:
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a) The quantities v(t, A_;w) are almost everywhere finite and form an integer-
valued process with independent increments, increasing by jumps of 1.

V]

b) The sets M[[Z’U]B ¢ are measurable. The events Mﬁ’v] and Mﬁ: v for
nonintersecting intervals [u, v], [u/,v’] and for any words [ ], [ |’, are inde-
pendent.

5. Lemma 2. The distribution of the random variable v(t, A,;w) is contin-
uous in t.

Proof. Since v(t, A_;w) have independent increments, to prove the lemma it is
necessary to show that the probability of the event

{w: vt+h,Aw)—v(t, A;w) > 1} = M, (A,) — 0

as h — 0. By the metrizability of G there is a symmetric closed neighborhood
of the identity A such that p(e;,z®) < &” < &’ for x € A. We shall show that
the probability of the event

{0 & W)€, () € A%}
fort <7 <t+htends to 1 as h — 0. Divide the interval [t, ¢+ h] by the points
(n)
t;’ into

n parts. Then almost everywhere

fw: &1 WEW) € AT} = 0N Jim{w: oneof & (W) () ¢ AT}, (4

(n)

where A = max(t,,; — t;n)). By virtue of the stochastic continuity of &,(w), for

any € > 0 one can choose h, > 0 so that for all ¢ in [a,b] P{*(w)&, ,(w) €
A} > 1—¢,if h < h_. Applying Lemma 1 to the random variables 5;(,}) (W)€,m (w)
: i+l

for h < h,, we then have

1— P{& 1 (W)€ (w) € A}
P{& H (w)épp(w) € A}

Letting A — 0 and taking (4) into account, we obtain

Plone of &7 (w)Em (w) £ A%} < (1+¢)

}llirr(l)P{w s G w)E(w) € Ay =1, t<r<t+h (5)

The following identity holds:
My(Aw) = My (A0 w &1 @)E (W) € AVHM, (AN fw: & W), w) € ATY,  t <7< t+h.
By (5), as h = 0,

P{M,(4,) N {w: & (@), w) € AT}} = 0.
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On the other hand, it is evident that if A is symmetric and A% N A, = (), then
My (As) {w: &M w)é (w) € A*} = 0.

Lemma 3. Let A81 B, ..., D, ,€; >0, be k arbitrary sets from . Then the

vector

E )

{v(t,Agl;f,u)7 U(t7Beg;w),...7 v(t,DEk;w)}

is a stochastically continuous process with independent increments on the k-
dimensional lattice.

Proof. For simplicity we consider the case of two sets A, and B, . We show
the independence of

U(tl + Alaw) - U<t17w) = Alv

and
v(ty + Ay, w) — v(ty,w) = Ay

on nonintersecting intervals. Since the components of A v take integer values,
Ajv takes its values from the lattice (mq,n;). The set of w for which Ajv =
(mq,nq) is equal to

M [t1t1+Ay]

U (A, B.,.C.]"

Here the union is taken over all words that can be formed from the symbols
Aal,Baz,C A. N B, ,» and in which the sum of the numbers of the letters
A, and C, is equal to ml, while the sum of the numbers of the letters B, and
C. is equal to ny. Similarly, the set of w for which Ayv = (my, ny) is

[to,ta+As]
UM PR

€17 77€2”

Since
M[[ju'rv] N M[[i‘f/fu/] — @
for different [], []’, and b) holds, the quantities A;v and Ayv are independent.

To prove the stochastic continuity of v(¢,w), by the independence of increments
of v(t,w) it is enough to show that

P{Av=v(t+A,w) —v(t,w) # (0,00} -0 as A — 0.

But
0 < P{Av+# (0,0)} < P{MA(A,)} + P{M(B.)}.
By Lemma 2, the right-hand side of the inequality tends to zero as A — 0.

6. To prove Theorem 4 we shall need distributions that are a generalization
of the Poisson distributions to the k-dimensional lattice.
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Definition. A distribution P on the k-dimensional lattice is called multidimen-
sional Poisson if its generating function has the form

K
-D
e~ exp { g a;r; + E @ 5, Tq Ty + e E @i, Ty zzk} ,
i=1

i1 Fio iy FioF - Fiy

where a; >0, a; ; >0,..., q; >0, and

11,0y = byyenlyy =

D= Zai + Zail,iQ +o+ Zail,...,ik‘

Italla; ;,,...,a; ;, . areequal to zero, then the components of P are inde-
pendent and are Poisson distributed with parameters a;.

Lemma 4. If the vector (£;,£,, ..., &) has a multidimensional Poisson distribu-
tion and the sum of the coordinates &; + &, + -+ + &, = n is Poisson distributed,
then the quantities £, &,, ..., £, are mutually independent.

Proof. Since 7 is Poisson distributed, we have

P{n=0}/P{n=1} = —In P{n = 0}. (6)
But

P{n=10}=e", P{n=1}=e" (Zai)v Zai+zail,i2+"'+zail,...,ik =D =—InP{n=0}

Substituting these expressions into (6), we obtain

Za‘i + Zail,i2 +oet Zail,...,ik = Zam

i.e.

D i, oY ai L, =0
Since a,

iviig = 0sesa; 50 = 0, all these numbers are equal to zero. Conse-
quently, the & are mutually independent and are Poisson distributed.

Let n,(w) be a stochastically continuous process with independent increments
on the k-dimensional lattice. If for each ¢ the distribution of n,(w) is multidi-
mensional Poisson, then 7, (w) will be called a multidimensional Poisson process.

The following propositions generalize the well-known properties of the trajecto-
ries of a Poisson process.

Theorem 2. If the process 7,(w) is separable, then almost all its trajectories
have a finite number of jumps. Each of them is written in the form [ay, ..., ],
where o, 1 =1, ..., k, may take the value either 0 or 1.
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The converse assertion:

Theorem 3. If almost all trajectories of a stochastically continuous process
n,(w) with independent increments have a finite number of jumps, each of which
is written in the form [ay, ..., @], then n,(w) is a separable multidimensional
Poisson process.

The following proposition is a generalization of K. Ito’ s theorem.

Theorem 4. Let {,(w) be a stochastically continuous, separable process with
independent increments, taking values in an arbitrary topological group G with
a countable base. Then for any sets A, , B, ,..., D, ,&; >0, from B, the vector

{V(t’ Aal;w)7 V(t7 Baz;w)7 A V<t’ DEk;w>}

will be a random variable with a multidimensional Poisson distribution. If the

sets A61 B, ..., D, are mutually disjoint, then the random variables

v(t, A, sw),v(t, B, jw), ..., v(t, D, jw)

are mutually independent.

Proof. The first part of the assertion of the theorem is a consequence of Theo-
rems 1, 3 and Lemma 3.

If A, ,B. ,..,D. do not intersect, then
1 2 k

A_ UB_U-UD, =U
1 2 k

£
where
€ = ming;
K3
and the sum
v(t, A w) + -+ v(t, Dsk;w)
is equal to

v(t, U ;w).

By Lemmas 2, 3 and Theorem 3, the quantity v(t,U_;w) is Poisson distributed.
Thus, from Lemma 4 we obtain that the quantities

v(t, A, sw), e, (2, D, ; w)

are mutually independent.

In conclusion we note that the metrizability of G was used essentially only in
the proof of Theorem 1, and also for the transition to a stochastically equivalent
process §,(w) continuous from the right.

Received
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