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MATHEMATICS

E. Z. MOGULSKII

ON THE COMPLETENESS OF A SYSTEM
OF EIGENVECTORS AND ASSOCIATED
VECTORS OF AN OPERATOR PENCIL
(Presented by Academician I. N. Vekua on 21 III 1968)

The problem of the completeness of the system of eigenvectors and associated
vectors of a polynomial operator pencil was first considered by M. V. Keldysh
(1). In a number of works (2−5) the authors succeeded in weakening the re-
strictions on the leading part of the pencil imposed by the theorem of M. V.
Keldysh, and in extending this theorem to pencils of a more general structure.
In the present note a number of criteria are formulated for the completeness of
the system of eigenvectors and associated vectors of certain classes of operator
pencils, which are established by means of the method of estimating resolvents
of linear operators proposed by V. I. Macaev (6). In the case of a linear pencil
they were obtained by V. I. Macaev (7).
In what follows, according to (8), 𝔖∞ denotes the Banach space of all linear
completely continuous operators acting in a separable Hilbert space ℌ with the
usual norm

‖𝐴‖∞ = sup
𝑓∈ℌ

(‖𝐴𝑓‖/‖𝑓‖)

(𝐴 ∈ 𝔖∞); with each such operator 𝐴 there is associated the sequence of its
𝑠-numbers, defined as the eigenvalues of the operator (𝐴∗𝐴)1/2, numbered in
decreasing order with multiplicities taken into account (if 𝑟 = dim(𝐴∗𝐴)1/2 < ∞,
then 𝑠𝑗(𝐴) = 0 (𝑗 = 𝑟 + 1, …)); and the function 𝜈(𝑡, 𝐴) (𝑡 > 0), giving the
number of numbers 𝑠𝑛(𝐴) greater than 𝑡−1. 𝔖𝑝 (𝑝 > 0) denotes the class of
operators 𝐴 (𝐴 ⊂ 𝔖∞) for which

∞
∑
𝑘=1

𝑠𝑝
𝑘(𝐴) < ∞,

and 𝔖𝜔 is the class of operators 𝐴 (𝐴 ⊂ 𝔖∞) for which

∞
∑
𝑘=1

(2𝑘 − 1)−1𝑠𝑘(𝐴) < ∞.
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Lemma 1. Let in the operator pencil

𝐿(𝜆) = 1 −
𝑛

∑
𝑖=1

𝜆𝑖𝐵𝑖

the operators 𝐵𝑖 ∈ 𝔖∞, and let the elements 𝑓, 𝑔𝑖 ∈ ℌ (𝑖 = 0, 1, … , 𝑛 − 1) be
such that the function

𝐹(𝜆) = (𝐿−1(𝜆)𝑓,
𝑛−1
∑
𝑖=0

𝜆 𝑖𝑔𝑖)

is entire. Then for sufficiently large 𝑟 = |𝜆| the estimate

ln |𝐹 (𝜆)| ⩽ (𝑛 − 1) ln 𝑟 + 𝛼
𝑛

∑
𝑖=1

∫
(𝑛+2)(2𝑟)𝑖

0
𝑡−1𝜈(𝑡, 𝐵𝑖) 𝑑𝑡.

With the aid of a lemma of M. V. Keldysh (8) and Lemma 1, an estimate in
terms of the 𝑠-numbers of the operator 𝐻 is found for the function ln |𝐹 (𝜆)|
corresponding to the operator pencil

𝐿(𝜆) = 1 −
𝑛

∑
𝑖=0

𝜆𝑖𝐴𝑖𝐻𝑖, (1)

in which the operators 𝐴𝑖 ∈ 𝔖∞ (𝑖 = 0, 1, … , 𝑛 − 1), 𝐴𝑛 = 1, and 𝐻 is a
complete normal operator with spectrum on the rays 𝑙𝑞 = {𝜆 ∶ arg 𝜆 = 𝑞𝜋/𝑛}
(𝑞 = 0, … , 2𝑛 − 1),

ln |𝐹 (𝜆)| ≤ 𝑎1 ln 𝑟 ⋅ 𝜈(𝑎2𝑟, 𝐻). (2)

With the aid of the Poisson integral one obtains an estimate for the function
ln |𝐹 (𝜆)|, corresponding to the pencil (1), in terms of the 𝑠-numbers of the
operators 𝐴𝑖, which is established by

Lemma 2. If 𝑓, 𝑔𝑖 ∈ ℌ (𝑖 = 0, 1, … , 𝑛 − 1) are such that 𝐹(𝜆) is a holomorphic
function for 𝜆 ∈ 𝑙𝑞, then the inequality

ln |𝐹 (𝜆)| ≤ 𝐶1
| sin 𝑛𝜑| (ln 1

| sin 𝑛𝜑| +
𝑛−1
∑
𝑖=0

∫
𝐶2| sin 𝑛𝜑|−1

0
𝑡−1𝜈(𝑡, 𝐴𝑖) 𝑑𝑡 + ln 𝑟)

(𝜑 = arg 𝜆, 𝑟 > 𝑟0). (3)

From Lemma 2 and Levinson’s lemma (9) it follows that
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Theorem 1. If in the pencil (1) the operators 𝐴𝑖 ⊂ 𝔖∞ (𝑖 = 0, 1, … , 𝑛 − 1),
then the system of eigenvectors and associated vectors of the pencil is 𝑛-fold
complete.

Analogously to Theorem 1 one establishes the assertion: if in the pencil 𝐿(𝜆) =
1 − 𝐴0 − 𝜆𝐻 − 1

𝜆 𝐺 the operators 𝐻 = 𝐻∗, 𝐺 = 𝐺∗ ∈ 𝔖∞ are complete, and
the operator 𝐴0 ∈ 𝔖𝜔, then the system of eigenvectors and associated vectors
of the pencil is two-fold complete.

Using estimates (2), (3) and Ahlfors’inequality on distortion under a conformal
mapping of a curvilinear strip onto a strip (10), the following is proved.

Theorem 2. The system of eigenvectors and associated vectors of the operator
pencil (1) is 𝑛-fold complete if the operator 1 − 𝐴0 is invertible and

lim
𝑚→∞

∣
𝑛−1
∑
𝑖=0

{
𝑚

∑
𝑗=1

(2𝑗 − 1)−1 ⋅ 𝑠𝑗(𝐴𝑖)}∣ / ln 𝑠−1
𝑚 (𝐻) = 0.

This theorem contains as a special case Theorem 1 under the condition that
the operator 1 − 𝐴0 is invertible, and the theorem on the completeness of
the eigenvectors and associated vectors of the pencil (1) under the condition
lim𝑟→∞ ln 𝜈(𝑟, 𝐻)/ ln 𝑟 < ∞, which is a generalization of M. V. Keldysh’s the-
orem.

For the pencil

𝐿(𝜆) = 1 −
𝑛

∑
𝑖=0

𝜆𝑖𝐴𝑖𝐻𝑖 −
𝑁

∑
𝑙=1

𝑛𝑙

∑
𝑘=1

𝐴𝑙,𝑘𝐻𝑘
𝑙

(𝜆 − 𝜆𝑙)𝑘 , (4)

in which the operators 𝐴𝑖, 𝐻 are subject to the same restrictions as in (1), the
operators 𝐴𝑙,𝑘 (𝑙 = 1, … , 𝑁; 𝑘 = 1, … , 𝑛𝑙 − 1) ∈ 𝔖∞, 𝐴𝑙,𝑛𝑙

= 𝑒𝑖𝜃𝑙1,

and the operators 𝐻𝑙 are complete normal operators with spectrum on the rays

𝑙𝑞𝑙{𝜆 ∶ arg 𝜆 = 𝑞𝑙𝜋/𝑛𝑙} (𝑞𝑙 = 0, 1, … , 2𝑛𝑙 − 1).

With the aid of an estimate of the ratio of Poisson kernels for sufficiently distant
points of an annulus having the same modulus, one establishes

Theorem 3. The system of eigenvectors and associated functions of the pencil

(4) 𝑛 =
𝑁

∑
𝑙=1

𝑛𝑙

is multiply complete if
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lim
𝑟→∞

ln 𝜈(𝑟, 𝐻)/ ln 𝑟 < ∞, lim
𝑟→∞

ln 𝜈(𝑟, 𝐻𝑙)/ ln 𝑟 < ∞ (𝑙 = 1, … , 𝑁).

Lemma 3. Let, in the pencil (1), the operator 1 − 𝐴0 be invertible, and let the
elements 𝑓, 𝑔𝑖 ∈ ℌ be such that 𝐹(𝜆) is an entire function; then for sufficiently
small

for |𝜑| the estimate holds

ln ∣ 𝐹 (𝜆)
(𝜆 + 1)𝑛+1 ∣ ≪ ln 𝑑1

| sin 𝑛𝜑|+(1 + 𝑑2
| sin 𝑛𝜑|𝑛+1 )

𝑛−1
∑
𝑖=0

∫
𝑑3𝑟/| sin 𝑛𝜑|

0
𝑡−1𝜈(𝑡, 𝐴𝑖𝐻) 𝑑𝑡.

Analogous estimates also hold for the remaining rays arg 𝜆 = 𝜋𝑞/𝑛
(𝑞 = 1, … , 2𝑛 − 1).
With the aid of Lemma 3, Varshavskii’s theorem on the asymptotics of a function
conformally mapping a curvilinear strip onto a strip (11), and estimates (2) and
(3), one proves

Theorem 4. If the operator 1−𝐴0 is invertible, then the system of eigenvectors
and associated vectors of the operator pencil (1) is 𝑛-fold complete, provided the
operators 𝐴𝑖𝐻 ∈ 𝔖𝜔 (𝑖 = 0, … , 𝑛 − 1) and

lim
𝑚→∞

𝑛−1
∑
𝑖=0

{
𝑚

∑
𝑗=1

(2𝑗 − 1)−1𝑠𝑗(𝐻)} /{ln (
𝑛−1
∑
𝑖=0

{
∞

∑
𝑗=𝑚

(2𝑗 − 1)−1𝑠𝑗(𝐴𝑖𝐻)})}
−1

= 0.

In particular, this implies a completeness theorem, if the operators 𝐴𝑖𝐻 ∈ 𝔖𝑝,
close to the theorem from (4).

Let in the pencil

𝐿(𝜆) = 1 −
𝑛

∑
𝑖=0

𝜆𝑖𝐴𝑖𝐻𝑖+𝛼 (5)

the operators 𝐴𝑖, 𝐻 have the previous properties, 𝛼 > 0. For such a pencil,
analogously to Theorems 2 and 4, Theorems 5 and 6 are established.

Theorem 5. The system of eigenvectors and associated vectors of the pencil
(5) is 𝑛-fold complete, if the operator 1 − 𝐴0𝐻𝛼 is invertible and

lim
𝑚→∞

𝑛−1
∑
𝑖=0

(
𝑚

∑
𝑗=1

(2𝑗 − 1)−1𝑠𝑗(𝐴𝑖)) /𝑠−𝛼
𝑚 (𝐻) = 0.
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Theorem 6. The system of eigenvectors and associated vectors of the pencil (5)
is 𝑛-fold complete, if the operators 𝐴𝑖𝐻1+𝛼 ∈ 𝔖𝜔 (𝑖 = 0, … , 𝑛 − 1), the operator
1 − 𝐴0𝐻𝛼 is invertible and

lim
𝑚→∞

𝑛−1
∑
𝑖=0

{
𝑚

∑
𝑗=1

(2𝑗 − 1)−1𝑠𝑗(𝐴𝑖)} /{
𝑛−1
∑
𝑖=0

(
∞

∑
𝑗=𝑚

(2𝑗 − 1)−1𝑠𝑗(𝐴𝑖𝐻1+𝛼))}
−𝛼

= 0.

The theorems presented are also valid in the case when, instead of the pencils
(1), (4), (5), one considers the pencils

𝐿(𝜆) = 1 −
𝑛

∑
𝑖=0

𝜆𝑖𝐻𝑖𝐴𝑖; (1’)

𝐿(𝜆) = 1 −
𝑛

∑
𝑖=0

𝜆𝑖𝐻𝑖𝐴𝑖 −
𝑁

∑
𝑙=1

𝑛𝑙

∑
𝑘=1

𝐻𝑘
𝑙 𝐴𝑙,𝑘

(𝜆 − 𝜆𝑙)𝑘 ; (4’)

𝐿(𝜆) = 1 −
𝑛

∑
𝑖=0

𝜆𝑖𝐻𝑖+𝛼𝐴𝑖. (5’)

In conclusion the author expresses deep gratitude to V. I. Macaev for his con-
stant attention and valuable advice.

Received
4 III 1968
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