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MATHEMATICS

B. G. GABDULKHAEV

APPROXIMATE SOLUTION OF SINGULAR
INTEGRAL EQUATIONS BY THE METHOD
OF MECHANICAL QUADRATURES
(Presented by Academician I. N. Vekua, 18 V 1967)

A number of works have been devoted to the approximate solution of singular
integral equations without regularizing them,* in which, first of all, well-known
direct methods (mainly of projection type) were transferred from regular integral
equations to singular ones and justified. However, the study of the method of
mechanical quadratures has essentially not been carried out up to now.** Below,
for singular integral equations with a Cauchy-type kernel, various computational
schemes of the method of mechanical quadratures are indicated, and an effective
way of justifying this method in the case of equations of normal type is given.

§ 1. Computational schemes. Consider integral equations of the form

𝐴𝑥 ≡ 𝑎(𝑡)𝑥(𝑡) + 𝑏(𝑡)
𝜋𝑖 ∫

𝛾

𝑥(𝜏) 𝑑𝜏
𝜏 − 𝑡 + 𝜆

2𝜋𝑖 ∫
𝛾

ℎ(𝑡, 𝜏)𝑥(𝜏) 𝑑𝜏 = 𝑓(𝑡), (1,1)

where the coefficients and the right-hand side are continuous functions on the
circle 𝛾 of unit radius with center at the origin, and 𝜆 is a complex parameter.

a) If the index of equation (1,1) is equal to zero, then its approximate solution
is sought in the form of the interpolation polynomial

̃𝑥(𝑡) = 1
2𝑛 + 1

2𝑛
∑
𝑘=0

𝑐𝑘 sin(2𝑛 + 1)𝑠 − 𝑠𝑘
2 cosec 𝑠 − 𝑠𝑘

2 . (1,2)

The coefficients {𝑐𝑗} are determined from the system of linear algebraic equa-
tions

𝑎𝑗𝑐𝑗 + 𝑏𝑗
2𝑛 + 1

2𝑛
∑
𝑘=0

𝛼𝑗𝑘𝑐𝑘 + 𝜆
2𝑛 + 1

2𝑛
∑
𝑘=0

ℎ𝑗𝑘𝑐𝑘 = 𝑓𝑗 (𝑗 = 0, … , 2𝑛), (1,3)
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where 𝑎𝑗 = 𝑎(𝑡𝑗); 𝑏𝑗 = 𝑏(𝑡𝑗); 𝑓𝑗 = 𝑓(𝑡𝑗); ℎ𝑗𝑘 = ℎ(𝑡𝑗, 𝑡𝑘)𝑡𝑘; 𝛼𝑗𝑘 = 1 − 𝑖𝛽𝑗𝑘; 𝑡 = 𝑒𝑖𝑠;
𝑡𝑗 = 𝑒𝑖𝑠𝑗 ; 𝑠𝑗 = 2𝑗𝜋/(2𝑛+1); 𝛽𝑗𝑘 = tg(𝑠𝑗 −𝑠𝑘)/4, 𝑗−𝑘 even; 𝛽𝑗𝑘 = ctg(𝑠𝑘 −𝑠𝑗)/4,
𝑗 − 𝑘 odd.

b) For an arbitrary index 𝜒 = ind𝐴, for definiteness one seeks such solutions
of equation (1,1) for which the Cauchy-type integral

1
2𝜋𝑖 ∫

𝛾

𝑥(𝜏) 𝑑𝜏
𝜏 − 𝑧

has at infinity a zero of the highest possible order (1). Then the approximate
solution is found in the form of a poly-

* In work (1) the main results of most of the works that appeared up to and
including 1963 are presented.

** A number of particular results on the method of mechanical quadratures
are available in works (2,3) for integral equations with a Cauchy kernel of the
first kind, posed along a segment of the real axis, and also in our work (4) for
equations with a Hilbert kernel.

term

̃𝑥(𝑡) =
𝑛

∑
𝑘=0

𝑎𝑘𝑡𝑘 +
−1
∑

𝑘=−𝑛
𝑎𝑘𝑡𝑘−𝜒, (1,4)

whose coefficients are found from the system of equations*

(𝑎𝑗 +𝑏𝑗)
𝑛

∑
𝑘=0

𝑎𝑘𝑡𝑘
𝑗 +(𝑎𝑗 −𝑏𝑗)

−1
∑

𝑘=−𝑛
𝑎𝑘𝑡𝑘−𝜒

𝑗 + 𝜆
2𝑛 + 1

𝑛
∑

𝑘=−𝑛
𝑐𝑗𝑘𝑎𝑘 = 𝑓𝑗 (𝑗 = 0, … , 2𝑛)

(1,5)

where

𝑐𝑗𝑘 =
2𝑛
∑
𝑟=0

ℎ𝑗𝑟𝑡𝑘−𝜎
𝑟 ,

with 𝜎 = 0 for 𝑘 ≥ 0 and 𝜎 = 𝜒 for 𝑘 < 0.
§ 2. Justification of the method of mechanical quadratures.
Let the functions 𝑎, 𝑏, ℎ (in both arguments), and 𝑓 belong to the class 𝐻(𝑟)

𝛼 —
that is, have 𝑟 (𝑟 = 0, 1, …) continuous derivatives satisfying a Hölder condition
with exponent 𝛼 (0 < 𝛼 ≤ 1), and suppose that 𝑎2 − 𝑏2 ≠ 0 nowhere on 𝛾.
Under these conditions equation (1,1) can be regarded as a normally solvable
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linear operator equation in the Banach space of functions 𝑋 = 𝐻𝛽 (0 < 𝛽 < 𝛼),
with norm (5)

‖𝑥‖ = 𝑀(𝑥) + 𝐻(𝑥; 𝛽) ≡ max
𝑡

|𝑥(𝑡)| + sup
𝑡′≠𝑡″

|𝑥(𝑡′) − 𝑥(𝑡″)|
|𝑡′ − 𝑡″|𝛽 (𝑡′, 𝑡″ ∈ 𝛾).

Theorem 1. If 𝜒 = 0 and 𝜆 is not a characteristic value (6) of the operator 𝐴,
then for 𝑛 such that

𝑞 = (𝐴1 ln𝑛 + 𝐵1)𝑛−𝑟−𝛼+𝛽 < 1, (2,1)

*the system of equations (1,3) has a unique solution for any right-hand side.
The approximate solutions (1,2) converge to the exact solution 𝑥(𝑡) of equation
(1,1) with rate**:*

‖𝑥 − ̃𝑥‖ ≤ (𝐴2 ln𝑛 + 𝐵2)𝑛−𝑟−𝛼+𝛽 (𝑟 ≥ 0, 0 < 𝛽 < 𝛼 ≤ 1). (2,2)

Proof. To each function 𝑥(𝑡) ∈ 𝐻𝛽 we associate the functions 𝑥+(𝑧) and 𝑥−(𝑧),
analytic respectively inside and outside 𝛾, and related to 𝑥(𝑡) by the Plemelj–
Sokhotski formulas (5):

𝑥+ − 𝑥− = 𝑥, 𝑥+ + 𝑥− = 𝑆𝑥 = 1
𝜋𝑖 ∫

𝛾

𝑥(𝜏) 𝑑𝜏
𝜏 − 𝑡 . (2,3)

Since (5) the function (𝑎 − 𝑏)/(𝑎 + 𝑏) is representable in the form

𝑎 − 𝑏
𝑎 + 𝑏 = 𝜓+

𝜓− , 𝜓±(𝑡) = exp 𝜃±(𝑡), 𝜃(𝑧) = 1
2𝜋𝑖 ∫

𝛾

ln(𝑎 − 𝑏)/(𝑎 + 𝑏)
𝜏 − 𝑧 𝑑𝜏,

(2,4)

equations (1,1) and (1,3) reduce respectively to the following equivalent equa-
tions:

𝜓−𝑥+ − 𝜓+𝑥− + 𝜆𝑑𝑇 𝑥 = 𝑦, (2,5)

𝜓−
𝑗

𝑛
∑
𝑘=0

𝑎𝑘𝑡𝑘
𝑗 + 𝜓+

𝑗

−1
∑

𝑘=−𝑛
𝑎𝑘𝑡𝑘

𝑗 + 𝜆𝑑𝑗
2𝑛 + 1

2𝑛
∑
𝑘=0

ℎ𝑗𝑘𝑐𝑘 = 𝑦𝑗 (𝑗 = 0, … , 2𝑛), (2,6)

where 𝑦 = 𝑑𝑓, 𝑦𝑗 = 𝑦(𝑡𝑗), 𝜓±
𝑗 = 𝜓±(𝑡𝑗), 𝑐𝑗 = ∑𝑛

𝑘=−𝑛 𝑎𝑘𝑡𝑘
𝑗 = ̃𝑥(𝑡𝑗), 𝑑 = 𝜓−

𝑎 + 𝑏 ,
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* For 𝜒 = 0 the systems (1,3) and (1,5) are equivalent, but from the practical point of view the first system is considerably more convenient than the second.

** By 𝐴𝑘, 𝐵𝑘 we denote well-defined constants independent of 𝑛.

𝑎𝑘 = 1
2𝑛 + 1

2𝑛
∑
𝑗=0

𝑐𝑗𝑡−𝑘
𝑗 , 𝑇 𝑥 ≡ 𝑇 ℎ𝑥 = 1

2𝜋𝑖 ∫
𝛾

ℎ(𝑡, 𝜏)𝑥(𝜏) 𝑑𝜏.

Using the properties (1, 5) of the operators 𝑆 and 𝑇 and taking into account
the relations (2, 3) and (2, 4), equation (2, 5) can be regarded in the space 𝑋 =
{𝑥+ − 𝑥−} = 𝐻𝛽 as a functional equation of the form

𝐾𝑥 = 𝐺𝑥 + 𝜆𝑈𝑥 = 𝑦 (𝑥 ∈ 𝑋, 𝑦 ∈ 𝑋), (2,7)

where 𝐺𝑥 = 𝜓−𝑥+ −𝜓+𝑥−, 𝑈𝑥 = 𝑑𝑇 𝑥 ≡ 𝑈ℎ𝑥, with 𝐺 linear and 𝑈 a completely
continuous operator.

Let 𝑃 = 𝑃𝑛 be the operator of projection onto the set of interpolation polynomi-
als of degree 𝑛 at the nodes 𝑡𝑘 = 𝑡(𝑛)

𝑘 (𝑘 = 0, … , 2𝑛). Denote by 𝑃𝜏 the operator
𝑃 applied with respect to the variable 𝜏 . Then system (2, 6) can be written as
the linear equation

𝐾 ̃𝑥 = 𝐺 ̃𝑥 + 𝜆𝑈 ̃𝑥 = ̃𝑦 ( ̃𝑥 ∈ 𝑋, ̃𝑦 ∈ 𝑋), (2,8)

𝐺 ̃𝑥 = 𝑃𝐺 ̃𝑥, 𝑈 ̃𝑥 = 𝑃𝑡𝑈𝑃𝜏(ℎ ̃𝑥), ̃𝑦 = 𝑃𝑦

in the (2𝑛 + 1)-dimensional space of polynomials

𝑋 = { ̃𝑥+ − ̃𝑥−} = {
𝑛

∑
𝑘=−𝑛

𝛼𝑘𝑡𝑘}

with the same norm as above.

Following (17), consider in the space 𝑋 the boundary-value problem

𝐾𝑛𝑥 = 𝐺𝑛𝑥 + 𝜆𝑈𝑥 = 𝑦, 𝐺𝑛𝑥 = 𝜓−
𝑛𝑥+ − 𝜓+

𝑛𝑥−, (2,9)

where 𝜓𝑛 = 𝜓+
𝑛 − 𝜓−

𝑛 is the polynomial of best uniform approximation of degree
𝑛 to the function 𝜓(𝑡) = exp 𝜃(𝑡). Therefore, for 𝑞1 = 𝐴3‖𝐾−1‖𝑛−𝑟−𝛼+𝛽 < 1,
the operator 𝐾𝑛 has an inverse, and
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‖𝐾−1
𝑛 ‖ ≤ ‖𝐾−1‖(1 − 𝑞1)−1 ≤ 𝐵3,

‖𝑥 − 𝑥(𝑛)‖ ≡ ‖𝐾−1𝑦 − 𝐾−1
𝑛 𝑦‖ ≤ ‖𝑞1‖𝑦‖‖𝐾−1

𝑛 ‖. (2.10)

Now for equation (2.9) consider the system of the method of mechanical quadra-
tures in operator form:

𝐾𝑛 ̃𝑥 = 𝐺𝑛 ̃𝑥 + 𝜆𝑈 ̃𝑥 = ̃𝑦 ( ̃𝑥 ∈ 𝑋, ̃𝑦 ∈ 𝑋). (2,11)

Putting 𝑅 = 𝐸 − 𝑃 , for any ̃𝑥 ∈ 𝑋 we find

‖𝐾𝑛 ̃𝑥 − 𝑃𝑛𝐾𝑛 ̃𝑥‖ = |𝜆| ‖𝑃𝑡[𝑈𝑅𝜏(ℎ ̃𝑥)]‖ ≤ 𝐴4 ln𝑛 + 𝐵4
𝑛𝑟+𝛼−𝛽 ‖ ̃𝑥‖ ≡ 𝜀1‖ ̃𝑥‖ (𝑛 = 1, 2, …).

(2,12)

Let ̃𝑐 = 𝐺𝑛 ̃𝑥 + 𝜆𝜑, where 𝜑 is the polynomial of best uniform approximation
for the element 𝜑 = 𝑈 ̃𝑥. Since 𝜑 ∈ 𝐻(𝑟)

𝛼 and 𝐻(𝜑(𝑟); 𝛼) ≤ 𝐴5‖ ̃𝑥‖, for any ̃𝑥 ∈ 𝑋
we have

‖𝐾𝑛 ̃𝑥 − ̃𝑐‖ = |𝜆|‖𝜑 − 𝜑‖ ≤ 𝐵5𝑛−𝑟−𝛼+𝛽‖ ̃𝑥‖ ≡ 𝜀2‖ ̃𝑥‖ (𝑛 = 1, 2, …). (2,13)

Lemma. If 𝑛 is such that

𝑞2 = max{𝑞1, (𝜀1 + 𝜀2‖𝑅‖)‖𝐾−1
𝑛 ‖} ≤ (𝐴6 ln𝑛 + 𝐵6)𝑛−𝑟−𝛼+𝛽 < 1, (2,14)

then the operator 𝐾𝑛 has a bounded inverse, and for the solutions of equations
(2, 9) and (2, 11) the estimate holds:

‖𝑥(𝑛) − ̃𝑥(𝑛)‖ ≡ ‖𝐾−1
𝑛 𝑦 − 𝐾−1

𝑛 ̃𝑦‖ ≤ (𝑞2‖𝑦‖ + ‖𝑅𝑦‖)‖𝐾−1
𝑛 ‖

1 − 𝑞2
≤ 𝐴7 ln𝑛 + 𝐵7

𝑛𝑟+𝛼−𝛽 . (2,15)

Further, since ‖𝐾 − 𝐾𝑛‖ ≤ 𝐴3‖𝑃 ‖𝑛−𝑟−𝛼+𝛽 ≡ 𝑞3‖𝐾−1
𝑛 ‖−1, it follows that for

𝑞4 = max1≤𝑖≤3{𝑞𝑖} ≤ 𝑞 < 1, equation (2, 8), and hence also system (1, 3), has
a unique solution, and moreover

‖𝐾−1‖ ≤ ‖𝐾−1
𝑛 ‖(1 − 𝑞)−1,

‖ ̃𝑥 − ̃𝑥(𝑛)‖ ≡ ‖𝐾−1 ̃𝑦 − 𝐾−1
𝑛 ̃𝑦‖ ≤ 𝑞(‖𝑦‖ + ‖𝑅𝑦‖)‖𝐾−1‖. (2.16)
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Estimate (2.2) follows from inequalities (2.10), (2.15), and (2.16).

For an arbitrary index 𝜘 = ind𝐴, the following is true.

Theorem 2. Let 𝜆 be a noncharacteristic (6) value of the operator 𝐴. If
equation (1.1) and the boundary-value problem

(𝑎 + 𝑏)𝑥+
1 − (𝑎 − 𝑏)𝑥−

1 𝑡−𝜘 + 𝜆𝑇 ℎ(𝑥+
1 − 𝜏−𝜘𝑥−

1 ) = 𝑓

(𝑥+
1 = 𝑥+, 𝑥−

1 = 𝑥−𝜘) (2.17)

are equivalent*, then for

𝑞 = 𝑞(𝜘) = (𝐴8 ln𝑛 + 𝐵8)𝑛−𝑟−𝛼+𝛽 < 1 (2.18)

the system (1.5) is uniquely solvable and the approximate solution (1.4) con-
verges to the exact solution at the rate

‖𝑥 − ̃𝑥‖ ≤ (𝐴9 ln𝑛 + 𝐵9)𝑛−𝑟−𝛼+𝛽. (2.19)

The proof reduces to the proof of Theorem 1.

In connection with Theorems 1 and 2, let us note that all the constants used
above, except for the norm ‖𝐾−1‖, are either determined exactly or estimated
from above**. On the other hand, if as the basic space one takes the space (1)
𝑋 = 𝑊 , then in the estimates given above one may put 𝛽 = 0. However, in
this case, unlike 𝑋 = 𝐻𝛽, it is not possible to find a simple expression for the
indicated constants.

Denote by Δ𝑛(𝜆) the determinants of the systems (1.3) and (1.5). The roots of
the equation Δ𝑛(𝜆) = 0 will be called the approximate characteristic values of
the 𝑛-th approximation.

Theorem 3. The characteristic values of the operator 𝐴, and only they, can be
obtained as limits of all possible sequences of approximate characteristic values.

The proof is carried out with the aid of works (1,6 ).
In conclusion, let us note that the method presented here for investigating the
method of mechanical quadratures can also be applied to other classes of sin-
gular integral equations. This can be done either directly, or by reducing the
equation under consideration to the form studied here***. In particular, with a
corresponding choice of the initial spaces, results analogous to those given above
are also valid for the computational schemes of works (2−4); moreover, in the
case of equations of the first kind (2,3 ), the proofs are considerably simplified
and can be carried out directly by means of the lemma with 𝐴 = 𝐾 = 𝐾𝑛.
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