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A number of works have been devoted to the approximate solution of singular
integral equations without regularizing them,* in which, first of all, well-known
direct methods (mainly of projection type) were transferred from regular integral
equations to singular ones and justified. However, the study of the method of
mechanical quadratures has essentially not been carried out up to now.** Below,
for singular integral equations with a Cauchy-type kernel, various computational
schemes of the method of mechanical quadratures are indicated, and an effective
way of justifying this method in the case of equations of normal type is given.

§ 1. Computational schemes. Consider integral equations of the form
b(t

Az = a(t)x(t) + Q/

y

T

plr)dr | A h(t, 7)z(r)dr = f(t), (1,1)

T—1 21 .

where the coefficients and the right-hand side are continuous functions on the
circle v of unit radius with center at the origin, and A is a complex parameter.

a) If the index of equation (1,1) is equal to zero, then its approximate solution
is sought in the form of the interpolation polynomial

1 2n o .
F(t) = ] ;Ck sin(2n + 1)5 %k cosec -k, (1,2)

The coefficients {cj} are determined from the system of linear algebraic equa-
tions

b. 2n A 2n
. i .
) 7§ ) 75 hoc, = f. =0,...2 1.3
Ued T 90T kzoaﬂkc’“J“ 2n+14 ek = Jy G= 00 2n), (13)
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Where aj = a(tﬂ b ( )7 f] f(t]>; h]k} = h(t],tk)tk; a]k =1—1 jk" t= eis;
t;=e"i;5; = 2]77/(2n+1) Bix = tg(s;—s) /4, j—k even; B, = ctg(s,—s;)/4,
j —k odd
b) For an arbitrary index y = ind A, for definiteness one seeks such solutions
of equation (1,1) for which the Cauchy-type integral

1 x(1)dr
271 , T— %

has at infinity a zero of the highest possible order (!). Then the approximate
solution is found in the form of a poly-

* In work (1) the main results of most of the works that appeared up to and
including 1963 are presented.

** A number of particular results on the method of mechanical quadratures
are available in works (2,3) for integral equations with a Cauchy kernel of the
first kind, posed along a segment of the real axis, and also in our work (*) for
equations with a Hilbert kernel.

term

Zaktk + Z aythx, (1,4)

k=—n

whose coefficients are found from the system of equations™

(a;+b;) Zakt +(a;—b;) Z aktk Xt

k=—n

Z cirar, = f; (j=0,...,2n)
(1,5)

2n+1

where

2n
— k—o
Cjk - E h]rtr )

r=0

with 0 =0 for £k > 0 and o = x for k£ < 0.

§ 2. Justification of the method of mechanical quadratures.

Let the functions a, b, h (in both arguments), and f belong to the class H&M—
that is, have r (r = 0, 1, ...) continuous derivatives satisfying a Holder condition
with exponent « (0 < a < 1), and suppose that a? — b? # 0 nowhere on 7.
Under these conditions equation (1,1) can be regarded as a normally solvable
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linear operator equation in the Banach space of functions X = Hy (0 < 8 < a),
with norm (5)

|z(#) — 2(")]

o = M (x) + H(r: 6) = ma fo(0)| + sup 208

t/#t”

', t" € ).

Theorem 1. If xy = 0 and X is not a characteristic value (6) of the operator A,
then for n such that

q= (A lnn+ B))n "ot < 1, (2,1)

*the system of equations (1,3) has a unique solution for any right-hand side.
The approximate solutions (1,2) converge to the exact solution z(t) of equation
(1,1) with rate**:*

|z —Z| < (AyInn+ By)n ™ (r>0,0< B <a<l). (2,2)

Proof. To each function 2(t) € Hyz we associate the functions 2" (z) and 2~ (z),
analytic respectively inside and outside 7, and related to z(t) by the Plemelj-
Sokhotski formulas (5):

1 d
zt—az =ux, 1:++:17’:Sx:—/x(7—7>t7—. (2,3)
P
7

)

Since (5) the function (a —b)/(a + b) is representable in the form

a—b oyt B 1 [In(a—b)/(a+Db)
3 _wi’ wi(t)_expei(t), 9(2)—27”4 — dr,

(2,4)

equations (1,1) and (1,3) reduce respectively to the following equivalent equa-
tions:

YT — Yt + NdTx = v, (2,5)

n —1 . 2n
w;Zakt§+1/)j Z aktf—i— ! Zhjkck =y; (1=0,..,2n), (2,6
k=0 k=——n n+ 1=

o

where y = df, y; = y(t;), 7,/}35 = 1/)*(15]4)7 c;= Zzz_n akt;? =(t;), d= P
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* For x = 0 the systems (1,3) and (1,5) are equivalent, but from the practical point of view the first system is

** By A, B, we denote well-defined constants independent of n.

2n 47 1

1
ay, etk Tx =Thx =

= — 177, = h(t,7)x(T)dT.
2n +1 = 773

211 7

Using the properties (1,5) of the operators S and T and taking into account
the relations (2,3) and (2,4), equation (2,5) can be regarded in the space X =
{#* — a7} = Hy as a functional equation of the form

Kr=Gz+ XUz =y (re X, yeX), (2,7)
where Gx = ¢~ 2" —y"2~, Uz = dTv = Uhz, with G linear and U a completely
continuous operator.

Let P = P, be the operator of projection onto the set of interpolation polynomi-

als of degree n at the nodes t;, = t;vn) (k=0,...,2n). Denote by P, the operator

P applied with respect to the variable 7. Then system (2,6) can be written as
the linear equation

~

i=Gi+\NUi=§ (ieX, jeX), (2,8)
Gi=PG%, Ui=PUP.(hi), =Py

in the (2n + 1)-dimensional space of polynomials

X={it—i}= { En: aktk}
k=—n

with the same norm as above.

Following (17), consider in the space X the boundary-value problem

where 1, = ;" — 1), is the polynomial of best uniform approximation of degree

n to the function (t) = exp@(t). Therefore, for ¢, = Az|K~'|n "8 < 1,
the operator K,, has an inverse, and
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1K < K (1 —qy) 7t < By,
|z — 2™ = | Kty — K 'yl < |l lyllIE- (2.10)

Now for equation (2.9) consider the system of the method of mechanical quadra-
tures in operator form:

~

Ki=Gi+\N0i=j (ieX, jeX). (2,11)

Putting R = F — P, for any % € X we find

AyInn+ B,

| K, % — P gnd| = N | PIUR, (h#)]] < e

1Z] =12 (n=1,2,...).

(2,12)
Let ¢ = G,,@ + A\, where  is the polynomial of best uniform approximation
for the element ¢ = UZ. Since ¢ € HY and H(p'";a) < Ag||Z], for any 7 € X
we have

K, 7 =& =Ml =8 < Bsn Pz = e 7| (n=1,2,..). (2,13)
Lemma. If n is such that

05 = max{qy, (£ + & | RN} < (AgInn + Ben P <1, (2,14)

then the operator k\ln has a bounded inverse, and for the solutions of equations
(2,9) and (2,11) the estimate holds:

|K;* < Aylnn+ By

() _ g = [K-1y— R-1% I
|zt =2 = | K,y — K, y\IS(qz\|y||+||Ry|\)1_q2_ e

. (2,15)

Further, since |K — K, | < Ag|P|n"=%% = q,| K}, it follows that for
qs = max;;3{q;} < ¢ <1, equation (2,8), and hence also system (1,3), has

a unique solution, and moreover

K < K=

|# =2 = 1K1 — K501 < allyl + 1Ry DIE - (2.16)
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Estimate (2.2) follows from inequalities (2.10), (2.15), and (2.16).
For an arbitrary index » = ind A, the following is true.

Theorem 2. Let A be a noncharacteristic (°) value of the operator A. If
equation (1.1) and the boundary-value problem

(a+b)xy —(a—b)ayt ™+ NTh(z{ —7 "27)=f

(xf =%, 27 =277%) (2.17)

are equivalent®, then for

q=q(n) = (Aglnn + Bg)n™"oHF < 1 (2.18)

the system (1.5) is uniquely solvable and the approximate solution (1.4) con-
verges to the exact solution at the rate

|z — & < (AgInn + By)n "—+5. (2.19)

The proof reduces to the proof of Theorem 1.

In connection with Theorems 1 and 2, let us note that all the constants used
above, except for the norm ||[K ||, are either determined exactly or estimated
from above**. On the other hand, if as the basic space one takes the space (1)
X = W, then in the estimates given above one may put § = 0. However, in
this case, unlike X = Hp, it is not possible to find a simple expression for the
indicated constants.

Denote by A,,(\) the determinants of the systems (1.3) and (1.5). The roots of
the equation A, (A) = 0 will be called the approximate characteristic values of
the n-th approximation.

Theorem 3. The characteristic values of the operator A, and only they, can be
obtained as limits of all possible sequences of approximate characteristic values.

The proof is carried out with the aid of works (1,%).

In conclusion, let us note that the method presented here for investigating the
method of mechanical quadratures can also be applied to other classes of sin-
gular integral equations. This can be done either directly, or by reducing the
equation under consideration to the form studied here***. In particular, with a
corresponding choice of the initial spaces, results analogous to those given above
are also valid for the computational schemes of works (°~%); moreover, in the
case of equations of the first kind (2,%), the proofs are considerably simplified
and can be carried out directly by means of the lemma with A = K = K,,.
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* Tt is known that in the case »# > 0 or h = 0, equation (1.1) and problem (2.17)
are equivalent (°,7).

** A number of estimates for ||[K!| can be obtained from works (°,%).

% Tt is known (1,°) that a sufficiently broad class of singular equations, both
with closed and with open contours of integration, reduces to an equation of the
form (1.1).
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