Soviet-era science, translated into English

ON THE CAUCHY
PROBLEM FOR ONE
CLASS OF NONLINEAR
DIFFERENTIAL
EQUATIONS OF
SECOND ORDER IN
HILBERT SPACE

MATHEMATICS

View the original and related papers at https://sovietrxiv.org/items/ru-196801.49148

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196801.49148

Abstract

Full Text
UDC 513.882
MATHEMATICS
T. Kh. Eshikeeva

ON THE CAUCHY PROBLEM FOR ONE
CLASS OF NONLINEAR DIFFERENTIAL
EQUATIONS OF SECOND ORDER IN HILBERT
SPACE

(Presented by Academician I. G. Petrovskii, March 1, 1968)
1. In the present paper we study the Cauchy problem

d?u/dt® + A(t)u(t) + M (t,u(t), du(t)/dt) = 0; (1)

0<t< o0, u(0) = ¢, u'(0) = 1, (2)

where A(t), for each fixed ¢, is a linear operator in the Hilbert space H, whose
boundedness is not assumed. The function M (¢, u,v) (not necessarily linear)
has values in H.

The problem (1), (2) in the case of a constant operator A and a function
M = M (u), independent of ¢ and du/dt, was studied by Browder in (!). He es-
tablished an existence and uniqueness theorem for the solution on the half-axis.
In the case of a twice continuously differentiable operator A(t) and a function
M = M (u), the problem (1), (2) was studied in (?), where the existence of a
weak solution was in fact established. Existence and uniqueness theorems for
the solution of the Cauchy problem (1), (2) were obtained by P. E. Sobolevskii
and V. A. Pogorelenko (38) under other assumptions on the function M (¢, u,v).

In the present paper assumptions are established concerning the existence,
uniqueness, and continuous dependence on the initial data of the solution of
the problem (1), (2) on the half-axis. In doing so, ideas from Browder’ s work
(1) are used. In the last section of the paper the results obtained are applied to
the study of a mixed boundary-value problem for hyperbolic equations of order
2m with weak nonlinearity.

2. We shall assume that:

1. A(t), 0 < t < 400, is a family of self-adjoint operators in the Hilbert space
H, and
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(A)u, u) > k(t)(u, w), 3)

where k(t) is a positive continuous function. The domain of definition of A(t)

does not depend on t, and A(t)A71(0) is strongly continuously differentiable
with respect to t.

I1. The function M (t,u, v), acting from [0, +00)x D(AY?)x H into H, satisfies
the following conditions:

For any T' > 0, C' > 0 there exists a constant K(C,T') such that:
D if || < T, |ty < T, |AY?u] < O, o] < O, [AYV?uy| < C, vy || < C, then

HM(tvua U)H < K(Cv T)v ||M(t,u,v) - M(Ha“p%)” <

< K(C, 1) {Jt =ty + [AY2(u—up)| + o — v, |}

2) if u(t) is a strongly continuously differentiable function from [0,7] into
D(AY?) and [AY2(0)u(0)] + [’ (0)] < C, then

e [ (3 (s 2200) ) 5,

2—K(C,T){1+/Ot l||A1/2(S)U(S>|2+“?L

1)}

3) for any strongly continuously differentiable u : [0,7] — D(A'Y?), v :
[0,T] — H such that [|[AY2(t)u(t)| + |lv(t)| < C, M(t,u,v) is strongly
continuously differentiable with respect to ¢, and

+ 1}

4) for any strongly continuously differentiable u,u, : [0, 7] — D(AY?); v,v; :
[0,7] — H such that u,u; € D(A); du/dt, du,/dt € D(AY?); v,v, €
D(A'Y?) and

forall 0 <t < T,

e < ke -

]+

for all t € [0, T7;

< C;

() G+ Al + 1472w + |5
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duy
dt

dv
422w, ()] + 1420, )]+ | T2 < €,

the inequality

H%{M“’““)a v(t)) — M(t,uy (t), vl(t))}H =

duy

du
Al/z(t)a — Al/z(t) 7

j

As is known, it follows from condition I that A'/2(¢) has a constant domain of
definition (see [4]). We note that condition I is equivalent to the following condi-
tion (see [5]): A(t) is a family of self-adjoint operators satisfying inequality (3),
the operator A~1(t) is strongly continuously differentiable, and A(t) dA~1(t)/dt
is strongly continuous.

K(C.T) {JA@®u(t) ~ At ()] + |

+

dv, dv

HIAY2()u(t) — AY2(t)v, (1) + praT

holds for all ¢ € [0, T.

3. Starting from these conditions and using Kato’ s results (see [6]), by the
method of semigroup theory we establish various assertions on the exis-
tence and properties of the exact solution of the problem posed.

By an exact solution of the Cauchy problem (1), (2) we mean a function u(t)
satisfying the following conditions: u(t) is twice strongly continuously differen-
tiable, u(t) € D(A), du/dt € D(AY?), for all t € [0, +oo]; A(t)u(t), d?u/dt?,
A2y, and AY2(t) du/dt are continuous as functions of t on [0, +oc) with values
in H, and u(t) satisfies equation (1) and the initial data (2).

Theorem 1. Let conditions I and II be fulfilled. Then the Cauchy problem
(1), (2) has an exact solution u(t) on the half-azis [0,+00) for ¢ € D(A) and
Y € D(AY?).

Theorem 2. Let condition I and 1), 2), 3) of II be fulfilled. Then for any
T >0, C >0, there exists a constant K(C,T) such that, for the solutions u(t),
uq(t) of the Cauchy problem (1), (2) with corresponding initial data v, vq,1q,
where | AY2(0)g] + ] < C, |AV2(0)p, | + ] < C, the inequality

[ A2 (u(t) — AV2(Euy ()] + [ (1) —ui (B)]* <

S K(C,D{|AV0 — Ao > + v — 4y |7}

holds for all t € [0, T].
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It follows from Theorem 2 that the Cauchy problem (1), (2) is unique on [0, 4+-00).

Theorem 3. Suppose that conditions I and II are satisfied. Then for any T > 0,
C > 0 there exists a constant K(C,T) such that for solutions u(t), u,(t) of the
Cauchy problem (1), (2) with corresponding initial data ¢, v, satisfying
the relations

[A0)¢l? + [AY2(0)l* + 9] + [AV2(0)0]* < C;

[AY2(0)¢1 |2 + [A©)¢1 |2 + [y > + A2 ()94 |* < ©
the inequality
[u”(t) = uf ()7 + AV ()’ (1) — A2 (Hui ()] <
< K(C, T){||AV2(0)p — AV2(0)p1 | + | A(0)¢ — A(0), [+
H|AY2(0)9 — AVE(0) |* + [ — v 7}
holds for all t € [0,T].

4. Example. In the Hilbert space L,(G), where G is a bounded domain with
boundary I', consider the equation

0%u

Ta 0 Y awoptu=g (tew D %) (fsm) @)

|a|<2m ot

with initial conditions

ou

u(07x) = (P(m)’ E(Oa T) = ’(/)(l‘) (5)
and boundary conditions
ulp=0,  Dlulp=0 (] <m). (6)

Here o = (o, oy ) ¢ = (24, .0, 2,);
DY = 8041—0—-“-&-(1”/633‘111 "'8]}%";

la] = a; + -+ a,,.
We assume that:

a) the boundary I belongs to the class C*™*? (p > m), a,(z,t) € C’LOCHP((GU
I') x R*), where RT = [0,+00), and is continuously differentiable with
respect to ¢ in [GUT| x R,

Z a,(z,t)D™

|a|<2m
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is a strongly elliptic expression with real coeflicients of order 2m for each
t, i.e. for any ¢ > 0, uniformly in z:

(_1>m Z aa(x,t)fa 25(t>|£|2m7

|a|=2m

where £(t) > 0, x € G UT, the real vector { = (§,...,§,) € E", {* =
‘111 s 1€ = g% + 4+ €2 and 2m > n;

b) f(t,z,u,vs,w) is a numerical function on

A=R"x[GUT] x R x H R x R,

0<|Bl<m

continuously differentiable in all arguments, and all first-order partial
derivatives are bounded in A and satisfy the Lipschitz condition with
respect to u, vg, w in every bounded subdomain A;

¢) the expression

Z a,(x,t) D™

|a|<2m
is formally self-adjoint for each t, i.e.

> (—1liD(ay(z, ) = > a,(x,t)Du for u € C?*™(G).

la|<2m la|<2m

Define the operator L(t):

D(L(t)) = W™ NWy,  L(tlu= > a,(x,t)D% for u € D(L(t)).

|a|<2m

The operator L(t) is self-adjoint (see [7]).

We shall call a generalized solution of problem (4), (5), (6) a function u(t,x)
defining a twice strongly continuously differentiable mapping u(t) from [0, +00)
into £,(G) such that, for each t, u(t) € W2™NW3", du/dt € W§*; u(t) and du/dt
are continuous as functions from [0, +-00) into W3™ ﬂWQm and WQm, respectively,
u(0) = ¢ € WFmNW3", du/dt|,_, = 1(x) € WJ", and u(t) satisfies the equation

d*u/dt? + L(t)u = f (t,w,u, DFu, %) .
Theorem 4. Suppose that conditions a), b), ¢) are fulfilled. Then the following
assertions hold:

1) For any ¢(z) € W3™ OWQ’”, P(z) € Wz’”, there exists a unique generalized
solution of problem (4), (5), (6) on [0,+00).
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2) Ifu(t,z), uqy(t,x) are solutions of problem (4), (5), (6) with corresponding

initial data @, and 1,9y, where |@llwp )+ V] o) < Cs lerlwpe +
1911l c2(c) < C, then for any T > 0, C > 0, there exists a constant K(T', C)
such that the inequality

Ou(t,z)  Ouy(t, ) 2
ot ot

lut, 2) —uy (¢, 2) 3y ) + S

£2(G)

< K(T,C)|{lle — 901“%/@" + 1 — 1%}

holds for every t € [0,T].

3) Ifu(t,x), uq(t, x) are solutions of problem (1), (5), (6) with corresponding
initial data @, and @, v, satisfying the relations:

lellwzm e + 1¥lwg @) < C; leslwzm @) + 1illwyp e < C,
then for any T > 0, C > 0, there exists a constant K(T,C) such that the

inequality

Pu(t,z)  *uy(t,x) ?

ot? ot?

u(t,z)  Ouy(t,z) ?
ot ot

<

£2(G) w3 (G)

< K(T,C)|{lle — e1llfyzm @) + 1¥ — rllfyp o}

holds for all t € [0,T].

Note added in proof. A related problem was considered by S. Ya. Yakubov
9: this work became known to the author after the present article had been
written.
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